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Abstract

New product demand continuously fluctuates through the life of the product. As a result, markets

usually experience high volatility due to fluctuating demand. Hence, organizations must rapidly

adapt and be flexible with such volatility. Management decisions cannot rely on traditional models

that assume economic variables to be constant over time. Therefore, companies must advance

and implement adequate strategies in resource allocation that help them survive in uncertain

markets, and mitigate the associated risk from market uncertainty. This research aims to investigate

product introduction strategies where two micro-economic theories can be applied: game-theoretic

approach and a real options valuation. Specifically, a real options valuation framework with a

flexible capacity that can be used to calculate the Net Present Value (NPV) and the optimal initial

capacity to invest in a product, which is being introduced in a duopoly environment, is proposed.

This framework is based on game theory applied to a duopoly market. A stochastic product

life cycle characterized by a regime-switching approach and the consideration of two different

game-theoretic models for the cases where competitors have perfect or imperfect information in

the market are the main focal points of our study. Subsequently, different numerical examples

comparing the results of NPV and optimal initial capacities from both game-theoretic models are

presented. It is observed that the leader in the model with perfect information has an important

advantage over its opponent because this company makes the first move to establish quantity

to supply. Also, the leader in perfect information game has an advantage over the game with

imperfect information since decisions with imperfect information have to be made simultaneously,

and players need to balance all possible outcomes when making a choice. Consequently, in both

models, one of the competitors obtains its maximum NPV when the other invests in the lowest

iii



level of capacity. Lastly, expansion and contraction costs play a critical role in the strategy of

resource allocation as these costs are involved in capacity flexibility. Therefore, firms can adjust

their production when product demand varies to maximize profits.
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Ît Income certainty equivalent at period t

I0 Investment at period t = 0

It Cash inflow in period t

d Percentage of stock price going downwards

u Percentage of stock price going upwards

N Number of shares to buy

Ot Future investments at period t

xiii



ψ Conditional probability

ra Risk-adjusted discount rate

ς Strike price

τ Time to expiration

C American call option

c European call option

P American put option

p European put option

xiv



Acronyms

AP Application Provider. Glossary: AP

xv



Chapter 1

Introduction

The world economy has continuously advanced technologically. Therefore, decisions to invest in

new product expansions have been the main focus of many companies to survive in the market.

Introducing new products involve decisions and activities to present them to their target markets.

This is often the most expensive and risky, yet least managed part of product development (Govil

and Proth, 2002). Often companies are too enthusiastic about new product ideas that they might

fail to research on their feasibility before launching. They may also ignore what the research tells

regarding the design and implementation as well as the competition in the market or the life cycle

of the new product.

Successful new product introductions result from an integrated process. This process relies

heavily on research and solving potential issues such as timing, investment, initial capacity, ex-

pected profits, and the product life spans (Saravanan and Vikkraman, 2013). In particular, the

demand for trendy goods might be unpredictable and can be highly influenced by consumption

tendencies and product market circumstances (Chiu et al., 2017). Most companies, such as the

ones in manufacturing, frequently faces high demand volatility that comes from volume, product

assortment, and customized requirements. To manage these challenges, companies need to acquire

some degree of flexibility to remain competitive and profitable in the market (Bengtsson, 2001).

For the products that heavily rely on new technologies, product lifetime expectancy tends to

decrease. Further, shorter lifetimes intensify companies’ pressure to develop products with novel

innovations that stay in the market for a shorter period of time to avoid losses (Lukas et al., 2017).

Additionally, companies that are manufacturing products with short life cycles compete intensely in

a market where consumers look for very specific product characteristics; therefore, they experience

difficulties in predicting the demand (Bayus, 1998).
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In assessing the product introduction strategies, companies take into account the Product Life

Cycle (PLC), which represents the unit sales curve for a product that ranges from the time it is

introduced to the market until it is removed (Rink and Swan, 1979). PLC provides a flexible

framework to plan and deliver a proper strategy that guides the company through the anticipation

of unexpected results from the competing market’s underlying dynamics (Day, 1981). Figure 1.1

illustrates product life cycles for Apple iPhone models indicating that different products go through

similar introduction, growth, maturity, and decay patterns.

Figure 1.1: The life cycle of all the iPhone models (Ewa et al., 2017)

PLC also affects the investment opportunities of the company since it directly alters the com-

pany’s cash flow, and it is highly correlated with the state of the market. Thus, ignoring cycles can

be misleading in terms of calculation of required capacity needed to start production (Jeon and

Nishihara, 2015; Lukas et al., 2017). Capacity is defined as the volume of goods or services that

can be produced by an enterprise using current resources (He and Pindyck, 1989). Additionally,

companies continuously face the dilemma of when to introduce a product and also when to retire

the existing product. Product lines competition causes extra challenges, and for instance, some

new goods may take over the sales of other goods in the same line and decreases profitability of

the whole line in the market (Dash et al., 2016).

New products are more likely to fail than to succeed in today’s rapidly changing markets.

However, competitiveness requires companies to keep investing in innovative projects, even when

they are not certain about their new products’ commercial feasibility (Hauser et al., 2006). An

unsuccessful introduction can be attributed to the insufficient resources from unknown innovation

ventures that results in wrong investment amounts for many decision-makers (Klingebiel and
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Rammer, 2014). For a new product or service to be successful, a manufacturer must have the

personnel and capacity to deal with the success as well. For instance, extended lead times can

be highly detrimental for a well-performing product. Further, as capacity decisions have a large

influence on all issues relating to manufacturing competitiveness, many factors must be taken

into account while making such decisions. Production costs, diversity of products, manufacturing

lead times, introduction of new products, and market share are some examples of these factors.

Note that the resource allocation strategies of a company are highly impacted by these factors,

though they have barely been presented in research on innovation execution. Current models in the

literature indicate that resource allocation behavior has been described by low initial commitment,

sequencing, and reallocation (Chi et al., 2019).

Direct cash flow is one of the most frequently used methods to evaluate the investment projects

in a company. This method uses actual cash inflows and out flows from the company’s operations

and only measures cash that has been received. Typically this cash is from customers and the

payments or outflows to suppliers. The inflows and outflows are netted to arrive at the cash flow

(Bradbury, 2011). Therefore, some companies must frequently correct the project investments

to adjust operational flexibility and other strategic plans that they believe to be as important

as direct cash flow (Schachter and Mancarella, 2016). Specifically, flexibility is defined as the

faculty to operate with a profit at different production levels considering the possibility of changing

volume capacity at anytime during the project lifetime (Fontes, 2008). In this regard, strategy in

resource allocation and managerial flexibility must be included at the time of evaluating a product’s

innovation project.

To decide between different capital investment alternatives, companies have frequently relied

on metrics such as the payback period, Internal Rate of Return (IRR), and Net Present Value (NPV).

However, decision-makers in companies do not consider that those metrics require the assumption

of certainty for project cash flow calculations, despite the fact that this is infrequently the case

in real-world situations. For instance, NPV measure operates better when future cash flows are

reasonably certain. The Discounted Cash Flow (DCF) methodology is not accurate when used

to assess strategic investments where the payoff is uncertain. That is, the product market may

become volatile and consequently cause big fluctuations in the demand due to high uncertainty

and very competitive interactions. Therefore, the real cash flow diverges from what the company
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expects (Gaspars-Wieloch, 2019; Miller and Park, 2002; Trigeorgis, 1996). Most results based

on these metrics usually does not achieve companies’ expectations. Real observations frequently

deviates from the current cash flow estimations, and as a result, there exists discrepancies between

traditional finance methodology and business reality. For instance, it is shown that operating cash

flows consistently outperformed earnings in predicting future cash flows (Nallareddy et al., 2020).

Another fallacy in those financial metrics is reflected in the NPV evaluation with the assumption

of a constant initial capacity for the operational system of the project. Such capacity runs immedi-

ately and uninterruptedly, and produces the same amount of product during the expected project

life (Smit and Trigeorgis, 2006). Companies prefer to value NPV incorporating flexible capacity

when there is a large market with potential uncertainty in the demand. As information in the

product market is updated, future cash flows are adjusted by modifying the original operational

strategy with flexible capacity. As a consequence, companies can capitalize on their investments

based on promising future opportunities and to mitigate losses (Wei et al., 2019).

It is also important to note that the companies operate in highly competitive industries. They

must carefully monitor the signals sent out by the other competitors and incorporate this informa-

tion when planning their own strategies to defend their positions. This has lead researchers to iden-

tify factors related to a firms knowledge, initiative, and efficacy. These factors are used in predicting

its competitive behaviour. Empirical studies have shown evidence that factors such as opponents’

action features include awareness, action volume, visibility and potential impact (Chen et al.,

2017). One of the strategies that competitors use is an advance notice. This pre-announcement may

discourage competitors from entering the market. It may also impact financial markets, discourage

potential customers from buying existing products, and to test a new concept. Many researchers

have noted that advance notice are often made to provide knowledge to competitors. Although

many view these knowledge as risks to the innovator company (Klastorin et al., 2016). The real

options approach has been proven as a valuable tool to resolve these problems in the fields of

finance, economics and other academic disciplines.

Bayus (1992) provides an insight into how competitiveness and micro-economic variables may

affect product introduction strategies. This study presents a model predicting an association be-

tween product development time and cost as product incorporation in the market. The model

includes variables related to different markets, product demand, costs that maximize profit, time
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to market and decisions based on product execution. Bayus (1992) focuses on two premises:

First, a competitive product is introduced to the market and the choice to improve development

focuses on enhancing the opponents’ innovations. Second, the competitive product is projected

to be introduced in the market in the future. The alternative is to release the product in the

market before the competition. In both scenarios, Bayus (1992) analyses variables such as product

lifetime, time to peak sales, product margins decreasing over time, opponent product performance,

marketing advantage, minimum and maximum costs.

1.1 Aim and Research Contributions

In this research, we develop a real options valuation model in a duopoly environment that in-

tegrates stochastic product life cycle and flexible capacity considerations to devise strategies in

introducing a new product to the market. We assess the option by switching capacities during

the project’s lifetime. The idea of switching capacities is to expand the scale of production if

market conditions improve more than expected, or to contract the scale of production if market

conditions get worse (Pindyck, 1988). The two companies participating in the market compete on

the quantity to produce; and to calculate such quantity, we use game-theoretic models for a duopoly

market. In particular, we consider two different game-theoretic approaches, which are based on the

concept of Nash Equilibrium (NE). In the first approach, competitors have imperfect information

(i.e. Cournot’s model) and in the second approach competitors have perfect information (i.e.

Stackelberg’s model). Further, we represent the stochastic product life cycle using a lattice approach

for two regime-switching processes: growth and decay. We assume that the cycle starts in the

growth regime where demand generally increases and then, the regime switches to decay at some

point during the project life-time, where demand generally decreases.

The main criteria to evaluate our models is to select a capacity level at the beginning of the

project that maximizes the NPV. This capacity value corresponds to the optimal capacity and

represents the investment amounts by the company. NPV calculations in our model are based

on the expected discounted cash flows that are obtained through dynamic programming. More

specifically, the cash flows represent the profit functions of the demand dynamics, and a set of

the different capacity values and the production quantities are obtained from each game-theoretic
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models. By comparing the outcomes of the game theoretic models, we aim to identify the best

game-theoretic strategy to follow in a duopoly market, which maximizes the overall NPV.

It is important to note that our analysis is based on the observation that real options assessment

can be complemented with game-theoretic approaches in a competitive environment to develop

a strategic investment model that includes endogenous competitive reaction. The assumption of

contrarian quantity competition establishes a reaction function that helps calculate quantity, profits,

and project values under equilibrium actions. The methodology to assess the real option is similar

to a binomial option-valuation tree influenced by different market structures (Smit and Trigeorgis,

1995). Wu and Chen (2015), Elliott and Siu (2015) and Thijssen (2013) investigated financial

options in portfolio valuation with sub-games NE, preemption, Markov perfect equilibrium and

mixed strategy game-theoretic models where the underlying assets are an interest rate or price

of the stock to calculate efficient frontiers. Their approaches are similar to the one employed in

this research. However, they do not incorporate all the elements described in this research. They

use multi-period and regime-switching lattice in a continuous time with finite states and a hidden

Markov-modulate Poisson process to solve their models. The model evaluated in this research em-

ploys discrete-time, real options valuation with capacity flexibility found on the underlying product

demand follows a geometric Brownian motion and the game-theoretic strategy is pure based on

the concept of NE. Furthermore, these models are not used to assess the feasibility of introducing a

product to the market. Some other studies focused on real options with regime-switching processes

only for mixed strategies in a Stackelberg game based on a continuous-time and infinite-horizon

analytic model with stochastic demand behavior, and the addition of other production variables in

their models other than operational costs (Dias and Teixeira, 2003; Li and Sethi, 2016). Although

these studies applied a Brownian motion theory and a strategy of a leader and follower in a duopoly

market, they differ from the model proposed in this study since they do not use discrete-time, finite

lifetime of the project and pure strategy in their game-theoretic methodology. In addition, several

studies proposed game-theoretic models for two-period problems with a binomial lattice or the

comparison with a multi-period problem with also a binomial lattice. They only use real options

with empirical information to make decisions about timing, expanding, delaying or abandoning the

project in a discrete-time environment (Ashuri and Kashani, 2011; Charalampopoulos et al., 2011;

Pendharkar, 2010). Their valuation ignores some elements of our theoretical model such as: the
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effects of the competition, the product life cycle and the flexibility in capacity when a contraction

must be applied due to an unfavourable change in the demand.

The main contribution this thesis makes to literature is the application of real options valua-

tion in a duopoly market where participants compete for quantity to produce. Such quantity is

established by a game-theoretic model equilibrium, defined as a pure strategy where none of the

competitors have any incentive to deviate. A pure strategy allows a complete description of how

every competitor will play the game. Particularly, such strategy determines the move a competitor

will make for any state it could possibly face. Contrastingly, a mixed strategy assigns a probability

to every pure strategy. The probability assignment permits a competitor to randomly choose a pure

strategy. Because probabilities are continuous, an infinite number of mixed strategies are available

to each competitor. Therefore, using a mixed strategy, the model would have a countless number

of outcomes, which makes it more complex and difficult to analyze (Rubinstein, 1991). The goal of

this study is to identify the game strategy that provides the maximum NPV given an optimal capacity

to invest in at the beginning of the project in a multi-period framework. Additional contributions

are the incorporation of the following methodologies : First, we integrate a regime-switching lattice

approach to the model in order to estimate the demand for the product and calculate cash flows

derived by the profits obtained in the game theory methodology (Bollen, 1999; Wahab and Lee,

2011). Second, our model accounts for the managerial flexibility, which is associated with either

expansion or contraction in the capacity as needed due to changes in the demand. The flexible

capacity adds or subtracts value to the expected discounted present value. Third, we evaluate the

model using dynamic programming considering a project lifetime. As the demand varies over time,

a range of different capacities is considered to meet such demand with the objective of maximizing

the profits defined as cash flows. Last, we carry out an extensive numerical study and assess the

sensitivity of the outcomes and the strategies to the model parameters, which provides valuable

insights in implementation of the proposed models in practice.

1.2 Organization of the Thesis

The remainder of this thesis is organized as follows: Chapter 2 reviews the related literature on

product introduction, options valuation, game theory, lattice and regime-switching and dynamic
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programming, and also provides background information about real options valuation and game-

theoretic methodology. Chapter 3 presents a general model that incorporates calculations of profits

based on two different games, flexible capacity, demand dynamics, dynamic programming, and

lattice construction. Chapter 4 contains numerical examples and sensitivity analysis that illustrate

what capacity value maximizes the NPV of the project under the variation of inputs and game-

theoretic models. Chapter 5 concludes this research.
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Chapter 2

Literature Review

In this section, we review the existing literature on the real options valuation, capacity flexibility,

game theory, regime-switching lattice and dynamic programming approaches and discuss the re-

search gaps. This literature review particularly focuses on the application of game theory to options

valuation and most common methodologies to evaluate the viability of introducing a product to the

market.

Our study is an extension of two important papers in the field of financial engineering and

option valuations. First, Bollen (1999) has created a framework of real options valuation for

expansion and contraction in capacity separately. He assumes that demand follows a stochastic

product life cycle represented by a regime-switching lattice in a monopolist market evaluation.

Monopolist refers to only one competitor or company in the market. Second, Wahab and Lee

(2011) presented a lattice approach to evaluate gasoline price swing option where the underlying

variable is represented by an n regime-switching model. Both propose a framework to value options

where the behaviour of the underlying asset is uncertain and the option is estimated by using lattice

approach in a regime-switching process. However, these two studies do not consider the reaction

of the competition at the moment of assessing the option. Additionally, Bayus (1992) argues that

one of the reasons that prices of new long-lasting goods decrease with time is the method in which

demand is being modeled. Furthermore, Bayus (1992) points out that competitive effects such as

new products’ introduction to the market may explain why profits decrease over time.
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2.1 Product Introduction

Every time a product is launched, companies might need to redesign their supply chains in order to

efficiently and effectively present a new product to its target market. The characteristics of a prod-

uct influence the supply chain performance during the process of the new product development.

The impacts of the new product characteristics is defined by decisions that involve supply chain

structure, strategy and the interaction among all the participants in the supply chain (Crippa et al.,

2010). Kanno and Shibata (2019) studies how a company’s strategic behaviors on product design

is affected by the Product Life Cycle (PLC) during the stages of growth and maturity stages. Kanno

and Shibata (2019) also emphasizes that the performance of the company’s strategy in the design

of new products is highly influenced by the behavior of the growth, uncertainty, and the level of

competition in the market. Moreover, this study states that the level and reaction of customer

orientation vary with stages of the PLC.

