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Abstract

An Analytical Investigation on the Effectiveness of Customer Loyalty Programs

Amir Gandomi
Doctor of Philosophy
Mechanical and Industrial Engineering
Ryerson University

2012

This dissertation investigates the effectiveness of customer loyalty programs. Loyalty
programs, as a prevalent marketing strategy, aim to enhance customers’ loyalty and
thereby increase a firm’s long-term profitability. Despite the ubiquity of loyalty programs,
the empirical research shows contradictory findings on their effectiveness. Analytical
studies, on the other hand, leave notable gaps in the research on different aspects of
loyalty programs. In this study, taking an analytical approach, some of the research gaps
in the adoption as well as the design of loyalty programs are addressed. Specifically, in
evaluating the profitability of loyalty programs, this study incorporates customers’
valuation for the product and their post-purchase satisfaction level, two factors that are
not considered in previous studies. The formulations result in stochastic models that are
analyzed to gain insights into the profitability of loyalty programs. Based on the model
assumptions, it is observed that if a firm maintains satisfaction among customers, not
adopting a loyalty program yields optimal profits. It is also shown that this result holds

even when the uncertainty in customers’ satisfaction levels is incorporated in the model.
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From the design perspective, the reward structure is discussed as one of the main drivers
of loyalty programs’ effectiveness. Particularly, the multitier reward scheme, a commonly-
used yet underexplored reward structure, is studied. A model is developed to compare the
effectiveness of multitier reward schemes with that of single-tier rewards. In the
framework of the model assumptions, it is shown that the multitier scheme is more
effective than the single-tier scheme in increasing a firm’s profitability and driving repeat
purchase behavior. Also, a model is developed to characterize the conditions under which
a multitier reward scheme is the preferred choice. The conditions are formulated based on
the sensitivity of customers’ demand to the offered price, rewards and the distance from
the next tier, and also based on the price offered by the competitor. It is shown that low
levels of sensitivity to rewards and distance in customers can result in suboptimal revenue
from a multitier reward scheme. Also, it is observed that if the competitor offers deeper

discounts, the multitier reward structure becomes optimal in more cases.
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Chapter 1

Introduction

1.1 Introduction

Loyalty programs are one of the marketing strategies to build and enhance customer
loyalty and thereby increase a firm's long-term profitability. Since loyal customers are
thought to be more profitable to a firm (O’Brien & Jones 1995; Reichheld & Teal 2001),
loyalty reward programs are presumed to increase a firm’s long-term profitability. Since
the time American Airlines lunched AAdvantage, the first contemporary loyalty program
(Liu 2007), loyalty programs have proliferated in various industries including airlines,
credit card companies, retail, hotel chains and the non-profit sector (Kim et al. 2001;
Pauler & Dick 2006; Kumar 2008; Bijmolt et al. 2010). According to Gartner Analyst
Adam Sarner, U.S. companies collectively spent more than $1.2 billion to manage their
loyalty programs in 2003 (Kumar 2008, p.16). In Europe, the top 16 retailers spent more

than $1 billion in 2000 on their loyalty programs (Reinartz & Kumar 2002).



Customers’ participation in loyalty programs, on the other hand, has also substantially
increased over the past decade (Dekay et al. 2009; Smith & Sparks 2009; McCall &
Voorhees 2010). More than 60% of European and American customers belonged to at least
one grocery store loyalty program in 2005, and memberships have experienced double-
digit annual growth rates (11%) (Meyer-Waarden & Benavent 2009). More recently, the
COLLOQUY Loyalty Census (2011) revealed that the number of memberships in the US
exceeds 2 billion, which shows an average of more than 18 memberships per household.
This indicates a 114.7% increase in memberships in the US since 2000. COLLOQUY also
reports 120.7 million memberships in Canada, which shows a 3.9% increase from their
report in 2009. Furthermore, Air Miles, Canada’s largest loyalty program, counts nearly
half of Canadian households as members (Cigliano et al. 2000).