Dawid and Gezer (2019) presents a study that evaluates the optimal timing to introduce a new

product in a duopoly market, which is impacted by the initial capacities for the new product and

the costs associated to such capacities. Seidl et al. (2019) focuses on the relation between new

product pricing, capacity investments and the timing. The main result of this study points out that

a company should invest most of the capacity just after the new product has been introduced in

the market. Budler and Trkman (2017) notes that companies should examine their investment

projects through game-theoretic reasoning. The study states that game-theoretic approach is useful

in different strategic circumstances where different companies interact in the market in order

to obtain competition advantages. The real options method has obtained massive popularity

among researchers as a methodology that extends the alternative of traditional financial evaluation

for projects on product innovation. This method assesses the evaluation of innovative projects

and incorporate managerial flexibility in the implementation of projects with a high degree of

uncertainty (Evseeva, 2019).
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2.2 Real Options

Real Options is the implementation of option pricing methods to evaluate non-financial investments

with flexibility such as manufacturing plant contraction or expansion (Myers, 1977). One of the

most conventional considerations in real options is capacity flexibility. Previous literature has

focused on combining operations research methods with game theory applied to the real options to

improve decision-making in project investments. Such interdisciplinary research have been useful

in capturing and evaluating the implicit flexibility in many operating decisions that are faced by

the decision makers (Trigeorgis and Tsekrekos, 2018). The output of a real option valuation is

represented by a strategic NPV that effectively integrates the interaction between the sources that

add value to the project from making a strategic commitment as the optimal flexibility approach

and game theoretical approaches in a production environment. By properly combining real options

and game theory, the NPV provides companies a better interpretation of the numerous important

components and compensation from a strong competing action plan (Dixit et al., 1994; Smit and

Trigeorgis, 2017).

Real options differs from regular financial options in various ways. They are not traded as

securities, and the decisions made do not rely on a traded underlying asset but mostly on a project.

Also, real option holders can have an influence on the value of the project, which does not happen

with a financial option where the price of the underlying asset are established by the market

(Amram and Howe, 2003). Besides, financial portfolio administrators are not able to quantify

the volatility associated to the project, and alternatively must depend on their own uncertainty

appreciations. In contrast to the financial options, organizations must create or find real options,

and such process requires effort and entrepreneurial tasks. The main advantages of the real options

are that they are more valuable as volatility gets higher, and the project evaluator has the proper

flexibility to modify the sequence of the project in a favorable direction, exercising the options when

needed. Table 2.1 presents some business initiatives that companies can undertake to exercise the

most conventional real options.

One of the problems of traditional budgeting is the ongoing inconsistency between traditional

finance methodology and business validity. That is, a company’s directors must constantly fix

conventional investment criteria to satisfy operating flexibility and to prevent losses. Some other
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Table 2.1: The most conventional real options (Trigeorgis, 1996).

Category Description Fields of application

Defer
The organization has a lease on a valuable land with the
option to buy, then they wait a certain time to evaluate if
the upcoming prices justify to build a facility.

- Farming
- Extraction of natural resources

Time-to-build
(staged investment)

Preparing investment as a sequence of payments gives
the option to abandon the project halfway through if the
new information is not satisfactory. Every stage is
considered as an option on the value of consecutive
stages and evaluated as a compound option.

- Pharmaceutical companies
- R & D businesses

Alter operating scale

When market circumstances become more beneficial
than expected, the company can increase the scale of
production. When the opposite, it can decrease the scale
of operations.

- Mining
- Commercial real estate

Abandon
If market conditions reduce harshly, company can
abandon existing operations perpetually and sell capital
equipment and the rest of assets on a secondhand market.

- New product introduction
- Airlines

Switch

when prices or demand fluctuate, the production
combination of the plant can be changed, called product
flexibility. On the other hand, the same production can be
used utilizing different kinds of raw material, called
process flexibility.

- Toys
- Autos
- Electrical power

Growth

The case of a primary investment is a condition in a series
of interconnected projects to create future growth
openings. It is also related to an interproject compound
option.

- Multinational operations
- Strategic acquisitions

Multiple interacting

Projects in real life frequently include a set of several
options. To improve when conditions get better or to
protect when conditions get worse. The aggregated value
may diverge from the summation of all the values
separately.

- Most of the industries in the economy
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failures associated with traditional capital budgeting are

• centering on quantifiable cash flow rather than on intangible strategic advantages that derive

from developing competitive benefit

• inability to seek to properly adjust the timing and risk of the cash flows

Subsequently, we review three important approaches in this practice: traditional capital budgeting,

option-pricing theory and discrete-time analysis, and the multiplicative binomial process.

2.2.1 Traditional Capital Budgeting

Capital budgeting studies the resource allocation within long-termed investment projects. The

main concept is to sacrifice current utilization of money, making an immediate investment outlay

to accomplish utilization of money in the future. The interchange between utilization today and in

the future is a very important choice that a person or company must directly face every day. The

person or company’s financial target is to choose amongst all the different patterns of consumption

and investment prospects to reach the highest satisfaction that maximizes their satisfaction or con-

sumption utility function during the time. Instead of maximizing the utilities of each stockholder

that may have different levels of wealth, preferences for current versus future consumption, and

attitudes toward risk; companies usually avoid such conflicts of interests by assuming all owners’

wealth as maximization utility goal. One of the biggest assumptions in the capital budget model

is that there is a perfect and broad capital market, where individuals can modify their income

flows and investments by borrowing or lending; selling or buying in the market in the sums that

maximizes each person’s specific utility.

NPV is the most commonly used consistent calculation to assess the company’s objective, which

is to maximize its shareholder’s wealth. Consequently, it enables every single shareholder to

maximize his or her own utility throughout a linked financial measure in the capital markets.

Other commonly employed performance measures include the IRR, book rate of return and payback

period (Brealey et al., 2014).
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2.2.2 NPV Under Certainty

NPV under certainty is considered under an investment scenario of at least two periods, and in

a competitive market with perfect information where individuals borrow or lend in an unlimited

way at an equal constant interest rate rf . Therefore, a person can lend one dollar of his or her

present income I0 considered as initial investment, in a trade for (1 + rf ) dollars of I1 next period

as compensation, or that person can use an initial income I0 to buy a capital asset which provides

the buyer a future income of I1. This last scenario creates a present value PV = I0 + I1
(1+rf ) . In a

multi-period setting, for a given project life period T and an initial investment of I0, NPV can be

obtained as

NPV =
T∑
t=1

It
(1 + rf )t − I0 (2.1)

where rf is the risk-free rate or opportunity capital cost and It is the certain net cash inflow in year

t. Additionally, if a set of future investments Ot are required, instead of only one investment; the

present value of cash outflows is subtracted from the present value of cash inflows to obtain the

NPV. The present value of cash outflows is represented by,

I0 =
T∑
t=0

Ot
(1 + rf )t (2.2)

Besides, if the discount rate changes from period to period, the NPV is calculated as

NPV =
T∑
t=1

It
(1 + rf 1)(1 + rf 2) · · · (1 + rf t)

− I0 (2.3)

where rf t is the risk-free interest rate at period t.

2.2.3 NPV Under Uncertainty

Uncertainty and risk are unavoidable in a volatile market where the corporate decisions must

be made. Volatility is fixed progressively, and the cash flows’ estimation is usually faulty and

conditioned to an error. Hence, stakeholders’ attitude toward risk must be considered in the

development of capital budgeting. When volatility and uncertainty exist, variables are random

and follow a probability distribution of their likely results. Their dispersion of likely outcomes
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becomes an indicator of how risky this variability is, therefore NPV is estimated under a expected

value of cash flows instead of constant ones, that is,

NPV =
T∑
t=1

Ît
(1 + rf )t − I0 (2.4)

Note that Ît is substituted by its certainty equivalent quantity in this formula. Such amount

represents a determined cash flow in period t that equals the present value to the uncertain one

in the same period of time denoted by

PV = Ît
(1 + rf )t = E(It)

(1 + ra)t
(2.5)

where E(It) is the expected cash flow value in period t and ra is the risk-adjusted discount rate

that is explained in the next subsection. Subsequently, NPV under uncertainty can be estimated by

combining the Equations (2.4) and (2.5) as follows:

NPV =
T∑
t=1

Ît
(1 + rf )t − I0 =

T∑
t=1

E(It)
(1 + ra)t

− I0 (2.6)

2.2.4 Option-Pricing Theory and Discrete-Time Analysis.

In this section, we summarize and explain fundamental definitions and formulas of financial options

pricing applied to real options valuation in a discrete time. Options are a very important and useful

tool to mitigate the risk in financial instruments; therefore, the option pricing theory is established

to evaluate real options. There are four types of financial options which are presented below and

all of them depend on the underlying asset (in this case of a stock price) at a moment t, the strike

price, ς, the maturity or expiration date, T, and the exercise price, ε. The notation below represents

the values of the different options and is used for further analysis in this subsection (Trigeorgis,

1996):

• C = C(ς, τ, ε), American call option

• c = c(ς, τ, ε), European call option

• P = P (ς, τ, ε), American put option

15



• p = p(ς, τ, ε), European put option

where τ is the option time to expiration (T − t). The difference between American and European

options is that the first one can be exercised at any time before maturity, while the second can only

be exercised at maturity. The goal of this evaluation is to build a portfolio that involves buying

N shares of the underlying stock, and borrowing an amount B to purchase them at the risk-free

interest rate rf . It would precisely imitate the upcoming option’s returns in different states of

nature. One of the biggest assumptions in this technique is that the stocks must be sold for the

current price to avoid free-of-risk arbitrage. Specifically, for the purpose of this study the only

valid type of trade is hedging. The price of the stock may move up (u) with a price of ς+ = uς or

down (d) with ς− = dς. u and d are called multiplicative parameters and there is a probability (ψ)

attached to go up and (1 - ψ) to go down. These parameters are used all the way along this section.

ς

ς−
1− ψ

ς+
ψ

The option price attached to the underlying stock (ς) during the same period is:

C

C− = max(ς− − ε, 0)
1− ψ

C+ = max(ς+ − ε, 0)
ψ

Building the portfolio explained above, it is for a Call option = (BuyN shares at ς and borrow B

at rf ). Consequently, it represents C = Nς −B. Substituting those values in the previous decision

tree,

C = Nς −B

C− = Nς− − (1 + rf )B
1− ψ

C+ = Nς+ − (1 + rf )B
ψ

16



The values of N and B need to be calculated; therefore, solving C+ and C−,

N = C+ − C−

ς+ − ς−
(2.7)

and

B = Nς− − C−

1 + rf
(2.8)

N is known as hedge ratio and is acquired as the difference between option prices divided by the

difference of stock prices in the discrete event.

Substituting Equations (2.7) and (2.8) in C = Nς–B, and in

C = ψC+ − (1− ψ)C−

1 + rf
(2.9)

The risk-neutral probability is obtained by two different formulas. This probability is the one

that overcomes in a setting where investors are indifferent to risk,

ψ = (1 + rf )ς − ς−

ς+ − ς−
(2.10)

A put option can be assessed in a same way, the only difference is that the shares must be sold,

instead of being bought; and lending, instead of borrowing, at the risk-free rate. Hence, Put option

= (Sell N shares at ς and lend B at rf ). N is equal to value of the similar call option minus 1. The

negative sign specifies selling instead of buying.

B = Nς− − P−

1 + rf
(2.11)

where P = Nς −B

The list of fundamental assumptions that are used for option valuation which permit continuous

trading is provided below.

• Markets with no friction which implies that there are no transactions costs and taxes, no limits

for margin requirement, all shares of the stock are infinitely dividable; and borrowing and
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lending are not delimited.

• The short-term risk-free rate is considered estimated and constant during the option’s lifetime.

• The stock or asset does not pay dividends during the option’s lifetime.

• Stock prices have a stochastic diffusion Wiener process expressed in the equation below. This

process is substituted by a multiplicative binomial process or random walk in the discrete-time

situation represented by
dς

ς
= µdt+ σdz (2.12)

where µ is the stock’s sudden expected return, σ is the stock’s sudden standard deviation that

is considered constant, and dz is the differential of a standard Wiener process, with mean 0

and variance dt.

2.2.5 The Multiplicative Binomial Process: Discrete Time.

This process assumes that the stock price’s moves is distributed by a multiplicative binomial function

over consecutive periods defined by

ς

dς
1− ψ

uς
ψ

where u and d characterize the continuously compounded rate of return when ς moves either up or

down, respectively, assuming d = 1/u; and to stop traders from risk-free arbitrage profit chances,
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u > (1 + rf ) > d. We obtain following formulas from this process:

u = ς+

ς
(2.13)

d = ς−

ς
(2.14)

N = C+ − C−

(u− d)ς (2.15)

B = dC+ − uC−

(u− d)(1 + rf ) (2.16)

ψ = (1 + rf )− d
u− d

(2.17)

This procedure can be prolonged to multiple periods. When τ , the option time to expiration, is

divided into n equivalent intervals, h = τ/n , and similar estimation is recurrent at the expiration

date beginning and moving backwards recursively; therefore, the official multiplicative binomial

option-pricing formula for n can be denoted as

C =

n∑
j=0

(
n
j

)
ψj(1− ψ)n−j max[ujdn−j(ς − ε), 0]

(1 + rf )n (2.18)

where max[ujdn−j(ς − ε), 0] is the result of the call option value at maturity given that the stock

goes up j times, each one by u%, and down n - j times, each one by d% during n periods. The

sum of all the likely j option values at maturity, times the probability that each happens gives the

expected final option value. This result is discounted at the risk-free rate during the total n periods.

In addition to the financial option pricing theory explained previously, which provides the

fundamentals to assess real options valuation, some researchers have added more variable to

strength such valuation. They have studied volume flexibility in manufacturing, that is defined

as a system that is able to operate making profits at a different overall output levels. Such

flexibility allows the plant to expand or contract production within certain ranges (Bengtsson,

2001). Tannous (1996) created a model to estimate volume flexible for equipment when demand

is uncertain, which is subsequently used to find the optimal level of investment. They find that

manufacturing systems that incorporate a high level of flexibility can be quickly changed to a low

expenditure in accordance with the properties of the specific production task (Abele et al., 2006).
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Bengtsson (1999) formulates a real industry situation where the company has the value of an

option to hire personnel on short contracts when demand of a product is uncertain. Nonetheless, in

our study, we follow this real options valuation theory with capacity flexibility by adding the effect

of two companies competing for production in the market on a perfect equilibrium game theory

and a multi-period regime-switching approach to estimate a value of an optimal capacity that gives

us the value to invest in to obtain the maximum NPV.

2.3 Game Theory

Nash equilibrium (NE) is defined as a result of a game that involves two or more players, where

each player assumes or knows the strategies of his or her opponents, and no player has the incentive

to deviate by changing only his or her own strategy unilaterally (Tang and Zhang, 2016).

Stamatopoulos (2016) explains NE with the interaction of two firms. His paper describes the

theory of strategic competitiveness to compare between the models of simultaneous and sequential

quantity competition in a duopoly scenario. Cournot and Stackelberg’s models of competition are

two important strategies in industrial economics. The first model assumes that companies compete

simultaneously in the market. On the other hand, the second is established on the assumption that

they compete sequentially. The outcomes of the two models generally differ regarding equilibrium

prices, quantities and profits. Duopoly is the definition of a market influenced by two companies,

where the action of one company affects the other; and consequently, the price of the good

(Ibrahim, 2019).

Game theory is an examination of strategies in which decision makers interact. It applies to

competitive scenarios where the result of a participant’s possible course of action relies judgmen-

tally on other participants’ actions. Players illustrates an idea into a model, including characteristics

of the situation with possible likely logical scenarios that seem to be relevant. This theory primarily

focuses on illustrating political, economic, and biological phenomena. For the purpose of this paper,

game theoretic models discuss are only applied to economics; specifically highlighting companies

competing for business. For ease of presentation, this theme is explained by some basic concepts,

namely, Nash Equilibrium theory, Cournot’s model of oligopoly and Stackelberg’s model of duopoly

(Osborne, 2004).
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These models are based on the theory of rational choice, which is defined as decision-makers

select the best action (chosen by a set A containing all actions accessible at certain moment)

consistent with their preferences (according to their utility function) amongst all other preferences

available to them. It is important to point out that these decisions are not to be made based on

their likes or dislikes, but on the diverse sets of available actions. In the preference passage, it

is presumed that decision-makers recognize what pair of actions they prefer when any pair are

accessible, or whether both actions are equally desirable, so they are indifferent between them.

One clear example is if the player prefers the action a to the action b, and the action b over the

action c, that implies that he or she prefers action a to action c. As an alternative method, a player’s

preference can be denoted by a payoff function, that assigns a number to every action inferring

that greater numbers are preferred. To clarify this point, the payoff or utility function u denotes

a decision-maker preference if for any actions a and b in the set A, u(a) > u(b) if and only if the

player prefers a over b. In this study, the utility function (or payoff) theory is applied for all the

assumptions. Fundamentals of this theory is out of scope of this research, and more details about

this theory can be found in Winston and Goldberg (2004)’s study.

A strategic game contains three basic elements: (1) a set of players that make decisions, (2)

a set of probable actions associated to each decision-maker that allow them to interact and also

be influenced by the actions of all the decision-makers, and (3) the player’s preferences across the

set of actions quantified by the utility function. For this study, the players are companies or firms,

the actions are quantities to produce and the preferences are the result of the company’s profits

further represented in a NPV as an outcome to compare between each competitor in a different

game-theoretic model (Watson, 2002).

2.3.1 Nash Equilibrium

NE aims to answer the question of what actions should be taken by the players based on their

preferences. This is when the theory of rational choice play an important role. The leading action

for each player is generally affected by the other players’ actions in a specific game. Consequently,

one decision-maker must consider what actions other players select. Habitually, these decisions are

influenced by what the players believe their opponents have chosen in previous experiences playing

the same game. It provides the player a pattern of how the adversary might behave. There are two
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strong assumptions in this model: First, the player does not know, or nobody tells him or her how

the other player(s) might behave. All is derived by prior involvement in this game. And secondly,

the decision-maker has prior experience playing this game and observes each play in the game

separately. The player does not condition the actions on the type of rival he or she faces because

the decision-maker is not familiar with a specific opponent’s performance. The player assumes his

or her actions have certain effects on opponent’s forthcoming behavior.

Nash equilibrium refers to an action a∗ with the property that any other player i cannot do

better by selecting a different action a∗i when the opponent j adheres to a∗j (Osborne, 2004).

ui(a∗i ) ≥ ui(ai, a∗−i) for each ai decision-maker i, (2.19)

where ui is the utility function for preference player’s i and a∗−i is the action selected a∗i excluded

from the set A.

2.3.2 Cournot’s Model of Oligopoly

This model studies the results of the competition amongst firms in an industry that relies on the

demand characteristics, the type of the company’s cost functions, and the quantity of firms. In

the field of economics, oligopoly refers to a market where a small number of suppliers control

a product; and each of these participants can influence prices and affect other competitors. The

general assumptions for this model are

• Only one product manufactured by n firms.

• The company i’s cost of making Qi units of the product is given by Ci(Qi).

• Ci(Qi) is an increasing function, which means the bigger the production, the more costly it is

to manufacture.

• The product is sold at a unique price P (Q) established by the company’s total production Q

and the product’s demand.

• P is called the inverse demand function, which means when the company’s total production

rises, the price declines, and P is always a positive value.
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• If production of each company i is Qi, the price function is P (Q1 +Q2 + . . .+Qn).

Accordingly, the company i’s profit can be obtained as:

Πi(Q1, . . . , Qn) = P (Q1 + . . .+Qn)Qi − Ci(Qi) (2.20)

Cournot’s model is proposed to be the next strategic game: The companies are the players, the

production is the company’s set of actions, and each firm’s profit is the utility of its preferences. To

explain how this model works, an example with only two firms is presented. A market where only

two companies are the suppliers of a specific product is called duopoly. In addition to this example,

the unit costs are constant (c); and the price follows a linear inverse demand function. The values

of Ci = c and P are used to obtain a Cournot’s Nash equilibrium point in this game. Let the price

function be (Pindyck, 1988),

P (Q) =


θ −Q, if Q ≤ θ

0, if Q > θ

(2.21)

where θ, the product’s demand in the market, and c are constants greater than zero. We set c < θ

to assure that for some value of Q, P (Q) > c, then the company can make any profit. Figure 2.1

shows the inverse demand function.

To calculate the Nash equilibria, the company’s best response function is used and explained

afterwards. Assuming that companies’ production equals to Q1 and Q2, respectively, and based on

Equations (2.20) and (2.21).

Π(Q1, Q2) =


Q1(θ − c−Q1 −Q2), if Q1 +Q2 ≤ θ

−cQ1, if Q1 +Q2 > θ

(2.22)

The next step is to infer about Company 1’s best response, then this company’s profit must be

represented by a function of Q1 with Q2. Let Q2 = 0, then Π(Q1, 0) = Q1(θ−c−Q1) only if Q1 < θ.

As shown in the darkest curve in Figure 2.2, it is a quadratic function that equals zero for Q1 = 0

and Q1 = θ− c. The value that maximizes the profit according to the quadratic symmetry, deriving

and equaling the derivative to zero is Q1 = 1
2(θ − c). Consequently, the Company 1’s best response
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Figure 2.1: The inverse price-demand function

to a production of zero for Company 2 is R1(Q2 = 0) = 1
2(θ − c).

Figure 2.2: Company 1’s profit as a function of its production given Company 2’s production

The light curve in Figure 2.2 shows the behavior of Π(Q1, Q2) for Q2 > 0 and Q2 < θ − c.

Following the same methodology for Q2 = 0, the next formula represents a general solution of the
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Company 1’s best response,

R1(Q2) =


1
2(θ − c−Q2), if Q2 ≤ θ − c

0, if Q2 > θ − c
(2.23)

Figure 2.3: The unique Nash equilibrium for the best response functions

For the cost function for companies 1 and 2 are identical, the best response function for b2 is

the same, and we obtain R1(Q2) = R2(Q1). Figure 2.3 illustrates how the Nash equilibrium point

(Q∗1, Q
∗
2) is acquired from the intersection of the best response curves b1 (values plotted on the

vertical axis depending on Q2) and b2 (values plotted on the horizontal axis depending on Q1).

Therefore, we observe that Q∗1 = R1(Q2) and Q∗2 = R2(Q1). As detailed in the graphic and solving

the below two linear equations:

Q1 =1
2(θ − c−Q2)

Q2 =1
2(θ − c−Q1)

which leads to the optimal production points for each firm as

Q∗1 = Q∗2 = 1
3(θ − c) (2.24)
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The total production in the equilibrium point is Q∗1 +Q∗2 = 2
3(θ− c) and the price at this quantity is

P [2
3(θ − c)] = 1

3(θ + 2c).

2.3.3 Stackelberg’s Model of Duopoly

This methodology is built on the same assumptions, players, actions, and preferences as Cournot’s

model of oligopoly with two players. However, the companies make decisions sequentially instead

of concurrently. This means that one company selects its production level, and consequently the

other carries out knowing the level chosen by the first one.

This game is described as follows: Company 1 proceeds at the beginning, then the Company

1’s strategy is merely a production level. Company 2 moves next after seeing the history where

Company 1 picks a production level. Therefore, Company 2’s strategy becomes a function that links

a Company 2’s production with every likely production level of Company 1. Stackelberg’s model

uses backward induction to calculate the sub-game perfect equilibrium point, which is explained

below:

• Initially, for any production level of Company 1 (Q1), the Company 2’s production level that

maximizes its profit is calculated R2(Q1). Subsequently, the strategy for Company 2’s perfect

equilibrium in the sub-game is R2.

• Then, Company 1’s level of production which maximizes its profit given Company 2’s strategy

is calculated. Company 1 chooses production levelQ1, then Company 2 selects the production

levelR2(Q1), obtaining a total production level ofQ1+R2(Q1), and therefore P (Q1+R2(Q1)).

As such, the next formula denotes firm 1’s profit equation:

Π(Q1, Q2) = Q1P (Q1 +R2(Q1))− C1(Q1) (2.25)

There is an unique value for Q1 which is Q∗1.

As it can bee seen in this model, Company 2 possesses only best response R2(Q1) to every Q1,

and Company 1 has a unique best action Q∗1 based on the best response of Company 2. Therefore,

the perfect equilibrium of the game is (Q∗1, R2). The Company 2’s production given Company 1’s

equilibrium is R2(Q∗1) = Q∗2.
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For this example, unit cost and price function are the same as Cournot’s example. Under the

previous assumptions, Company 2 has only best response to every production level Q1, denoted by

R2(Q1) =


1
2(θ − c−Q1), if Q1 ≤ θ − c

0, if Q1 > θ − c

In this sub-game the function to maximize is

Q1(θ − c− (Q1 + 1
2(θ − c−Q1))) = 1

2Q1(θ − c−Q1)

Note that, this is a quadratic function that becomes zero when Q1 = 0 and Q1 = θ − c. The

maximum point is Q∗1 = 1
2(θ − c) and Company 2’s production level Q∗2 = R2(Q∗1) = 1

4(θ − c). The

respective profits are Π1(Q∗1, Q∗2) = Q∗1(P (Q∗1 + Q∗2) − c) = 1
8(θ − c)2 and Company 2’s profit is

Π2(Q∗1, Q∗2) = Q∗2(P (Q∗1 +Q∗2)− c) = 1
16(θ − c)2.

Azevedo and Paxson (2014) introduce one of the most common methodology in the Real Option

Games (ROG) literature that is called pre-emption game. It establishes a two-player game in

a continuous and infinite time horizon which strategy is that competitors, for example in R&D,

enhance their innovations over time and keep these innovations secret before they introduce them

into the market. The final goal is to establish the proper time to invest or defer in the project.

However, our model looks for a different approach where the life time of the project becomes

discrete and defined by an integer, and the strategy of the real option is flexibility in capacity instead

of the combination of models with invest-defer criteria. Moreover, the same study concludes that

many other sources of uncertainty must be considered in this analysis. However, this is outside the

scope of our research since we aim to study only one variable of uncertainty, which is the demand.

Recent literature has addressed solutions to assess the impact of an optimal investment in

a duopoly market based on a Stackelberg model strategy in an imperfectly competitive market.

Such market imperfect competitiveness is reflected by the asymmetry between companies, that

occurs when one of the competitors in an economic transaction has much more knowledge about

components of the market than the other. As a result, it provides the first mover a bigger advantage

over the second mover; and finds that higher uncertainty delays investment (Pawlina and Kort,
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2006). In Cumbul (2019), an oligopoly market of n firms is designed by a sequential interaction of

a Cournot model sub-game with a Stackelberg model competing with a product with that possesses

a stochastic demand behaviour in a market with private or asymmetric information. In contrast

to the previous studies, in our study, we consider a Cournot duopoly where companies make their

moves at the same time while in Stackelberg duopoly one firm becomes the leader and makes the

first move followed by the other firm that becomes the follower. Moreover, our model is based on

the assumption that participants have access to complete information that is an economic situation

or game in which knowledge about other market participants or players is equally available to all

competitors (Bajari et al., 2010).

Luckraz (2011) presents the stability of properties of a duopoly Cournot model when the price-

demand function elasticity is isoelastic to prove of existence and uniqueness of a Nash Equilibrium

even in cases where price-demand function is not linear. Specifically, an isoelastic function is

defined as a function that exhibits a constant elasticity coefficient (Simon and Blume, 1994). In

another research, Ibrahim (2019) employs the isoelastic demand function and linear production

costs to compare profits obtained from companies competing using the Cournot and Stackelberg

duopoly approaches. As a result, the study shows that regardless the game companies are playing,

the company with the lower production cost would make a greater profit, and also, such company

with bigger production costs is better off making the first move instead of moving simultaneously.

On the other hand, the company with lower production is better off in becoming a follower

rather than making the first move or moving simultaneously. Similar to the two studies presented

previously, our study considers an isoelastic linear price-demand function. However, our approach

assumes that vendors and suppliers in the market are the same; therefore, the variable and marginal

that represent our quadratic cost function of production for both competitors are identical and

those costs only vary for the sensitive analysis of the model to observe how they affect the NPV and

optimal capacity in each participant within the two games.

Empirical data models in option valuation with game theory has shown, for instance, that in a

liner shipping industry that competes in non-cooperative game-theoretic oligopoly, the investment

decisions may be drawn by real options theory with the assumption of cooperative or pure strategy

game theory in a perfect competition market (Rau and Spinler, 2016). Additionally, the competitive

interaction within players can be modeled by random Poisson arrival. The same study suggests
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that investment models in continuous-time and discrete-time should incorporate more stochastic

variables as cost and fuel prices. Another empirical research in a competitive electricity market

compares a mixed strategy of Nash Cournot Equilibrium with the Stackelberg equilibrium having

as output strategic production quantities and then analyses the results from a social benefit point

of view (Lee, 2014). In another empirical research paper, in a port industry, two ports compete on

future quantity to produce for a flexible investment decision that provides leader-follower timing

game and the option to delay such investment in a capacity level that has not been forecasted

previously. The model is based on a Cournot competition and uncertain demand defined by

a geometric Brownian motion. This game-theoretic model includes additional macro-economic

variables such as public money involvement, congestion costs, and the cost advantage of one port.

The results show that competition and slight cost differences drive the leader’s investment threshold

and capacity decrement; and subsequently, it allows the follower to invest later in more capacity

(Balliauw et al., 2019). Investment threshold is defined as the minimum amount of costs that a

company must incur in to qualify for a project’s eligibility (Lawinsider, 2020).

Although these empirical cases bring insights of the mix of real options and game theory, our

study focuses on the construction of a theoretical model. We aim to analyse the feasibility of

introducing a product in the market considering a flexible option in expansion and contraction of

capacity affected by a drift in product demand, which is the only stochastic variable. Additionally

to what is presented in the previous empirical researches, the underlying variable in our study is

assumed to follow a normal distribution and the interaction of the competitors are not defined

by any probability distribution. Competitors’ interactions are established by a NE in a cooperative

market with pure strategy. We discard a mixed strategy since it may need a new algorithm based

on heuristics to find such mixed strategy NE as presented by Lee (2013) and this topic is out of the

scope of this study. On the other hand, the players decide to invest at the same time in the optimal

capacity that provides the maximum NPV and the project is not deferred.

Some studies have found it difficult to obtain an optimal solution applying existing methodolo-

gies in a game theoretic environment. For instance, Frantsev et al. (2012) applied a combination

of evolutionary bi-level programming structure and heuristic approach to solve a multi-period

Stackelberg competition model. Bi-level programming involves mathematical algorithms with

optimization problems in their constraints, and the main problem is called the upper-level or the
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leader and the nested problem is called the lower-level or the follower (Colson et al., 2007). This

study is later on extended by Sinha et al. (2014) using a a multi-period multi-leader–follower in

a oligopoly Stackelberg competition where cases were solved by different number of leaders and

followers showing how the entrance or exit of a player affects the profits of the other players.

Furthermore, some researchers use an approach that imposes mixed strategies for identical com-

panies in a duopoly sequential competition shows that the utility of the leader and the follower are

identical when both utility functions intersect (Huisman et al., 2003).

Our study focuses on a duopoly market where competitors make there decisions based on either

perfect or imperfect information and subsequently compare the investment decisions and payoff

based on the maximum NPV. To evaluate such payoffs in the game theoretic models, we use a multi-

period lattice approach with regime switching and a dynamic programming method. Contrary

to the three presented previous studies, we solve our models using dynamic programming, not

based on heuristic approaches. Moreover, we highlight different outputs in our numerical study to

measure the effects of only two firms choosing to produce either simultaneous or subsequently.

2.4 Lattice and Regime Switching

We assume that a product life cycle are formulated by regime-switching models that represent a

simple method to include the stochastic volatility pattern for the demand. In each regime, the

underlying asset dynamics is discretized by a lattice obtained by a simple modification of the

parameters. For these transformed parameters, the one with greatest volatility tree is identified

to allow a simultaneous representation of the asset demand in all the regimes (Costabile et al.,

2014). Specifically, a Markov regime-switching model is one of the most popular nonlinear time

series models in the literature. It involves multiple structures that identify the time series behaviors

in various regimes (Kuan, 2002).

A Markovian regime-switching geometric Brownian motion and a Markovian regime-switching

jump-diffusion model are considered as methods to assess the option value for a financial asset

in a game theoretic approach (Siu, 2008). An option pricing jump-diffusion model is a form of

mixture model of jump process and a diffusion process (Kou, 2002). Two players in a Stackelberg

game use regime switching to determine their respective optimal market entry and establish their
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irreversible investments. They integrate timing flexibility, competition, and changes in the market

environment that further translate in cash flows represented by operational profits (Bensoussan

et al., 2017). Liu and Zhao (2013) studies options with two underlying assets whose prices are

governed by the regime-switching geometric Brownian motion, where a lattice is constructed with

a jump step size for the two variables. The lattice nodes recombines along each variable and the

result is that the two-dimensional lattice increases quadratically as the number of time steps grows.

In their paper, Yuen and Yang (2010) suggest a trinomial tree approach to price options in a regime-

switching environment. Such tree is combined in a lattice with 2t-1 nodes for a give period t, and

instead of changing the volatility if the regime changes, they change the probability of going to one

regime to the other. Additionally, recombining trinomial tree as a lattice for real option valuation

with changing volatility has been done by simultaneously choosing a parameterization that set an

equidistant regime space and transition probabilities between the nodes. The volatility is expressed

in the transition probabilities. (Haahtela, 2010). Pentanomial lattices are used to evaluate different

regime-switching models capturing the temperature dynamics in weather derivatives and compare

their performance with a single-regime model. Moreover, some other studies show the importance

of using pentanomial regime-switching lattice in option pricing to create new, sophisticated and

accurate option evaluation models (Christoforidou, 2015; Elias et al., 2014).

2.5 Dynamic Programming

Dynamic programming principle is one of the most important tools in solving Markov regime-

switching stochastic optimal control problems. Currently, numerous researches involve in this field

and outstanding results have been reached; see e.g., Insley and Wirjanto (2010), Blanco et al.

(2011), Pringles et al. (2015), Bender et al. (2018), Lai et al. (2010), Kraft and Steffensen (2013),

Nadarajah (2014), Wahab et al. (2005), and Shen and Siu (2012), among many others. Moreover,

this approach has been applied to a recursive utility portfolio optimization problem in financial

markets (Sun et al., 2018).

Optimal solutions and timing for the investment in an uncertain environment can be determined

by the combination of dynamic programming with other methods. Such combination is useful

to design methodologies in options valuation to calculate the optimal investment in a project
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(Kozlova, 2017). Dynamic programming algorithms are used in a oligopoly Stackelberg game

under a structure modelled by a discrete time dynamic bilevel optimization problem. The upper

level is assigned to the decisions of the leader, and the lower level to the decisions of the leader and

the followers (Nie et al., 2006). Furthermore, Dynamic programming method has been used with

an novel algorithm to model projects’ stochastic processes and real options with decision trees to

improve the current real options valuation methodology, and propose a framework that allow the

problem to be solved with a decision analysis software (Brandão and Dyer, 2005).

Lattice approach and dynamic programming have been two very useful, accurate and fast tech-

niques to solve financial and real option valuation. In our study, such techniques are implemented

since they help us combine capacity flexibility, stochastic demand and product life cycle to calculate

NPV.

Table 2.2 lists and summarizes the most important articles reviewed for this study. It is cate-

gorized in the first column by the topic of studies according to: Real Options (RO), Game Theory

(GT) and the Combination of real options and game theory (C). The second column indicates the

name of the author(s) of the article. The third column explains the main focus on the research of

each paper. The last column, called “Addressed gap in this thesis”, identifies the approaches that

are incorporated to our models and are not considered in the corresponding study.
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Table 2.2: Literature review summary

Topic Author Focus Addressed gap in this thesis

RO Bollen (1999)
Real options monopolist valuation
- Regime-switching lattice
- Expansion and contraction in capacity studied separately

- Competition
- Study of flexible capacity
combined (expansion and
contraction)

RO Wahab and Lee (2011)
Gasoline price swing option
- Financial options pricing
- n regime-switching model

- Competition

RO Elliott and Siu (2015)

Asset pricing
- Multi-period regime-switching lattice in a continuous time
- Finite states
- Hidden Markov-modulate Poisson process

- Competition
- Discrete time
- Dynamic programming
- Geometric Brownian Motion

RO Charalampopoulos et al. (2011)
Empirical model
- Option to expand
- Discrete time

- Capacity flexibility
- Competition
- Theoretical model

RO

Bengtsson (1999)
Bengtsson (2001)
Tannous (1996)
Abele et al. (2006)

Volume flexible for equipment with
demand uncertain
- Expand or contract production within certain ranges
- Optimal level of investment
- High level of flexibility changed to a low expenditure
- Option to hire personnel on short contracts

- Competition
- Dynamic programming
- Multi-period analysis
- Regime switching

GT
Cumbul (2019)
Li and Sethi (2016)
Pawlina and Kort (2006)

Oligopoly in games and sub-games models for time to invest
with incomplete information
- Optimal investment in a Stackelberg’s model
- Cournot and Stackelberg with private information
- Continuous-time and infinite-horizon
- Mixed strategies

- Complete information
- Pure strategy
- Real options
- Regime switching

GT
Ibrahim (2019)
Luckraz (2011)

Duopoly model with variation of price-demand function
elasticity and cost function
- Prove of uniqueness of a NE
- Price-demand not linear function
- Linear production costs

- Real options
- Dynamic programming
- Flexible capacity
- Quadratic cost function
- Real options
- Regime switching

GT
Colson et al. (2007)
Frantsev et al. (2012)
Sinha et al. (2014)

Oligopoly competition and optimization constrains
- Bi-level programming
- Multi-level programming
- Heuristic approach
- Multi-period multi-leader follower game

- Dynamic programming
- Real options
- Regime switching

C Smit and Trigeorgis (2017)
Combining real options and game theory
- Defer and abandon project
- Two periods of study

- Capacity flexibility
- Multi-period analysis
- Regime switching

C Azevedo and Paxson (2014)

Two-player game in a continuous and infinite time horizon
- Time to invest or defer
- Pre-emption game
- Product innovation

- Capacity flexibility
- Discrete time
- Dynamic programming
- Regime switching

C
Ashuri and Kashani (2011)
Pendharkar (2010)

Empirical model in two stages
- Comparison multi-stage and two-stage
- Timing, expanding, abandoning and delaying

- Capacity flexibility
- Regime switching
- Theoretical model

C

Balliauw et al. (2019)
Lee (2013)
Lee (2014)
Rau and Spinler (2016)

Empirical models in some industries to measure competitiveness
- Cooperative game-theoretic oligopoly
- Random Poisson arrival
- Social benefit point of view
- Timing and option to delay
- Macro-economic variables
- Mixed strategy NE

- Micro-economic variables
- Normal distribution
- Product introduction
- Pure strategy
- Theoretical model

C
Thijssen (2013)
Wu and Chen (2015)

Financial options valuation in portfolio
- NE subgames
- Efficient frontier
- Pre-emption games
- Markov perfect equilibrium

- Capacity flexibility
- Nash equilibrium
- Product introduction
- Real options

C Dias and Teixeira (2003) Mixed strategy in a follower-leader environment
- Capacity flexibility
- Pure strategy
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Chapter 3

The General Model

Companies tend not to consider the following premises, upon which this model is based:

• Typical product life cycle behaviour

• Variable production volume throughout the lifetime of the project

• Competitor rates of production

• Demand volatility; fluctuations in the market through the lifetime of the product

Figure 3.1 exhibits graphically the previous statements. The typical product life cycle is rep-

resented by a bell curve. The part of the curve to the left of the apex is called the growth stage,

and the part to the right of the apex is the decay stage. Companies that don’t consider variable

production volumes throughout the lifetime of the project may face periods where they’re unable

to meet expanding demands during the growth phase or over-produce during the decay stage.

Volume production of competitors must also be considered, because consumers prefer companies

whose supply meets their demand and ignore ones that do not. Finally, the volatility in demand

from forecast values must be considered to avoid over or under producing.

For these reasons, the model employs a theoretical real options valuation model in a duopoly

environment for product introduction that integrates:

• Stochastic product life cycle that is represented by a regime-switching lattice explained by a

geometric Brownian motion.

• Flexible capacity that contains the option of expansion and contraction due to changes in

demand.
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Figure 3.1: Product life cycle, capacity, competition and demand volatility

• Game theory using NE pure strategy to estimate the optimal quantity to produce for both

companies based on two different approaches: Cournot and Stackelberg’s models.

• Dynamic programming to calculate the models’ evaluation criteria: the optimal initial capac-

ity and the maximum NPV.

3.1 Model Assumptions

This model presents two companies that are planning the production to introduce strategically one

product in the market. The companies seek to maximize the project value by selecting an optimal

capacity at the beginning of the project. Additionally, the companies seek to evaluate the option to

switch the capacity in the future during project lifetime. The idea of flexible capacity is to provide

company i = 1,2 the option to shift a discrete number of capacity levels, Ki`, at any given time

during the project’s lifetime. It motivates the firm to either contract or expand capacity for the

production due to demand fluctuations.

For the purpose of this model, it is assumed that only two firms are competing in the market

for the same product (Duopoly). The future market demand shift for the product is represented by
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the parameter θ at a time t, which is identical for both competing companies (Osborne, 2004). The

profit function defines the cash flow or payoff in this model. To calculate profits at anytime during

the product lifetime, a price and a cost function are determined. The price follows an inverse

positive demand function for each company i = 1, 2 (Watson, 2002), that is,

Pi(θ,Q1 +Q2) =


θ − λi(Q1 +Q2), if Q1 +Q2 ≤ θ

λi

0, if Q1 +Q2 >
θ
λi

(3.1)

where λi is a constant associated to each company’s price function, called price elasticity of demand.

This value is defined as an indicator (percentage) of the responsiveness of consumers to a change

in a product’s price. The greater the price elasticity of demand the more responsive consumers

are to a price change (Pindyck, 1988). This inverse price-demand function is appropriate for

this model since it shows the relationship between the demand and supply for a product and its

price. The economic principle behind this formula establishes that, assuming all other variables

are equal, the supply for a product drops as its price increases and vice versa. On the other hand,

all other variables remaining the same, the price of a product rises when the demand goes up.

Additionally, the elasticity price-demand constant reflects exogenous factors such as: variation in

consumer incomes, changes in product taste preferences, variation in prices of substitute goods,

and consumers’ brand loyalty. Furthermore, prices can be instantly adjusted with changes in

demand and supply, and consequently, manifested in the profits during the product life cycle. The

cost function for both companies follows a variable (ci) or linear, and marginal (wi) or quadratic

component derived from Trigeorgis (1996):

Ci(Qi) = ciQi + 1
2wiQ

2
i (3.2)

Specifically, wi grows with quantity to produce. A marginal cost describes the incremental cost due

to an additional unit of a product is made. A way to estimate it is by dividing the total change in

the cost of making more units over the change in the number of units made.

Similar to Bollen (1999), we consider flexible capacity plan. That is the optimal capacity for

each participating company i at a certain level `, Ki`, is added to the cost function, and an overhead
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cost, oi, that is the coefficient for this capacity value. This cost incentives companies to reduce

operations when excess in capacity is not likely to be utilized and to retard expansion until demand

justifies acquiring additional capacity. Moreover, wi is divided by Ki` since the marginal cost is a

declining function of the capacity.

Ci(Qi,Ki`) = ciQi + 1
2
wi
Ki`

Q2
i + oiKi` (3.3)

The profit has the form Πi = PiQi − Ci, which can be expanded as

Πi(θ,Qi,Ki`) = [θ − λi(Q1 +Q2)]Qi − (ciQi + 1
2
wi
Ki`

Q2
i + oiKi`) (3.4)

To ease calculations and as it was explained in the literature review, we assume for our model that

costs are the same for both companies since they interact in a complete market information. Fur-

thermore, because this model is based on two competitors producing the same item, game theory

is used to find out the quantities each company must produce to achieve the Nash equilibrium.

Specifically, the Cournot and Stackelberg’s models are considered to calculate Q∗i . This assumption

allows an easy profit maximization case with quantity as the prime variable.

Since flexibility considers a production’s capacity, then it restricts production every period and

can never be negative. Therefore, the formula for the production in each term can be obtained as

(Bollen, 1999):

Qi = max[0,min(Q∗i ,Ki`)] (3.5)

The model aims to maximize the NPV that measures the feasibility of a project where the same

product is introduced to the market by two companies. The decision-making criteria is to select the

initial capacity that makes such NPV the highest of all. This optimal capacity is determined from a

set of fixed capacities levels established as input of the model for both companies. NPV represents

the individual utility function value or payoff for the participants within either Duopoly Cournot or

Stackelberg’s games.

The variations in demand at every node in each period of time is estimated at the beginning,

according to the mean and standard deviation assigned for each regime. This model provides a
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product’s life cycle that is represented by two regimes: growth and decay. One assumption is

that the price is adjusted immediately in each period evaluated to balance quantities supplied and

demanded. This product is sold at a price shown by Equation (3.1). The cost composition and

demand-price elasticity do not change during the periods of the project evaluation.

The model follows the next steps to obtain the maximum NPV and initial optimal capacity

in each game-theoretic model. First, the product life cycle is incorporated into the analysis by

employing the methodology of regime-switching lattice presented in Bollen (1999) and Wahab

and Lee (2011) to estimate the drift on demand. Second, a probability of switching from regime

growth to decay is estimated. Third, the analysis is expanded to estimate the cash flows in every

node, represented by the profits obtained by Cournot and Stackelberg’s game-theoretic concepts.

Fourth, the values of capacity flexibility are determined by computing the incremental increase

in project NPV when capacity is allowed to change. Fifth, a dynamic programming approach is

applied to calculate the maximum NPV and optimal initial capacity for each participant in the two

games. Lastly, we compare the results obtained of NPV and optimal capacity between the two game

theory perspectives. The results are presented as an individual utility function for each player, not

as a joint utility function. Cournot’s model is represented by two firms (or participants), Cournot

1 and Cournot 2 (C1 and C2). Similarly, Stackelberg’s game is based on two participants, namely,

Stackelberg Leader (SL) and Stackelberg Follower (SF ). The outcomes for two competitors in these

two different models are assessed using NPV (utility function or payoff) and the associated optimal

initial capacity values. Our detailed numerical analysis provide insights on product introduction

strategies integrating resource allocation in a multi-period framework when two suppliers dominate

the market for a commodity or service.

3.2 Lattice Generation and Demand Dynamics

The first step in this model is to create a lattice which specifies the evolution of the drift on demand

during the multiple periods of time of the project. such drift on demand is used to compute the

expected future profits derived from game-theoretic calculations. Additional, the profits in each

node of the lattice are also a function of the different set of capacity levels assigned to each

company. In this model the range of capacities for both companies are the same and vary from
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1 to l and is represented in by a l× l square matrix. Moreover, this lattice connects the cash flow of

switching capacity during one period to another.

Binomial options pricing model methodology delivers an induced numerical approach for op-

tions valuation. This method is used in variables that follow a geometric Brownian motion. Basi-

cally, the algorithm adopts a discrete-time lattice-based pattern that varies the underlying financial

instrument price over time dealing with nodes where the mathematical expression of Black–Scholes

formula is necessary (Cox et al., 1979). But, these lattice approaches only takes into account one

regime for the underlying stochastic variable. Unlike the binomial lattice approach proposed by

Hull (2018), Wahab and Lee (2011) suggests a pentanomial lattice method to price options with

the underlying asset adopting a two regime-switching pattern. In this approach, a trinomial lattice

represents every regime with one of its branches used by both. To reduce the number of nodes

in this lattice, nodes from both regimes are combined by applying the jump sizes of the regime

in a 1:2 ratio. Zhao and Tseng (2003) employs trinomial lattice to model the fluctuation of a

parking lot demand to valuate flexibility in infrastructure expansion. Liu and Zhao (2013) expands

the previous method of regime-switching recombining tree to estimate option pricing for two

underlying assets whose prices are influenced by a Geometric Brownian Motion regime-switching

model and the lattice increases in a quadratic manner. This study suggests a lattice methodology

to assess real options when the underlying asset adopts a regime-switching process with n regimes

and each of them is explained by a geometric Brownian motion. The lattice approach described in

this study has the flexibility to estimate an option with several regimes for an underlying asset and

discretized demand.

Every regime displays a trinomial lattice that shares the middle branch with the other regime.

To minimize the number of nodes in the lattice and ease the model’s calculations, every node is

consolidated by modifying the size of every step for the n − 1 remaining regimes. The idea is that

all the nodes for the two regimes are uniformly separated. Such steps are individually estimated

following Equation (3.6) expressed in Wahab and Lee (2011), to build a pentanomial lattice for a

two-regime Markov regime-switching process.

φα =
√
σ2
αh+ µ2

αh
2, α = 1, 2 (3.6)
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where µα represents the mean and σα the standard deviation of the αth regime. In addition, h

indicates the period of time between two layers in the lattice. This parameter h has to be very small

in order to satisfy that all probabilities in the branches are positive.

φ1 and φ2 are defined as the respective step sizes in every regime α = 1, 2. The fist step is to

organize and re-index them in ascendant order. φ1 is the step size with the minimum value and φ2

is the one with the maximum value. Then, the value of the step size is defined as φ = max(φ1,
φ2
2 ),

for instance, φ = φα
α , for φα

α ≥
φβ
β , ∀β 6= α. Note that α represents the regime with the highest

volatility and β represents the other regimes. The last stage is to adjust each regime step size

according to the formula

φβ =


φα if α = β,

β φαα , if α 6= β

(3.7)

The approach to calculate the conditional probabilities in each branch coming from a node is

obtained by equating the first and second moments of the branches for a continuous process of the

underlying instrument or asset. The formula for the trinomial conditional branch probabilities for

every single regime α is acquired by

ψφβu =
eµβh − e(−β φα

α
) − ψφβm[1− e(−β φα

α
)]

e(β φα
α

) − e(−β φα
α

)
(3.8)

ψφβm = 1−
φ2
β

(−β φαα )2
(3.9)

ψφβd = 1− ψφβu − ψφβm (3.10)

where ψφβu, ψφβm, and ψφβd are the respective conditional probabilities of going upward, middle

and downward in the branches of the trinomial lattice. It can be observed that when β = α, the

middle branch conditional probability is zero; therefore, one of the two regimes is considered a

binomial lattice or a trinomial one with middle probability of zero. Equations (3.7) to (3.10) are

also obtained from Wahab and Lee (2011).

Additionally, the model is founded on a linear demand behaviour where the demand continu-

ously compounded with growth rate θ, which is considered to be normally distributed and also an
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exponential function of φ, that is,

θ = D0e{[2(t−1)−(ν−1)]φ} (3.11)

where t is the period of time of evaluation, D0 is the initial demand, and ν is a corresponding node

in the lattice in such period. ν is an integer that varies from 1 to 4t − 3, which is the maximum

number of branches of the pentanomial lattice in a specific period of time. For instance, at t = 3,

the lattice has 9 branches; therefore, ν = 1, 2, 3, . . . , 9. Specifically, ν = 1 correspond to the node

where θ has its highest value and ν = 9 correspond to the one with the lowest value. Equation

(3.11), which defines the drift of demand in any node of the lattice at any period, is determined

by our model in this study. Another assumption is that the project has a finite lifetime defined by

T. Figure 3.2 shows an example of pentanomial lattice connection between demand, profits and

switching costs in a 3-period lifetime project.

Figure 3.2: Example of a pentanomial lattice

Similar to life cycles of most products, the demand starts in the growth stage and shifts at

most once to the decay stage during the product life cycle. This consideration is appropriate to

demonstrate how the path of the optimal solution may vary if the cycle switches from one regime to
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the other. Furthermore, the initial parameters of mean for growth and decay, with their respective

standard deviations, are considered to be risk-adjusted with the purpose of discounting the cash

flows at a risk-free rate as explained in Section 2.2.1.

For the model’s valuation, the drift in the demand must be known and established by the

parameter θ. This variable was previously shown as a mean to calculate future profits for each of

the different game theoretic models. A generalized assumption in the real options research is that

the underlying stochastic variable is ruled by a geometric diffusion. we consider the likelihood that

the demand dynamics varies in an fundamental direction through the path of the project’s duration.

Additionally, this model is based on the assumption that product life cycle may decay at some time

due to introduction of contending products, market saturation, improvement of technology, or

substituting taste among some other reasons (Bollen, 1999). Those cycles in the product life are

considered as regime-switching models, where different phases of the product’s life are identified

by basically various stochastic demand schedules. Besides, the length of each phase or stage is

unknown.

A project value is calculated at each node in the lattice. The nodes are conditioned to the

respective level of demand and the value of the capacity. The present value at each node is

maximized by exploring over an array of capacities per period, which are increased at a constant

unit.

3.3 Probability of Switching

The second step is to calculate the probability of switching from one regime to another using the

formulas and methodology established by Bollen (1999) and Hamilton (1990). The probability

must be estimated in order to adjust the NPV to changes in the regime behavior. The variation

of such probability, at any moment during the next year, is represented by a normally distributed

cumulative function of elapsed time. Specifically, product life cycle goes from growth to decay,

but the reverse cannot be true. That is if a product enters in the decay stage, it remains in

that cycle until the end of the project valuation. The first step for this calculation is to find the

probability of switching over the upcoming period step. One assumption is that the previously

mentioned probability is constant during the period of evaluation, assuming that s time steps exist
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each year. The probability of switching from one regime to the other over the upcoming time step is

established as a constant value over s time steps. Therefore, the cumulative probability during the

year equals the initial probability of switching. p(s) represents the switching probability during the

course of the upcoming period. P (s) is chosen as the switching probability during the next period

step, such that

p(s) = 1− [1− P (s)]s (3.12)

subsequently, we obtain

P (s) = 1− [1− p(s)]
1
s (3.13)

The switching probability distribution that rules the product cycle by jumping from growth to

decay is important to estimate PV. Such probability influences θ; therefore, Q and Π associated to

the respective period.

3.4 Game Theory Approach

The third step in the model is to estimate the profits that are considered as the cash flows in each

node of the lattice. We employ two game theory strategies that are frequently used in economic

models to describe an industry structure in which companies compete on the amount of output

they will produce. Those theories are Cournot and Stackelberg’s. There is another game theoretic

approach suitable for oligopoly markets, which is called Bertrand’s model of oligopoly. It was

studied during this research, however, this strategy is to compete for price in the market, not for

the quantity to produce. A brief explanation of its methodology is presented in Appendix A.1. As

mentioned at the beginning of this chapter, the price-demand function is obtained from Watson

(2002), the cost function is acquired from Bollen (1999), and the profit function is expressed in

Equation (3.4). The methodology to calculate the optimal quantity to produce, Q∗i , in both Cournot

and Stackelberg’s models, is derived from Osborne (2004) and their respective formulas for both

competitors are obtained as part of the model in this research.
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3.4.1 Cournot’s Model of Oligopoly

In this competition structure, the firms i = 1, 2 compete on the total amount of output, Qi

that is produced. Since, this is an extensive game with imperfect information, both participants

choose to produce simultaneously and obtain identical results under an equal pair of capacities.

The biggest assumption is that such companies decide on independently of each other, and their

strategy is based on either previous games or statistical data available. Oligopoly is defined as a

competitiveness between a small number of suppliers (Osborne, 2004). To simplify calculations in

this model, we assume that there are two companies in the market (Duopoly), and any equation

for Company 1 is also applied to Company 2.

Π1(θ,Q1, Q2,K1`) =
[
θ − λ1(Q1 +Q2)

]
Q1 −

(
c1Q1 + 1

2
w1
K1`

Q2
1 + o1K1`

)
(3.14)

Π2(θ,Q1, Q2,K2`) =
[
θ − λ2(Q1 +Q2)

]
Q2 −

(
c2Q2 + 1

2
w2
K2`

Q2
2 + o2K2`

)
(3.15)

The next step is to find for Company 1, the Q∗1 that maximizes Π1 given Q2 (i.e.the amount

produced by the competitor) using partial derivatives ∂Π1
∂Q1

= ∂Π2
∂Q2

= 0.

∂Π1
∂Q1

= θ − c1 − λ1Q2 − (2λ1 + w1
K1`

)Q1 (3.16)

∂Π2
∂Q2

= θ − c2 − λ2Q1 − (2λ2 + w2
K2`

)Q2 (3.17)

We solve Equations (3.16) and (3.17) for Q1 and Q2 as follows:

θ − c1 − λ1Q2 − (2λ1 + w1
K1`

)Q1 = 0

θ − c2 − λ2Q1 − (2λ2 + w2
K2`

)Q2 = 0

(2λ1 + w1
K1`

)Q1 = θ − c1 − λ1Q2

(2λ2 + w2
K2`

)Q2 = θ − c2 − λ2Q1
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We obtain the Company 1 and 2 reaction functions as,

R1(Q2) = θ − c1 − λ1Q2(
w1
K1`

+ 2λ1
) (3.18)

R2(Q1) = θ − c2 − λ2Q1(
w2
K2`

+ 2λ2
) (3.19)

where R1(Q2) = Q1 and R2(Q1) = Q2. Solving the two linear Equations (3.18) and (3.19):

R2(Q1) = R1(Q2)
θ − c1 − λ1Q2
(2λ1 + w1

K1`
) = θ − c2 − λ2Q1

(2λ2 + w2
K2`

)

Q1 =
(θ − c1 − λ1Q2)(2λ2 + w2

K2`
)

(2λ1 + w1
K1`

)

Q1 =

{
θ − c1 − λ1

[ θ−c2−λ2Q1
(2λ2+ w2

K2`
)
]}

(2λ2 + w2
K2`

)

(2λ1 + w1
K1`

)

We obtain the Cournot’s Nash equilibrium Q1 as

Q∗1 =
(θ − c1)( w2

K2`
+ 2λ2)− λ1(θ − c2)

( w1
K1`

+ 2λ1)( w2
K2`

+ 2λ2)− λ1λ2
(3.20)

Substituting Q∗1 in R2(Q1),

Q2 =
θ − c2 − λ2

[ (θ−c1)( w2
K2`

+2λ2)−λ1(θ−c2)
( w1
K1`

+2λ1)( w2
K2`

+2λ2)−λ1λ2

]
(2λ2 + w2

K2`
)

The optimal value of Q∗2 is

Q∗2 =
(θ − c2)( w1

K1`
+ 2λ1)− λ2(θ − c1)

( w2
K2`

+ 2λ2)( w1
K1`

+ 2λ1)− λ1λ2
(3.21)

Therefore, the optimal profit function for Company 1 and Company 2 for for Q1, Q2 ≥ 0 can be

obtained by replacing the values of Equations (3.20) and (3.21) in Equations (3.14) and (3.15),
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that is,

Π∗1 = −o1K1` + (θ − c1 − λ1Q2)Q1 − (λ1 + 1
2
w1
K1`

)Q2
1 (3.22)

Π∗2 = −o2K2` + (θ − c2 − λ2Q1)Q2 − (λ2 + 1
2
w2
K2`

)Q2
2 (3.23)

3.4.2 Stackelberg’s Model of Duopoly

This case shows the effect when a company invests first (leader), and the other defers its invest-

ment until next period (follower). The follower (in this case Company 2) bases its decision on

competitor’s Q1 production and its own reaction function R2(Q1), presented in Equation (3.19).

Different than Cournot’s, this model is an extensive game with perfect information, therefore one

produce subsequently to the other’s decision. Thus, under an equal pair of capacities, results differ

within competitors. Additionally, this model maximizes the profits, applying partial derivatives to

the following profit equation:

Π1(θ,Q1, R2(Q1),K1`) =
[
θ − λ1(Q1 +R2(Q1))

]
Q1 −

(
c1Q1 + 1

2
w1
K1`

Q2
1 + o1K1`

)
(3.24)

Substituting the value obtained in Equation (3.18),

Π1 =
{
θ − λ1

[
Q1 + θ − c2 − λ2Q1

(2λ2 + w2
K2`

)
]}
Q1 −

(
c1Q1 + 1

2
w1
K1`

Q2
1 + o1K1`

)

and applying partial derivatives ∂Π1
∂Q1

= 0

∂Π1
∂Q1

= θ − c1 − λ1( θ − c2
w2
K2`

+ 2λ2
) + [2λ1( λ2

w2
K2`

+ 2λ2
− 1)− w1

K1`
]Q1 (3.25)

We solve Equation (3.25) for Q1 as follows:

θ − c1 − λ1( θ − c2
w2
K2`

+ 2λ2
) + [2λ1( λ2

w2
K2`

+ 2λ2
− 1)− w1

K1`
]Q1 = 0

[2λ1( λ2
w2
K2`

+ 2λ2
− 1)− w1

K1`
]Q1 = −

[
θ − c1 − λ1( θ − c2

w2
K2`

+ 2λ2
)
]
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which leads to the optimal quantity Q∗1 in equilibrium for company 1 or the leader as

Q∗1 =
(θ − c1)( w2

K2`
+ 2λ2)− λ1(θ − c2)

( w1
K1`

+ 2λ1)( w2
K2`

+ 2λ2)− 2λ1λ2
(3.26)

and replacing Q∗1 in R2(Q1),

Q2 =
θ − c2 − λ2

[ (θ−c1)( w2
K2`

+2λ2)−λ1(θ−c2)
( w1
K1`

+2λ1)( w2
K2`

+2λ2)−2λ1λ2

]
(2λ2 + w2

K2`
)

Then, the Company 2 (or follower) optimal quantity is

Q∗2 =
(θ − c2)( w1

K1`
+ 2λ1)− λ2(θ − c1)

( w2
K2`

+ 2λ2)( w1
K1`

+ 2λ1) (3.27)

Due to the flexibility and production capacity, the optimal production for each company follows

Equation (2.24). Then, the optimal profit functions for Company 1 (leader) and Company 2

(follower) for Q1, Q2 ≥ 0, which is obtained by replacing the values of Equations (3.26) and

(3.27) in Equation (3.24) are

Π∗1 = −o1K1` + (θ − c1 − λ1Q2)Q1 − ( λ2λ1
w2
K2`

+ 2λ2
+ 1

2
w1
K1`

)Q2
1 (3.28)

Π∗2 = −o2K2` + (θ − c2 − λ2Q1)Q2 − ( λ1λ2
w1
K1`

+ 2λ1
+ 1

2
w2
K2`

)Q2
2 (3.29)

3.4.3 Flexible Capacity

The fourth step is to compute the cash flow corresponding to exchanging capacity from K1 to K2

in a specific time can be obtained as

S(K1,K2) =



υcκ(K2 −K1) + sf , if K2 > K1

δcκ(K1 −K2) + sf , if K1 > K2

0, if K1 = K2

(3.30)
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The parameters υ and δ can take positive or negative values and constitute a percentage of the total

initial installment cost. Capacity expansion normally demands cash outflows which typically makes

υ negative. Contraction in capacity may produce cash outflows when the company incurs in clean

up costs, or inflows in case the firm obtains a salvage value of machinery. Such previous situation

leads δ to take either positive or negative values; however, we only contemplate positive amounts.

sf represents fixed switching costs. Equation (3.30) is a cost function that could be expanded to

let switching costs vary by time index.

The capacity flexibility value is calculated by estimating the cumulative increase in the NPV of

the project when capacity is permitted to be adjusted. NPV by capacity level can be obtained as

NPVi(K0) = −cκK0 +
T∑
t=1

e−rf t
{
E
[
Π∗t (θt,Kt−1) + S(Kt−1,Kt)

]}
(3.31)

Specifically, the capacity in time t is defined by the capacity assigned in time t− 1, and the changes

in such capacities in period t takes effect in the next period. Equations (3.30) and (3.31) are

acquired from Bollen (1999).

3.5 Dynamic Programming

The fifth step is to implement dynamic programming in our model, which is one of the most

commonly used analytical approaches to evaluate real options due to the multi-period form of

evaluation. It is based on creating a discrete-valued lattice to estimate the future outputs of the

fundamental stochastic variable, in this study is θ, in each node. Profits are computed in each node

of the lattice according to the equation derived from each game-theoretic model, and subject to the

respective stages of demand and established set of capacities. The estimation process starts at the

culmination of the project cycle and turns back recurrently to the present to contemplate promptly

option exercise. The nodes belonged to period T are called terminal nodes and project value is

purely the ultimate cash flow. The other nodes are called intermediate nodes and the project value

rests on the summation of the present cash flow in each period and the discounted expected value

of the project in the succeeding period. A stochastic process that rules the stochastic demand

progression governs the expected values calculations. Particularly, the current project’s present
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value is computed at the seed node, then, the option amount is either the addition or subtraction

of managerial flexibility of significance.

Next, we sketch the game-theoretic models enunciated previously in a lattice for finite lifetime

project established by T in years. This lattice is built on n time steps, which is integer. It makes

the span of every step in years, h, equals to T/n. The quantity demanded and, as a consequence,

the capacity K are escalated by h when the latter diminishes. Let us assume the parameter for

continuous rate of demand drift θ is distributed Normal with mean µ and standard deviation σ.

Thus, the equivalent demand parameter θ over h is also distributed Normal with a new mean µh

and standard deviation σ
√
h.

Subsequently, another characteristic of a project valuation is to decide what the proper discount

rate is. This model creates two origins of risk. First, uncertainty associated to regime switch. Such

risk can be mitigated by investing in other projects. Diversification theory is suitable for companies

that are regularly substituting current for upgraded products. The effect of this risk is not appraised

in the market due to its diversifiable attributes. On the other hand, a secondary origin of risk is

the demand, inasmuch as θ follows a stochastic process in every node of the product life cycle. A

substantial assumption for this model is that every time an asset is traded with a fluctuation in

time for demand, the project applies a risk-neutral valuation where the cash flows are discounted

at the market rf , and respective mean for growth (µg) and decay (µd) are adjusted to contemplate

a risk premium. The most common method to evaluate risk market premium is the Capital Asset

Pricing Model (CAPM) explained by Fama and French (2004). Another method is to deduce the

risk-adjusted rates straight from derivatives prices, as presented in the Section 2.2.3.

3.6 Project Estimation and Option Values

In the final step, after establishing the lattice construction, we evaluate the project and respective

options. Using dynamic programming, calculations start at the end of the lattice and operate

backwards to the present. The project value is estimated at each node, based on the value of θ and

Ki` of the preceding node. The entire set of possible previous capacity levels are evaluated since

the optimal capacity level is unknown from the prior node. The methodology utilized in this step is

derived from Bollen (1999) and Wahab and Lee (2011). However, the final equations and figures
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are the result of our model.

For terminal nodes, the project value is equal to the last period’s profit given the terminal value

of θ and the capacity level of previous time step. For intermediate nodes, project value is calculated

as the sum of the present period’s profits and the expected discounted project values presuming

an optimal production plan. Capacity is entitled to change at each node and such changes are

supposed to happen in the next node. To create capacity selection, given each capacity level of the

previous node, present value (PV) is maximized by exploring over changes to all the set of possible

capacity levels. Furthermore, the expected discounted forthcoming PV at a possible choice capacity

level includes the probability of switching from one regime to the other at some point over the next

period.

Let PV (ν, α, `1, `2, t) express the PV conditioned in regime α, where ν illustrates the node where

θ is presented, `1 indicates the capacity level in previous node for Company 1, `2 represents a given

capacity level for Company 2 that is used for profit calculations. Specifically, the switch in capacity

level for Company 1 is evaluated given a capacity level cor Company 2 that varies in the same set

of values as Company 1’s. Therefore, the results of PV are presented in a square matrix l× l, where

l is the number of capacity levels that are being considered to assess the model for both companies.

t represents the period of evaluation. Let E[PV (ν, α,L(`1), `2, t)] indicate the expected discounted

forthcoming PV given a change to the possible choice of capacity level L(`1). For each level of

capacity `1, the PV is maximized by looking through all the changes in all other possible levels of

capacity as follows:

PV (ν, α, `1, `2, t) = max
L(`1)
{Π∗(ν, `1, `2, t) + S[`1,L(`1)] + E[PV (ν, α,L(`1), `2, t+ 1)]} (3.32)

The calculation of E[PV ] varies across the two regimes in the pentanomial lattice because each

regime is described by a different branches as explained in Section 3.2. Suppose that growth is

represented by the trinomial and the outer branches since the decay regime has the smallest φ. At

period t, the expected discounted future PV conditional to still being in growth at the same period,
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with θ at a ν level and possible choice of capacity level L(`1) is calculated as

E[PV (ν, g,L(`1), `2, t)] = e−rfh
{

(1− P (t))[ψguPV (ν, g,L(`1), `2, t+ 1) + ψgmPV (ν + 2, g,L(`1),

`2, t+ 1) + ψgdPV (ν + 4, g,L(`1), `2, t+ 1)] + P (t)[ψduPV (ν + 1,

d,L(`1), `2, t+ 1) + ψddPV (ν + 3, d,L(`1), `2, t+ 1)]
}

(3.33)

where P(t) is the probability of switching from growth to decay and ψ is the conditional branch

probability. The first subfix of ψ represents the regime and the second one indicates the up, middle

or down branches.

If demand switches to decay at t, then the expected discounted future PV is equal to:

E[PV (ν, d,L(`1), `2, t)] = erfh[ψduPV (ν + 1, d,L(`1), `2, t+ 1) + ψddPV (ν + 3, d,L(`1), `2, t+ 1)]

(3.34)

The induction goes backwards to the present. The first node in the lattice provides the NPV of

the project including capacity options for each initial capacity level. The initial capacity level that

maximizes NPV is the optimal. Figure 3.3 illustrates an example of previous definitions.
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Figure 3.3: Example of dynamic programming
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Chapter 4

Numerical Examples and Sensitivity Analysis

We conduct a detailed numerical study in MATLAB to illustrate how the companies behave under

different game mechanisms in a regime-switching environment. Table 4.1 provides the values of

the important model parameters below:

Table 4.1: Model input

(a) Demand

Parameter Value
µg 7.00%
σg 4.50%
µd -2.50%
σd 3.00%
µS 30
σS 3
h 0.08333
T 60
D0 100

(b) Profits

Parameter Value
λ1 = λ2 1.00
c1 = c2 0.25
w1 = w2 1.50
o1 = o2 0.15

(c) Switching Costs

Parameter Value
cκ 3.00
δ 0.75
υ -0.90
sf 0.25
rf 8.00%

The parameters for mean and standard deviation for each regime are given in years; however,

every period of evaluation is established monthly, which makes h = 1/12 = 0.0833. Using prior

input for demand, φ = 0.0089, and the trinomial part belongs to the growth regime linked to

the outer branches with conditional probabilities governing the upward, middle and downward

branches of 0.4808, 0.3611, and 0.1581 respectively. On the other hand, decay is represented

by the binomial part with conditional probabilities of upward, middle and downward branches

of 0.3810, 0.0000, and 0.6190. The mean and standard deviation to calculate the switching

probability are established in months. The initial capacity and increments in capacity are 5 units

until we reach a value of 300 units, in this case, we set a range of 60 capacity levels. Some

experiments require a different range of capacities and project lifetime; therefore, those values are

specified at the beginning of the respective experiment.

53



Experiments in Section 4.7 are run with a project lifetime of 5 and 10 months, but their mean

and standard deviation of switching are specified in the respective experiment. Additionally, with

the assumption of similar input for Companies 1 and 2, and according to Equation (3.20) that

establishes an identical formula for C1 and C2; the results in Cournot’s model is presented as one.

4.1 Valuation of the Model for Incremental Changes in Capacity

We first investigate how the maximum NPV varies in relation to changes on different levels of

capacities. Specifically, we search over a range of capacities from 0.01 of the initial demand to a

maximum value that calculation is explained next, in increments, ∆K, of 0.01 units of the initial

demand (1 unit). To set the maximum level of capacity, we calculate the highest value that demand

rate, θ, can take if it always grows in the outer branch of the pentanomial lattice for the growth

regime during the project lifetime. Applying Equation (3.11), the biggest value of the drift of

demand is when life time period, T, is equal to 60 and the node, ν, equals to 1. Therefore, θmax =

1 · e{[2(60−1)−(1−1)]0.0089} = 2.861. The estimation of the maximum demand, previously calculated,

shows the highest demand is approximately 3. Therefore, we consider the maximum capacity is set

as 3 times the initial demand. Additionally, we vary the initial capacity and its increments in sets

of 0.02, 0.03, 0.04 and 0.05 of the initial demand, respectively, until all of them reach 300 units.

This exercise is repeated by using a T = 10, where θmax = 1.174. Therefore, for this project

lifetime the maximum capacity established is 1.2 units. Specifically, if capacity starts in 0.01, this

is assigned to the first capacity level (` = 1), then 0.02 is assigned t the second capacity level (` =

2), and we continue until we reach 3 units of capacity that is capacity level 300 (` = 300) . Table

4.2 shows the range of capacity levels needed in every period according to the increments to reach

the maximum capacity. For instance, in a 60-month lifetime project with capacity increments of

0.05 units, 60 levels are needed to look through all ranges of capacity values to find the one that

maximizes the NPV. On the other hand, for a 10-month lifetime project, only 24 levels are required

when capacity increments are 0.05 units.

Table 4.3 compares the maximum NPV and optimal initial capacity for the two participants in

the two game-theoretic approaches with a project life time of 60 months. It has been observed

that for all the three scenarios, the maximum NPV for player 1 is always obtained when player 2
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Table 4.2: Range of capacity levels using different increments to achieve maximum capacity in each period

∆K T = 10 T = 60
0.01 120 300
0.02 60 150
0.03 40 100
0.04 30 75
0.05 24 60

operates with the first capacity level; accordingly, player 1’s optimal initial capacity is shown in

column K∗0 . On the other hand, with one player at the lowest capacity and the other at the optimal

capacity, Cournot’s model presents a higher total NPV adding the two values of the participants.

Appendix A.2 exhibits payoff matrices with increments of capacity in 5 units for each participant in

Cournot and Stackelberg’s models. We observe that C1 a maximum NPV of 137,981.30, given an

optimal initial capacity of 60 units and 5 units for C2. SL obtains a maximum NPV of 146,722.53,

given an optimal initial capacity of 60 units and 5 units for the SF . Adding up the two values of

NPV in the cells of optimal capacity for Company 1 equals 60 units and Company 2 equals 5 units,

we obtain a total NPV of 208,918.03 for Cournot’s model, and for Stackelberg leader equals 60

units and for Stackelberg follower 5 units, the total NPV is 189,262.47 for Stackelberg’s model.

In this numerical example, the broader the increments in capacity, the lower the NPV. Moreover,

when all the increments get bigger, the capacity level that makes the highest NPV gets lower. For

example, for increments of 1 unit in Cournot’s model, the biggest NPV comes from the sixty fourth

level of capacity (1 · 64 = 64), for increments of 2 units is the thirty second level (2 · 32 = 64), for

increments of 3 units is the twenty first level (3 · 21 = 63), for increments of 4 units is the sixteenth

level (4 · 16 = 64) and for increments of 5 units is the twelfth level (5 · 12 = 60).

Table 4.3: Comparisons of different outcomes for Cournot and Stackelberg’s models due to changes in
increments in capacity

(a) C1 and C2

∆K NPV K∗0
1 153,827.03 64
2 148,275.53 64
3 144,188.51 63
4 140,868.10 64
5 137,981.30 60

(b) SL

∆K NPV K∗0
1 157,897.08 63
2 155,099.70 62
3 152,305.49 60
4 149,513.28 60
5 146,722.54 60

(c) SF

∆K NPV K∗0
1 145,502.24 60
2 135,753.08 58
3 129,783.13 57
4 125,540.53 56
5 122,208.24 55

The findings show that an increase in capacity increments results in a smaller NPV. A change

in increments of capacity from 1 to 2 units decreases the NPV 3.60% for Cournot, 1.77% for
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Stackelberg leader and 6.70% for Stackelberg follower. Additionally, the optimal capacity remains

the same for Cournot but decreases 1 unit in Stackelberg leader and 2 units in Stackelberg follower.

It can be deduced because with small increments in capacity, the company can adjust easily and

less expensive to an addition in quantity to produce. Additionally, the company incurs in less

overhead cost that increases profitability. The results show that Cournot’s model needs an higher

initial capacity to operate over participants in the Stackelberg’s model under the same increments

of capacity. However, Stackelberg leader obtains the maximum NPV under the same scenarios.

4.2 Valuation of the Model for Incremental Changes in Initial

Demand

Next, we examined how NPV and optimal initial capacity fluctuates with modifications in the initial

demand. The NPV is maximized by exploring over an interval of capacities from 0.05 to 3 times the

initial demand in each period by increments of 0.05. We establish our first value of initial demand

as 5 units, then increase it every 5 units up to a value of 25 units is reached. Figure 4.1 displays

that NPV and optimal initial capacity grows in an exponential mode as initial demand expands. An

increment from 15 to 20 units of initial demand improves the NPV 82.53% for Cournot, 83.61% for

Stackelberg Leader and 80.23% for Stackelberg Follower. On the other hand, the optimal capacity

increases from 8.25 to 11.00 unit for all the three scenarios studied. In summary, these results

indicate that increase in the initial demand leads to a higher NPV and initial capacity values.

Expanding initial demand makes the drift in demand become larger. This is explained because

more units of the product can be supplied; therefore, more capacity is required. Additionally, given

a cost structure that remains the same, more profits are generated due to increments in demand.

Further, Stackelberg Leader presents a pattern for the NPV that grows faster than its opponent,

Stackelberg follower, and also better than Cournot’s approach.
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(a) NPV

(b) Optimal Capacity

Figure 4.1: Variability in NPV and optimal capacity due to changes in initial demand
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4.3 Valuation of the Model for Incremental Changes in Expansion

and Contraction Costs

In this section, we assess how the maximum NPV and the optimal initial capacity differ by changing

the percentage of contraction (δ) and expansion (υ) applied to installation costs for capacity

flexibility calculations. We set back the initial demand as 100 units, initial and incremental units of

capacity as 0.05 of the initial demand. It makes the first level of capacity 5 units and the last 300

units. These set of capacity levels are kept for the rest of the experiments with a lifetime project of

60, unless a variation is specified. Furthermore, we range values in contraction from 0.75 to 1.00,

in increments of 0.05; values in expansion from -0.75 to -1.00, in increments of -0.05 as well. Table

4.4 presents the maximum NPV and its respective optimal initial capacity in every game.

We recognize that additions in the contraction option expands the NPV but the optimal ca-

pacity remains the same for the studied models. In the case of Stackelberg follower, for a given

expansion value of 80%, the NPV grows 0.68% for a contraction value that goes from 85% to 90%.

Additionally, if contraction value keeps expanding another extra 5.00%, it makes the NPV 0.71%

higher. However, the optimal capacity stays in 45 units for the additional 10% in contraction value.

Contraction benefits the NPV since it generates a profit from either obtaining a salvage value or

using such extra capacity in other products manufacture.

On the other hand, the NPV is a decreasing function and optimal capacity an increasing function

of expansion costs for both game theoretic models. We observe that for Stackelberg follower, given

a contraction value of 80.00%, a variation of expansion costs from 85.00% to 90.00% lowers the

NPV in 0.0069%, and also switches optimal capacity from 45 to 50 units. Furthermore, another

increment of 5.00% in the expansion option reduces the NPV in 0.01% and increases optimal

capacity in another 5 units. Reduction in the NPV is explained by an addition of switching costs

at the moment the company must acquire more capacity in order to increase production to supply

positive drifts in the expected demand. Lower initial capacity, as result of increments in expansion

value, provides management the choice of avoiding to incur in future costs; therefore, they buy

more capacity when it is cheaper. Besides, less capacity reduces overhead costs that decrease the

expected profits of the project.
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Table 4.4: Comparisons of NPV and optimal capacity for Cournot and Stackelberg’s models due to changes
in δ and υ

(a) C1 and C2

Contraction Cost
Expansion Cost

-0.75 -0.80 -0.85 -0.90 -0.95 -1.00

0.75
138,013.31 138,001.42 137,990.72 137,981.30 137,973.74 137,969.76

45 50 55 60 75 105

0.80
138,293.94 138,009.89 137,998.89 137,989.23 137,981.48 137,977.31

45 50 55 60 75 105

0.85
139,102.26 138,286.89 138,007.33 137,997.36 137,989.38 137,985.02

45 50 55 60 75 105

0.90
139,952.04 139,095.59 138,280.69 138,005.78 137,997.49 137,992.90

45 50 55 60 75 105

0.95
140,828.62 139,945.58 139,089.74 138,275.47 138,005.87 138,000.98

45 50 55 60 75 105

1.00
141,724.43 140,822.32 139,939.95 139,084.89 138,271.90 138,009.34

45 50 55 60 75 105
(b) SL

Contraction Cost
Expansion Cost

-0.75 -0.80 -0.85 -0.90 -0.95 -1.00

0.75
146,753.65 146,742.67 146,732.03 146,722.54 146,715.31 146,711.45

45 45 45 60 70 100

0.80
147,019.57 146,749.39 146,738.45 146,728.72 146,721.31 146,717.29

45 45 45 60 70 100

0.85
147,856.07 147,011.50 146,745.15 146,735.11 146,727.48 146,723.27

45 45 45 60 70 100

0.90
148,734.74 147,848.49 147,003.44 146,741.79 146,733.83 146,729.42

45 45 45 60 70 100

0.95
149,619.70 148,727.29 147,840.92 146,996.27 146,740.48 146,735.75

45 45 45 60 70 100

1.00
150,505.77 149,612.27 148,719.85 147,834.23 146,991.17 146,742.38

45 45 45 60 70 100
(c) SF

Contraction Cost
Expansion Cost

-0.75 -0.80 -0.85 -0.90 -0.95 -1.00

0.75
122,236.79 122,226.14 122,216.60 122,208.24 122,201.47 122,197.98

40 45 50 55 70 95

0.80
122,493.07 122,234.13 122,224.29 122,215.74 122,208.79 122,205.15

40 45 50 55 70 95

0.85
123,331.04 122,486.41 122,232.24 122,223.41 122,216.26 122,212.45

40 45 50 55 70 95

0.90
124,205.98 123,324.70 122,480.54 122,231.35 122,223.92 122,219.90

40 45 50 55 70 95

0.95
125,104.90 124,199.84 123,319.11 122,475.68 122,231.82 122,227.52

40 45 50 55 70 95

1.00
126,021.06 125,098.89 124,194.45 123,314.49 122,472.24 122,235.40

40 45 50 55 70 95
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The models are more sensitive to fluctuations in expansion costs than in contraction ones when

it comes to obtain optimal initial capacity. The reason is that contraction aligns with the company’s

objective of maximizing profits. As a result, for a given expansion cost, extra capacity that is not

necessary in the future when demand decays provides an extra positive cash flow. Results also show

that SL always presents the highest NPV for the all the combinations of expansion and contraction

costs in the models. Explanation of this findings are further discussed in Section 4.7.4

4.4 Valuation of the Model for Incremental Changes in Installation

Costs

In this experiment, we evaluate how the maximum NPV and optimal initial capacity vary with

increments in installation costs (cκ) for the two different participants in the game-theoretic ap-

proach. We increase installation costs in one unit, starting from 1.00 and ending at 5.00. Table 4.5

exhibits that, for all of the models, the larger the installation costs, the lower the maximum NPV

and optimal capacity. For instance, costs from 1.00 to 2.00 in Stackelberg leader reduces the NPV

in 0.06% and optimal capacity in 15 units which represents 18.75% less. This results are expected

since the more expensive the installation costs, the less capacity is purchased leading to a higher

NPV. On the other hand, Stackelberg leader reaches the biggest NPV compared to follower and

among games.

Table 4.5: Comparisons of NPV and optimal capacity in Cournot and Stackelberg’s models due to changes in
installation costs

cκ
Game

C1 and C2 SL SF

1.00
138,135.13 146,881.40 122,342.63

85 80 75

2.00
138,056.64 146,800.78 122,273.38

70 65 65

3.00
137,981.30 146,722.54 122,208.24

60 60 55

4.00
137,907.93 146,646.52 122,144.84

55 50 50

5.00
137,836.30 146,572.57 122,083.00

50 45 45

Installation costs play an important role in decision making for this models in the flexibility
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section because they define the initial investment given the initial optimal capacity. Additionally,

such costs modify the contraction and expansion costs that are essential for dynamic decision

making every period in every node. In summary, we note that the higher the installation costs,

the lower the NPV and the optimal capacity.

4.5 Valuation of the Model for Incremental Changes in Variable and

Marginal Costs

Working with the cost function, we analyze how operational costs, variable and marginal, affect

the maximum NPV and optimal initial capacity for each model. Furthermore, every time one of

the costs is changed, the identical value is applied for the two firms competing. We range variable

costs from 0.10 to 0.25, in increments of 0.05; and marginal costs from 1.00 to 2.50, in increments

of 0.5. Table 4.6 shows that expansion in variable costs make the NPV shrink but optimal capacity

stays in the same level. This trend happens in both models with the participants. For instance, for

a given marginal cost of 2.50 in Cournot, a shift of variable costs from 0.15 to 0.20 reduces the

NPV in 0.09% and the optimal capacity remains in 80 units. These results are consistent with an

inverse relationship between costs and profits. For a given volume of production, the higher the

variable costs, the lower the profit: therefore, NPV decreases. In addition, since Variable costs are

dependent on production output and is a constant amount per unit produced, such value does not

affect the capacity required.

Furthermore, increments in marginal costs increases the NPV and optimal capacity in Cournot

and Stackelberg Follower’s models. We demonstrate that for a given variable cost of 0.15 in

Cournot, a switch between 2.00 and 2.50 in marginal costs improves the NPV in 0.46% and adds

up 10 extra units of optimal capacity. For the same given variable costs and switch in marginal costs

shown in the previous Cournot’s example, the NPV in Stackelberg Follower increases 1.37% and re-

quires 5 more units of optimal capacity. However, in Stackelberg Leader, for the same variable costs

and changes in marginal cost, the NPV drops 0.18% and 10 additional units of optimal capacity are

needed. Consistent with the inverse relation between marginal cost and capacity, explained in the

methodology section, increments in marginal costs make capacity increase to smooth the impact

in the profits. Additionally, the more capacity purchased at the beginning, the more quantity to
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Table 4.6: Comparisons of NPV due to changes in variable and marginal costs for both game-theoretic models

(a) C1 and C2

Variable
Costs

Marginal Costs
1.00 1.50 2.00 2.50

0.10
137,437.97 138,356.89 139,124.60 139,762.02

50 60 70 80

0.15
137,313.77 138,231.64 138,998.47 139,635.14

50 60 70 80

0.20
137,189.62 138,106.44 138,872.39 139,508.32

50 60 70 80

0.25
137,065.52 137,981.30 138,746.38 139,381.55

50 60 70 80
(b) SL

Variable
Costs

Marginal Costs
1.00 1.50 2.00 2.50

0.10
147,484.63 147,125.75 146,820.77 146,550.21

45 60 65 75

0.15
147,350.10 146,991.28 146,686.45 146,416.02

45 60 65 75

0.20
147,215.63 146,856.88 146,552.19 146,281.89

45 60 65 75

0.25
147,081.22 146,722.54 146,417.99 146,147.82

45 60 65 75
(c) SF

Variable
Costs

Marginal Costs
1.00 1.50 2.00 2.50

0.10
120,304.04 122,539.57 124,495.73 126,207.77

45 55 65 70

0.15
120,195.75 122,429.08 124,383.31 126,093.65

45 55 65 70

0.20
120,087.52 122,318.64 124,270.93 125,979.58

45 55 65 70

0.25
119,979.33 122,208.24 124,158.61 125,865.56

45 55 65 70
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supply that can be produced. Such effect creates a positive response in the profits and therefore, in

the NPV for Cournot and Stackelberg Follower. In the case of Stackelberg Follower, the decline in

NPV is caused because of the quadratic effect of quantity to product, Q, which increases the value

of the total costs function, and reduces the expected profits. Additionally, Stackelberg Leader is the

player that has the biggest optimal amount to produce among its opponent and the other game, as

shown in (3.26).

In summary, variable costs increase has a negative impact in the NPV and does not affect the

optimal capacity. On the other hand, marginal costs increments improve the NPV for Cournot and

Stackelberg Follower, reduce the NPV for Stackelberg Leader and expands the optimal capacity for

the three scenarios. Furthermore, we again observe that Stackelberg leader provides the highest

NPV compared to its opponent and the other model for all the combinations presented in this

experiment.

4.6 Valuation of the Model for Incremental Changes in

Price-Demand Elasticity

In this experiment, we plot the response of the maximum NPV and optimal initial capacity to

variations in the price-demand elasticity for both participants in the Cournot’s model. The price-

demand elasticity for player 1, λ1, and for player 2, λ2, start from 0.1 to 1.00, in increments of

0.1. Specifically, these values must be between 0.00 and 1.00 to satisfy the condition that prices

cannot be negative; and we study the outcome through the effect of such elasticity in one player.

Figure 4.2a shows that the NPV falls in a convex shape, identical to an exponential function, for

changes in λ1. In addition, the graphic displays that increases in λ2 make such curve decays slower.

Furthermore, Figure 4.2b shows that λ2 has a concave shape similar to a logarithmic function. The

curves go lower when the value of λ1 increases. For instance, given λ1 = 0.20 and λ2 = 0.30, the

NPV = 783,439.88. If λ1 gets increased in 0.1 units, the NPV declines 35.87% but if λ1 remains

the same and λ2 increases in 0.1 units, the NPV improves by 1.50%. As such, the effect of λ1 is

stronger than the one of λ2. λ1 decreases the NPV in a higher percentage than λ2 increases the

same outcome. As elasticity in player 1 increases, for a given quantity supplied, the price of the

item increases; therefore, the profit grows. On the other hand, an increment in the elasticity of the
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player 2 makes the price higher which creates a reaction in the consumers to buy the cheapest one.

Such reaction explains why a bigger value of elasticity in player 2 generates an increase in NPV for

player 1.

(a) λ1 contribution to participant

(b) λ2 contribution to participant

Figure 4.2: Variability in NPV due to changes in λ for Cournot’s model

Figure 4.3 exhibits similar effect in the graphic trends for optimal capacity as presented for NPV.

we found three outliers for the points (λ1, λ2) = {(0.30, 0.60), (0.40, 0.80), and (0.50, 1.00)}.
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The respective values of maximum capacity are: 260, 195, and 160 units. This happens when λ2

= 2λ1. Such points expand the capacity to a maximum point and then contract it to a level that

makes it stable. For the point (0.30, 0.60), the optimal capacity increases 6.12% from λ1 = 0.2 to

λ1 = 0.3 and then, decreases 38.46% when λ1 jumps to 0.4. Similarly, for (0.40, 0.80) the capacity

switches 18.18%, then decays 35.90%; and (0.50, 1.00) the capacity increases 28.00% and then

decreases 34.38%. We note that the greater the values of λ1 and λ2 in the pair of points, the higher

the growth and the smaller the decay.

In summary, the greater the λ1, the lower the NPV and optimal capacity. Contrary, the bigger

the λ2, the higher the NPV and the optimal capacity. Such outcome is explained by the inverse

price-demand relation. An increment in λ1 can have two effects considering the drift on demand,

θ and the quantity produced by the other company, Q2, constant: First, the price of the good

decreases given a constant quantity to produce by this company, Q1. Therefore, the profits reduces

and consequently, the NPV. Second, the amount to produce by the company has to be reduced

for a given price. Hence, the lower the quantity to produce, the less capacity level needed. For

instance, an elasticity close to the value of 0 makes consumers inelastic to the price. Therefore, the

responsiveness to the price make customers indifferent to buy the item. Consequently, the company

can produce more and acquire more capacity. The opposite is expected when the elasticity is close

to 1. On the other hand, when Company 2’s elasticity, λ2, is increased, the same two effects as

described previously for Company 1 happen to Company 2. Therefore, Company 2 produces less

and Company 1 has the opportunity to produce more to supply demand. Thus, for a given Q1 and

λ1, if Q2 is smaller, the price for Company 1 increases and consequently, their respective profits.

4.7 Example of Optimal Path for the Model

We create a graphical representations and decide to evaluate three different scenarios by standing

out the most likely path and its behaviour in a lattice for a 10-period life cycle project for a Cournot’s

model. In these scenarios, all the input remain the same except that for a 10-month lifetime, the

maximum capacity to be considered is 1.2 times initial demand as shown in Table 4.2 (120 units

of production equal to 24 levels). The switching mean, µS , equals to 3, 5 and 7 months, and the

switching standard deviation, σS , is equal 0.1 for all the scenarios.
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(a) λ1 contribution to participant

(b) λ2 contribution to participant

Figure 4.3: Variability in initial capacity due to changes in λ for Cournot’s model
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As we explained at the beginning of Section 4, the regime growth is a trinomial lattice rep-

resented by the extreme branches in the pentanomial lattice, and decay is a binomial lattice

constituted by the middle branches. For every node involved in the most likely path, branches that

connect such nodes are highlighted in red according to the highest criteria of selection. The criteria

of selection is defined by the multiplication of each conditional probability in the respective branch

times one minus switching probability, 1 - P (s), in the period of evaluation in growth regime; and

times switching probability, P (s), in the same period for the decay regime. Additionally, values

of the expected NPV, optimal capacity, profit, quantity to produce and demand drift are shown

in the tables related to each node involved in the such path. Every node displays five branches

corresponding to the events (a) growth upward, (b) decay upward, (c) growth middle, (d) decay

downward, and (e) growth downward. Figure 4.4 shows graphically these concept.

Figure 4.4: Nodes

4.7.1 Scenario 1: µS = 3 periods and σS = 0.1 periods

Figure 4.5 presents an ascent from period 1 to 4 by remaining in node (a) permanently. Suddenly,

there is a break point in period 4 that makes the path descend continuously over node (d) up to

the end of the cycle in period equals 10.

Table 4.7 summarizes the outcomes described in the previous paragraph. Findings highlighted

in red belongs to the path when lattice is most likely to stay in growth upward and bold black

results are the ones when the path is most likely to stay in decay downward. For example, the

break point in period 4 is obtained by the maximum criteria value 0.2063 · 0.4808 = 0.3816, in

period 4. Then, in period 5, the maximum criteria is 1.000 · 0.6190 = 0.6190. As a result, demand

decreases 0.89% jumping from 105.49 in node a to 104.55 in node d for period 4 to 5. Such
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Figure 4.5: Optimal path scenario 1

drift in demand decreases 0.89% of quantity to produce, 1.85% profits, 15.32% the expected NPV.

However, optimal capacity remains constant but explanation of this effect is explained in section

4.7.4.

4.7.2 Scenario 2: µS = 5 periods and σS = 0.1 periods

Similar to Section 4.7.1, Figure 4.6 presents an constant ascent from period 1 to 6 by staying in

node (a). Suddenly, there is a break point in period 6 that makes the path descend continuously

over node (d) up to the end of the cycle in period equals 10.

Figure 4.6: Optimal path scenario 2
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Table 4.7: Values in the nodes of the most likely path for Figure 4.5

(a) Criteria

Node
Period

1 2 3 4 5 6 7 8 9 10
a 1.0000 0.4808 0.4808 0.3816 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
b 0.0000 0.0000 0.0786 0.3810 0.3810 0.3810 0.3810 0.3810 0.3810
c 0.3611 0.3611 0.2866 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
d 0.0000 0.0000 0.1277 0.6190 0.6190 0.6190 0.6190 0.6190 0.6190
e 0.1581 0.1581 0.1255 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

(b) Net Present Value, NPV

Node
Period

1 2 3 4 5 6 7 8 9 10
a 20,599.19 19,197.37 17,579.12 15,877.72 14,213.26 11,705.53 9,261.42 6,879.68 4,559.08 2,185.39
b 18,844.22 17,256.05 15,586.07 13,952.48 11,491.06 9,092.13 6,754.45 4,476.81 2,145.01
c 18,497.45 16,938.90 15,299.71 13,696.41 11,280.47 8,925.89 6,631.47 4,396.02 2,105.36
d 18,157.03 16,627.72 15,019.03 13,444.95 11,073.66 8,762.65 6,510.72 4,316.69 2,066.42
e 17,822.69 16,322.13 14,743.45 13,198.40 10,871.21 8,603.36 6,393.78 4,241.46 2,028.19

(c) Profit, Π

Node
Period

1 2 3 4 5 6 7 8 9 10
a 2,077.58 2,162.12 2,244.55 2,330.04 2,418.70 2,373.97 2,330.04 2,286.91 2,244.55 2,185.39
b 2,122.01 2,202.96 2,286.91 2,373.97 2,330.04 2,286.91 2,244.55 2,202.96 2,145.01
c 2,082.63 2,162.12 2,244.55 2,330.04 2,286.91 2,244.55 2,202.96 2,162.12 2,105.36
d 2,043.95 2,122.01 2,202.96 2,286.91 2,244.55 2,202.96 2,162.12 2,122.01 2,066.42
e 2,005.98 2,082.63 2,162.12 2,244.55 2,202.96 2,162.12 2,122.01 2,082.63 2,028.19

(d) Quantity, Q

Node
Period

1 2 3 4 5 6 7 8 9 10
a 35.45 36.28 36.94 37.60 38.28 37.94 37.60 37.27 36.94 36.13
b 35.96 36.61 37.27 37.94 37.60 37.27 36.94 36.61 35.81
c 35.64 36.28 36.94 37.60 37.27 36.94 36.61 36.28 35.49
d 35.32 35.96 36.61 37.27 36.94 36.61 36.28 35.96 35.18
e 35.01 35.64 36.28 36.94 36.61 36.28 35.96 35.64 34.87

(e) Demand, θ

Node
Period

1 2 3 4 5 6 7 8 9 10
a 100.00 101.80 103.63 105.49 107.39 106.43 105.49 104.55 103.63 102.71
b 100.89 102.71 104.55 106.43 105.49 104.55 103.63 102.71 101.80
c 100.00 101.80 103.63 105.49 104.55 103.63 102.71 101.80 100.89
d 99.11 100.89 102.71 104.55 103.63 102.71 101.80 100.89 100.00
e 98.23 100.00 101.80 103.63 102.71 101.80 100.89 100.00 99.11

(f) Optimal capacity, K∗
0

Node
Period

1 2 3 4 5 6 7 8 9 10
a 60 90 90 90 90 90 90 90 90 40
b 90 90 90 90 90 90 90 90 40
c 90 90 90 90 90 90 90 90 40
d 90 90 90 90 90 90 90 90 40
e 90 90 90 90 90 90 90 90 40
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Table 4.8 displays the results of this case. The break point in period 6 is calculated by the

maximum criteria value of 0.1294 · 0.4808 = 0.4186; subsequently, in period 7, the maximum

criteria is 1.000 · 0.6190. As a result, demand decreases 3.50% jumping from 106.43 in node (a)

to 102.71 in node (d) in the period 6 to 7. Such decline in demand decreases 0.89% of quantity to

produce, 1.85% of profits, and 20.89% of the expected NPV. we notice that, although demand has

a higher value at the break point than the one from scenario 1, the quantity to produce and profits

slightly change. However, the expected NPV at the break point compared with scenario 1 increases

5.57%. Such result is due to the longer time the optimal path maintains in growth upward node.

4.7.3 Scenario 3: µS = 7 periods and σS = 0.1 periods

Figure 4.7 illustrates an increase from period 1 to 8 by staying up in node (a) for such span.

Suddenly, there is a break point in period 8 that makes the path descend continuously over node

(d) up to the end of the cycle in period 10.

Figure 4.7: Optimal path scenario 3

Table 4.9 shows the findings this case. The calculation of the break point in period 8 is obtained

by the maximum criteria 0.0943 · 0.4808 = 0.4355 in the respective period. Afterwards, in period

9, the maximum criteria is 1.000 · 0.6190. As a result, demand decreases 3.50% changing from

104.55 in node (a) to 100.90 in node (d) for period 8 to 9. Such decay in demand decreases

0.89% of quantity to produce and 1.85% profits. The expected NPV goes down 33.80% . Although
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Table 4.8: Values in the nodes of the most likely path for Figure 4.6

(a) Criteria

Node
Period

1 2 3 4 5 6 7 8 9 10
a 1.0000 0.4808 0.4808 0.4808 0.4808 0.4186 0.0000 0.0000 0.0000 0.0000
b 0.0000 0.0000 0.0000 0.0000 0.0493 0.3810 0.3810 0.3810 0.3810
c 0.3611 0.3611 0.3611 0.3611 0.3143 0.0000 0.0000 0.0000 0.0000
d 0.0000 0.0000 0.0000 0.0000 0.0801 0.6190 0.6190 0.6190 0.6190
e 0.1581 0.1581 0.1581 0.1581 0.1377 0.0000 0.0000 0.0000 0.0000

(b) Net Present Value, NPV

Node
Period

1 2 3 4 5 6 7 8 9 10
a 21,004.71 19,615.97 18,011.31 16,269.95 14,384.36 12,372.81 10,344.07 7,680.83 5,085.38 2,443.70
b 19,254.99 17,680.16 15,971.10 14,120.50 12,146.33 10,155.61 7,541.17 4,993.63 2,398.67
c 18,900.55 17,355.02 15,677.67 13,861.40 11,923.92 9,970.21 7,404.02 4,903.53 2,354.45
d 18,552.70 17,035.99 15,389.73 13,607.05 11,705.53 9,788.15 7,269.34 4,815.06 2,311.02
e 18,211.12 16,722.75 15,107.06 13,357.35 11,491.06 9,609.38 7,137.09 4,728.17 2,268.38

(c) Profit, Π

Node
Period

1 2 3 4 5 6 7 8 9 10
a 2,077.58 2,162.12 2,244.55 2,330.04 2,418.70 2,510.64 2,605.98 2,557.88 2,510.64 2,443.70
b 2,122.01 2,202.96 2,286.91 2,373.97 2,464.25 2,557.88 2,510.64 2,464.25 2,398.67
c 2,082.63 2,162.12 2,244.55 2,330.04 2,418.70 2,510.64 2,464.25 2,418.70 2,354.45
d 2,043.95 2,122.01 2,202.96 2,286.91 2,373.97 2,464.25 2,418.70 2,373.97 2,311.02
e 2,005.98 2,082.63 2,162.12 2,244.55 2,330.04 2,418.70 2,373.97 2,330.04 2,268.38

(d) Quantity, Q

Node
Period

1 2 3 4 5 6 7 8 9 10
a 35.45 36.28 36.94 37.60 38.28 38.97 39.67 39.32 38.97 38.12
b 35.96 36.61 37.27 37.94 38.62 39.32 38.97 38.62 37.78
c 35.64 36.28 36.94 37.60 38.28 38.97 38.62 38.28 37.45
d 35.32 35.96 36.61 37.27 37.94 38.62 38.28 37.94 37.11
e 35.01 35.64 36.28 36.94 37.60 38.28 37.94 37.60 36.78

(e) Demand, θ

Node
Period

1 2 3 4 5 6 7 8 9 10
a 100.00 101.80 103.63 105.49 107.39 106.43 105.49 104.55 103.63 102.71
b 100.89 102.71 104.55 106.43 105.49 104.55 103.63 102.71 101.80
c 100.00 101.80 103.63 105.49 104.55 103.63 102.71 101.80 100.89
d 99.11 100.89 102.71 104.55 103.63 102.71 101.80 100.89 100.00
e 98.23 100.00 101.80 103.63 102.71 101.80 100.89 100.00 99.11

(f) Optimal capacity, K∗
0

Node
Period

1 2 3 4 5 6 7 8 9 10
a 60 90 90 90 90 90 90 90 90 40
b 90 90 90 90 90 90 90 90 40
c 90 90 90 90 90 90 90 90 40
d 90 90 90 90 90 90 90 90 40
e 90 90 90 90 90 90 90 90 40
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demand has a higher switch from scenario 2, the quantity to produce and profits slightly change

but NPV grows 12.91% compared to the one in scenario 2.

In summary, given a switching standard deviation, the bigger the switching mean, the greater

the NPV. The increase in NPV is the result of the longer the optimal path remains in the outer

upward branch, which is the one with the highest drift in demand. Such demand provides more

opportunity to produce and increase capacity levels.

4.7.4 Variation in Optimal Path for Changes in Contraction and Expansion Costs

To evaluate the behaviour of resource allocations, we conduct an experiment that shows how the

dynamic of flexibility works. We define three pairs of distinct contraction and expansion options,

and the maximum NPV is evaluated with a sample of the most likely path in the lattice for a

Cournot’s model. The lattice contains a project lifetime, T, of 5, a switching mean of 2.50; and a

standard deviation of 0.1. Figure 4.8 exhibits the optimal path for such input. This path illustrates

the pattern of going through the cycle of growth upward from period 1 to 3, suddenly, it switches to

decay from period 4 to 5. We notice that this is the regular behaviour we have observed in previous

scenarios.

Figure 4.8: Optimal path scenario 4

The three pairs are the combinations of the values of contraction and expansion costs (υ, δ) =

{(-0.85, 1.00), (-0.95, 0.90) and (-0.99, 0.85)}. Installment and fixed switching costs remain the

72



Table 4.9: Values in the nodes of the most likely path for Figure 4.7

(a) Criteria

Node
Period

1 2 3 4 5 6 7 8 9 10
a 1.0000 0.4808 0.4808 0.4808 0.4808 0.4808 0.4808 0.4355 0.0000 0.0000
b 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0359 0.3810 0.3810
c 0.3611 0.3611 0.3611 0.3611 0.3611 0.3611 0.3270 0.0000 0.0000
d 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0584 0.6190 0.6190
e 0.1581 0.1581 0.1581 0.1581 0.1581 0.1581 0.1432 0.0000 0.0000

(b) Net Present Value, NPV

Node
Period

1 2 3 4 5 6 7 8 9 10
a 21,263.21 19,882.86 18,286.80 16,554.16 14,677.40 12,648.57 10,459.33 8,113.15 5,666.57 2,725.79
b 19,516.89 17,950.57 16,250.21 14,408.41 12,417.41 10,269.07 7,967.02 5,564.14 2,681.56
c 19,157.54 17,620.42 15,951.72 14,144.21 12,190.30 10,082.00 7,823.05 5,467.25 2,632.24
d 18,804.84 17,296.36 15,658.67 13,884.73 11,967.11 9,897.93 7,680.83 5,370.85 2,583.82
e 18,458.52 16,978.18 15,370.94 13,629.94 11,747.93 9,717.18 7,541.17 5,273.96 2,536.26

(c) Profit, Π

Node
Period

1 2 3 4 5 6 7 8 9 10
a 2,077.58 2,162.12 2,244.55 2,330.04 2,418.70 2,510.64 2,605.98 2,704.84 2,807.37 2,725.79
b 2,122.01 2,202.96 2,286.91 2,373.97 2,464.25 2,557.88 2,654.96 2,755.64 2,681.56
c 2,082.63 2,162.12 2,244.55 2,330.04 2,418.70 2,510.64 2,605.98 2,704.84 2,632.24
d 2,043.95 2,122.01 2,202.96 2,286.91 2,373.97 2,464.25 2,557.88 2,654.96 2,583.82
e 2,005.98 2,082.63 2,162.12 2,244.55 2,330.04 2,418.70 2,510.64 2,605.98 2,536.26

(d) Quantity, Q

Node
Period

1 2 3 4 5 6 7 8 9 10
a 35.45 36.28 36.94 37.60 38.28 38.97 39.67 40.39 41.11 40.00
b 35.96 36.61 37.27 37.94 38.62 39.32 40.03 40.75 39.86
c 35.64 36.28 36.94 37.60 38.28 38.97 39.67 40.39 39.51
d 35.32 35.96 36.61 37.27 37.94 38.62 39.32 40.03 39.16
e 35.01 35.64 36.28 36.94 37.60 38.28 38.97 39.67 38.81

(e) Demand, θ

Node
Period

1 2 3 4 5 6 7 8 9 10
a 100.00 101.80 103.63 105.49 107.39 106.43 105.49 104.55 103.63 102.71
b 100.89 102.71 104.55 106.43 105.49 104.55 103.63 102.71 101.80
c 100.00 101.80 103.63 105.49 104.55 103.63 102.71 101.80 100.89
d 99.11 100.89 102.71 104.55 103.63 102.71 101.80 100.89 100.00
e 98.23 100.00 101.80 103.63 102.71 101.80 100.89 100.00 99.11

(f) Optimal capacity, K∗
0

Node
Period

1 2 3 4 5 6 7 8 9 10
a 60 90 90 90 90 90 90 90 90 40
b 90 90 90 90 90 90 90 90 40
c 90 90 90 90 90 90 90 90 40
d 90 90 90 90 90 90 90 90 40
e 90 90 90 90 90 90 90 90 40
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same. Table 4.10 shows the results of the 3 different scenarios.

Table 4.10: Combinations of contraction and expansion costs for an optimal path

(a) υ = 0.85 and δ = 1.00

Period 0 1 2 3 4 5
Node a a a d d
Π∗ 2,081.73 2,161.13 2,243.47 2,201.93 2,145.01
Switching Cost 0.00 0.00 0.00 101.75
E(PV) 8,430.21 6,535.80 4,498.89 2,161.60
Installment Costs -240.00
NPV 10,271.94 10,511.94 8,696.93 6,742.37 4,465.27
θ 100.00 101.80 103.63 102.71 101.80
Q∗ 35.59 36.24 36.89 36.56 35.81
K∗t 80 80 80 80 80 40

(b) υ = 0.95 and δ = 0.90

Period 0 1 2 3 4 5
Node a a a d d
Π∗ 2,077.58 2,162.74 2,242.68 2,203.65 2,145.01
Switching Cost -135.25 99.50 -94.75 199.25
E(PV) 8,534.28 6,539.34 4,597.55 2,161.60
Installment Costs -180.00
NPV 10,296.61 10,476.61 8,801.58 6,745.48 4,564.50
θ 100.00 101.80 103.63 102.71 101.80
Q∗ 35.46 36.35 36.86 36.68 35.81
K∗t 60 60 110 75 110 40

(c) υ = 0.99 and δ = 0.85

t 0 1 2 3 4 5
Node a a a d d
Π∗ 2,075.74 2,162.74 2,236.73 2,203.65 2,145.01
Switching Cost -140.50 163.10 -140.50 207.65
E(PV) 8,555.48 6,496.72 4,605.89 2,161.60
Installment Costs -165.00
NPV 10,325.72 10,490.72 8,822.56 6,702.12 4,572.90
θ 100.00 101.80 103.63 102.71 101.80
Q 35.40 36.35 36.69 36.68 35.81
K∗t 55 55 110 55 110 40

In the first event, we assess a combination of low contraction with a high expansion option.

Table 4.10a shows that the optimal capacity to invest in is 80 units. Those units of capacity stay in

this level from period 1 to 4, even though the optimal capacity needed to supply 35.59 is not bigger

than 40 units. Although, demand increases every node of the optimal path in the first 3 periods,

no more than 36.89 units are required to be produced. However, it is seen in the very last period,

capacity is reduced to 40 units (the maximum required) obtaining an extra profit of $101.75 for

employing the salvage value. Besides, due to the high value of expansion costs, it is always better
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off to buy all the required capacity at the beginning. That is the maximum cost and there is not an

expected cheaper cost.

In the second event, we aim to mix a higher contraction with a lower expansion option. Table

4.10b illustrates the trend of this combination. We observe that the optimal capacity to invest in is

60 units. Once more, the optimal capacity required to produce 35.46 units is 40 units. As it can

be seen, the highest quantity to supply in all the evaluated periods is 36.86 units. Nevertheless,

in period 1, after starting production, the firm buys 50 extra units of capacity reaching 110 units

of capacity. In period 2, by contracting 35 units (110 - 75), the firm obtains a positive switching

cost of 99.50. Different than period 2, 35 units of capacity are expanded in period 3, and again 70

units of capacity are reduced in period 4 acquiring a positive switching cost of 199.25. In period 5,

there are only 40 units of capacity, which are the ones needed to produce 35.81 units. The very last

scenario maintains the previous dynamic of percentage combination (δ > υ), but contraction cost

is increased more and expansion cost is decreased more, all the opposite to the first experiment.

Table 4.10c provides such outcome. Initially, the optimal capacity to acquire at the initial period is

55 units, which is used in period 1. In the following period, the capacity is expanded in 55 extra

units, and then, in period 3 is contracted to 55 units again. Subsequently, as done in the second

period, 55 extra units of capacity are expanded in period 4. In the very last period, those 110 units

are reduced to 40 units that are maximum needed to produce 35.81 units. This experiment and

the preceding one experience an identical dynamic.

We find that the higher the contraction and the lower the expansion option, the greater the

NPV. NPV increases 0.24% from scenario 1 to 2 in this section, and 0.28% from scenario 2 to 3 in

this section. Furthermore, the optimal capacity to purchase in the initial period declines when the

expansion cost does. The reason that companies prefer to buy more capacity whenever it becomes

cheaper. At initial time, installation costs is 3.00 for all the scenarios. However, it is subsequently

5% and 1% more economical for scenario 2 and 3, respectively.
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4.8 Valuation of the Model for Incremental Changes in Mean and

Standard Deviation for Each Regime

We analyze how the values of mean growth, µg, standard deviation growth, σg, mean decay, µd,

and standard deviation decay, σd, affect the outcome of the maximum NPV and optimal initial

capacity. We first present variations in growth regime followed by the decay regime. For growth,

the mean varies from 6.00% to 9.00%, in increments of 1.00%; and the standard deviation goes

from 3.50% to 6.50%, in increments of 1.00%. For decay, the mean varies from -1.50% to -4.50%,

in increments of -1.00%; and the standard deviation goes from 2.00% to 5.00%, in increments

of 1.00%. We observe that for this experiment the optimal capacity for Cournot Model’s 1 and

2 and Stackelberg Leader is always 60 units and for Stackelberg follower is 55 units in all the

combinations of mean and standard deviation. Once more, we outcomes in Stackelberg Leader are

greater than Cournot’s, and Cournot’s are higher than Stackelberg Follower.

Table 4.11 shows that for an increasing growth mean, with a given standard deviation in

Stackelberg Follower, the NPV increases. On the other hand, increases in the standard deviation in

growth, for a given mean, also improves NPV. For example, when µg = 8.00% and σg = 4.50%,

the NPV is worth 4.63% more with an addition of 1.00% to the mean. Such gain is due to a change

in the set of probabilities in this regime, going from {0.5206, 0.3282, 0.1512} to {0.5626, 0.2910,

0.1464}, and the decay set remains the same. The up and middle side associated with unusually

high growth rates outweighs the downside associated with unusually low growth rates; therefore,

the project value is increasing in growth mean. Comparably, an increase of an identical amount in

the standard deviation, for a specified mean, just adds 0.24% to the NPV. The drift is also expected

for a variation due to a new set of probabilities {0.6507, 0.0656, 0.2836} with similar decay set.

Table 4.12 reveals that the NPV deteriorates when decay mean increases for a given standard

deviation. However, an increment of the standard deviation in this regime, for a given mean,

enhances the NPV. When the mean goes from -2.50% to -3.50%, with a standard deviation of

2.00%, NPV declines 6.84% in the Stackelberg Follower’s case. This alteration is caused by a

group of probabilities in this regime, that starts at {0.2241, 0.2569, 0.5190} and ends at {0.2067,

0.1747, 0.6186}. The downside associated with low decay rates outweighs the upside associated

76



Table 4.11: Changes in NPV due to variations in mean and volatility in growth regimen for both models

(a) C1 and C2

σg
µg

0.060 0.070 0.080 0.090
0.035 131,737.10 137,727.42 144,051.70 150,730.03
0.045 131,978.20 137,981.30 144,319.08 151,011.67
0.055 132,280.27 138,299.35 144,654.04 151,364.51
0.065 132,644.93 138,683.64 145,059.27 151,792.02

(b) SL

σg
µg

0.060 0.070 0.080 0.090
0.035 140,014.82 146,447.42 153,240.37 160,415.35
0.045 140,276.10 146,722.54 153,530.10 160,720.54
0.055 140,603.52 147,067.21 153,893.09 161,102.89
0.065 140,998.73 147,483.73 154,332.24 161,566.15

(c) SF

σg
µg

0.060 0.070 0.080 0.090
0.035 116,701.26 121,985.16 127,563.06 133,452.62
0.045 116,913.12 122,208.24 127,798.01 133,700.10
0.055 117,178.56 122,487.71 128,092.34 134,010.14
0.065 117,499.02 122,825.41 128,448.40 134,385.77

with high decay rates. Similarly, for a designated mean, a standard deviation from 2.00% to 3.00%

increases the NPV in marginally 0.20%. This effect is generated by a move of decay from trinomial

to binomial in the lattice. It implies that growth step size is more volatile; therefore decay is

adjusted, and as a consequence, a new distribution in decay conditional probabilities probabilities

of {0.3810, 0.000, 0.6190} where the upside increases associated with high decay rates.

In summary, increases in the growth cycle parameters benefit the optimal payoff of this model

making NPV grows. On the other hand, in the decay cycle, increases in the mean lowers the NPV

and increases in the standard deviation improves NPV.
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Table 4.12: Changes in NPV due to variations in mean and volatility in decay regimen for both models

(a) C1 and C2

σd
µd

-0.015 -0.025 -0.035 -0.045
0.020 138,926.93 137,953.80 137,006.34 136,083.76
0.030 138,954.82 137,981.30 137,033.57 136,110.83
0.040 138,996.02 138,021.52 137,072.87 136,149.24
0.050 139,034.02 138,057.99 137,107.69 136,182.36

(b) SL

σd
µd

-0.015 -0.025 -0.035 -0.045
0.020 147,737.77 146,692.69 145,675.29 144,684.72
0.030 147,768.04 146,722.54 145,704.84 144,714.13
0.040 147,812.66 146,766.13 145,747.46 144,755.78
0.050 147,853.87 146,805.59 145,785.10 144,791.53

(c) SF

σd
µd

-0.015 -0.025 -0.035 -0.045
0.020 123,042.36 122,184.04 121,348.31 120,534.47
0.030 123,066.94 122,208.24 121,372.28 120,558.31
0.040 123,103.09 122,243.61 121,406.84 120,592.08
0.050 123,136.45 122,275.56 121,437.35 120,621.11
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Chapter 5

Conclusions and Discussion

This research presents a model that integrates demand uncertainty, product life cycle, competition

and operational capacity to evaluate the feasibility of a project to introduce a new product that

competes in a Duopoly market. The evaluation is based on the real options approach with capacity

flexibility. Capacity flexibility is achieved by optimally expanding or contracting during project

lifetime. The product life cycle, growth and decay, and the product demand uncertainty are

represented by a two regime-switching lattice approach where the stochastic demand is considered

to follow a Geometric Brownian Motion. The competition is added into the model with the Nash

Equilibrium game-theoretic approach using Cournot and Stackelberg duopoly models. The two

companies compete in the market for quantity to supply and competitors either have imperfect

information (Cournot’s model) or perfect information (Stackelberg’s model). The maximum NPV

and the optimal initial capacity are the output of this model. The NPV is calculated by using

dynamic programming and is the criteria to select the initial capacity to invest in that it maximizes

the discounted expected profits during the project lifetime. Such outputs are compared for two

different game theoretic approaches.

This research contributes to the field of operations research and financial engineering in various

ways. Our detailed numerical analysis points to several significant findings. We have observed that

the Stackelberg and Cournot games behave very much alike since competition is on production

quantity. Hence, changes in the costs and demand parameters affect in both models in a similar

way. However, the first move in the game theory strategy gives the leader in Stackelberg a crucial

advantage over the follower. Moreover, the leader in the Stackelberg game has an advantage over

Cournot’s model. This is based on the important assumption of perfect information when NPV

for each company is analyzed individually. Nonetheless, when the two companies add up their
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NPV, the joint effect is bigger with Cournot’s model than with Stackelberg’s. The summation of

both companies’ NPV in Cournot makes the product more profitable in the market. Even though,

when competitors have the option to play a perfect information game, synergy between those two

companies to play an imperfect information game is desirable to get the maximum benefit and

return on investment in the market. Another important result observed is that for two competitors,

one of the companies always get the maximum NPV, for all the possible pairs of combinations of

capacities, when the other company operates at the smallest capacity level. This is established

by the inverse price-demand relation in the model. Changes in the value of the price-elasticity

constant have a significantly effect in this model valuation. We observe that for an elasticity close

to 0 increases price the price and the amount to supply; therefore, increases the profits. This effect

is also reflected in a greater NPV and initial capacity to invest in. However, when the elasticity

is close to 1, price and quantity to produce trend to decrease and profits are lower, and as a

consequence NPV and initial optimal capacity decrease. The variations of the inputs in the mean

and volatility of each regime show that they define the distribution in the lattice. Such parameters

establish what regime functions a binomial or trinomial lattice. If the mean and volatility of the

growth regime is bigger than decay’s, the NPV increases in the project. However, if decay mean is

bigger, the NPV trends to decrease since probability of going on decay upward branch increases,

therefore less demand and profits are associated to this effect. The volatility on decay produces the

contrary effect which makes NPV increases. This effect is due to the dispersion may be associated to

have a higher demand and a higher probability of moving upwards or downwards on the branches

of the lattice. Additionally, costs of expansion and contraction play a critical role in the resource

allocation strategy. Companies can take a great advantage to invest in initial capacity when the

contraction costs are higher, and expansion costs are lower. This is measured by the additional

profit that is estimated at every node when capacity is contracted.

5.1 Future Research

This research offers several future research directions, such as other game-theoretic models with a

pure strategy, e.g., Bertrand model, where the two players compete for price instead of quantity,

centipede game, that as Stackelberg’s highlights the concept of backward induction adding an iter-
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ated elimination of dominated strategies to provide a solution to the game. Harsanyi et al. (1988)

also incorporate NE but using a different approach. The one-shot deviation principle in game

theory can also be implemented for future research. This principle also uses dynamic programming

in a strategy where players can deviate only once in any period of the game to increase their

profits, and their strategies are divided in subgames called Subgame Perfect Equilibrium (SPE).

Additionally, the combination of competition in an oligopoly market, more than one product to

introduce may also be investigated in the future. This research may provide a better estimation of

the NPV when using empirical data to evaluate the feasibility of product introduction strategies.

It can also be expanded with a model where costs are considered variable during the project life

time and methodology, such linear programming, can be integrated to minimized them in every

node. A simulation could be another tool to assess this model and obtain results and compare them

between different game-theoretic approaches.

5.2 Critiques

One of the weaknesses of this model is its complexity; many parameters are used as inputs, which

can make it difficult to apply in practice. However, companies that operate in highly competitive

industries which invest heavily in innovation (i.e. technology and automotive) can approximate

the product life cycle mean and volatility from historic variations in demand or volume of sales.

Another weakness is that the model only uses micro-economic variables. Macro-economic variables

such inflation, unemployment, interest rates and gross domestic product may be considered for the

model’s accuracy since they directly affect the demand, costs, and responsiveness of consumers to

the product.
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Appendices

Other Game-Theoretic Approaches and Results

A.1 Bertrand’s Model of Oligopoly

The previous two NE models showed that price is established as a function of the demand and

quantity produced by each firm involved in the competition. Different than previous models,

companies may choose both quantities and prices at the same time Watson (2002). In some cases,

firms select one variable first (either quantity or price) and then set the other to whatever the

market allows. For instance, companies with extensive production cycles, such pharmaceutical and

automobiles, must determine production targets in advance, and subsequently adapt the price to

make supply meet the demand (Cournot’s model). On the other hand, companies that produce in

short notice, such a software design, set the price first and then produce to supply demand. In this

model, firms assigne a price to its product and then produce as much output as necessary to make a

profit and supply the demand (Osborne, 2004). Bertrand’s model assumes that competitors decide

at the beginning how much to produce (similar to Cournot’s) but the outcomes are different. Each

company (two in this case) produces Qi units, with a cost structure of ci(Qi) and only one product

is created. The assumptions of this microeconomics model are:

• The demand function depends on the price selected by each firm θ(Pi). Opposite to Cournot’s

model where the price is a negative function of supply.

• Consumers buys the product with the lowest price when all the firms set different prices and

all produce enough to supply such demand. For this study, Qi must be less than or equal to

Ki`.

• When two or more companies set the same price and such price is the lowest, the demand is
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shared equally among the firms.

• If a company price is not the lowest, this company does not have a demand and the quantity

produce becomes zero.

• Companies do not choose the amount to produce strategically, they make enough product to

satisfy the demand given a price. It also works for prices that are lower than the unit cost.

However, it must be one of the conditions to modify to make sure that profit becomes greater

than zero.

The quantity Qi is calculated by the expression:

Qi = θ(Pi)
m

Then, the formula for Company 1’s profit for a duopoly can be obtained as:

Π1(P1, P2) =


−o1K1` − c1θ

λ1
− wθ2

t

2K1`λ
2
1

+ [ θ+c1
λt

+ w1θ
K1`λ1

]Pi − [ 1
λ1

+ w1
2K1`λ

2
1
]P 2

1 , if P1 < P2

−o1K1` − c1θ
2λ1
− wθ2

t

8K1`λ
2
1

+ [ θ+c1
2λt + w1θ

2K1`λ1
]P1 − [ 1

2λ1
+ w1

8K1,`λ
2
1
]P 2

1 , if P1 = P2

If P1 > P2, the Company 1 produces zero and the profit becomes negative with a loss of o1K1,`.

In this specific model, as a game situation, the price of firm 1 depends on the behaviour of P2 with

respect to c1.

• If P2 > c1, the best response is P1 > P2 since any P1 lower than P2 results in a negative profit,

and on the other hand, P1 greater than P2 leads to zero production.

• If P2 = c1, the best response is similar to the prior one, the only difference is that no matter

what P1 is selected, the profit is always zero.

• If c1 < P2 ≤ P ∗1 , there is not a best response. P1 increases the profits as P2 increases. However,

there might be a point where P1 falls to the point P1. In this case, firm 1 is better off if the

price is close to the price in 2 since there is always a price 1 smaller than price 2.

• If P2 > P ∗1 , then P ∗1 is the best response. In this range, if P1 = P2, the equation for the optimal

price is:

P ∗1 = 2λ1(θc1K1`+w1θ)
4K1`λ1+w1
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Otherwise, if P1 > P2:

P ∗1 = λ1(θc1K1`+w1θ)
2K1`λ1+w1

A.2 Payoff Tables

This section present the results of the numerical analysis when the model is calculated with all the

initial parameters and capacity initial capacity and increments of 5 units until a value of 300 units

in capacity is reached.

A.2.1 Cournot’s Payoff

Table A1 exhibits the results of NPV for each capacity combination of C1 (columns) and C2 (rows).

The first value within the parenthesis shows the NPV of C1 and the second value the NPV of C2.

A.2.2 Stackelberg’s Payoff

Table A2 exhibits the results of NPV for each capacity combination of SL (columns) and SF (rows).

The first value within the parenthesis shows the NPV of SL and the second value the NPV of SF .
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