Given the widespread use of loyalty programs, academics have also shown interest in
this area. There are mainly two streams of research on loyalty programs. Some researchers
have taken the consumer's perspective and explored the effects of loyalty programs on
customers’ buying behavior using empirical studies (e.g., Sharp & A. Sharp 1997). The
second stream of research uses mathematical modeling to analyze the effects of loyalty
programs on a firm’s profitability and/or market competitiveness (e.g., Singh et al. 2008).
As discussed in Chapter 2, despite loyalty programs’ wide-spread use, empirical
researchers have not reached consensus on whether they are effective in all cases. In other
words, it is not apparent that loyalty programs are effective in influencing the established
buying patterns of customers and increase a firm’s long-term profitability. Analytical

studies on loyalty programs, on the other hand, are in their early stages. There are only a



few published articles on loyalty programs, which are mainly focused on the programs’
overall effectiveness. Specifically, we are unaware of any study on the design of loyalty

programs.

1.2 Thesis Objective

In this research, taking an analytical approach', some new insights are gained into the
effectiveness of loyalty programs by addressing the identified gaps in the literature. More
specifically, building upon the existing literature on the profitability of loyalty programs,
new models are formulated by incorporating customers’ valuation and their satisfaction
level. Valuation and satisfaction are incorporated both as deterministic and probabilistic
variables. Through sensitivity analyses, the effects of customers’ valuation and satisfaction
level on the optimal profits of the firm are investigated. Thus, this research investigates
the relationship between customer valuation/satisfaction level and the profitability of
loyalty programs.

Moreover, this research contributes to the literature of loyalty programs by studying
multitier reward structures. To the best of our knowledge, this is the first attempt that
analyzes multitier reward structures in the context of loyalty programs. A model is

developed to evaluate the effectiveness of a two-tier scheme. Also, a model is proposed to

! The term “analytical approach” is used to contrast the “empirical approach”. Specifically, the term is
not referring to the approach used to solve optimization models, as in some cases the optimal solution is
obtained using numerical techniques.



investigate the conditions under which a three-tier scheme is not the optimal reward

structure.

1.3 Thesis Outline

The organization of the thesis is as follows: Chapter 2 presents a brief literature review on
loyalty programs and identifies the gaps in the literature. Chapter 3 evaluates the effects
of customer satisfaction, where valuation is incorporated as a random variable and
satisfaction level is treated as a parameter. Chapter 4 extends the model developed in
Chapter 2 by modeling the satisfaction level as a random variable. Chapter 5 and Chapter
6 are focused on multitier reward schemes. In Chapter 5, the effectiveness of multitier
reward schemes is evaluated by analyzing the profitability of a two-tier reward system in
a three-period model. In Chapter 6, a model is developed to characterize the conditions
under which a three-tier reward is not the optimal choice. Chapter 7 summarizes the

findings and contributions and proposes some avenues for future research.



Chapter 2

Literature Review

2.1 Customer Loyalty

Broadly, there exist two distinct definitions for customers’ loyalty in the marketing
literature: behavioral loyalty and attitudinal loyalty. Many researchers (e.g., Blattberg &
Sen 1974; Kahn et al. 1988; Ehrenberg et al. 1990; Lewis 2004; Liu 2007) have defined
loyalty from a behavioral perspective. That is, the loyalty of a customer is evaluated
based on the customer’s purchase behavior. Various measures of behavioral loyalty have
been proposed based on recency, frequency, and monetary value of a customer’s past
purchases (Zhang et al. 2010).

On the other hand, some researchers argue that behavioral loyalty measures are
insufficient to capture the multidimensionality of the concept of loyalty (e.g., Jacoby &

Kyner 1973; Dick & Basu 1994; Kumar & Shah 2004). As a result, some studies



emphasize the importance of considering the attitudinal aspect of loyalty along with the
behavioral side (e.g., Oliver 1999; Pritchard et al. 1992; Keh & Lee 2006). Attitudinal
loyalty, in fact, incorporates psychological factors implicit in the customers’ decision to
buy (Oliver 1999; Butcher et al. 2001; Bustos-Reyes & Gonzalez-Benito 2008). In
accordance with this approach, Oliver (1999) defines loyalty as “a deeply held
commitment to rebuy or repatronize a preferred product or service consistently in the
future, despite situational influences and marketing efforts having the potential to cause
switching behavior” (p. 392).

Although attitudinal loyalty is conceptually richer than behavioral loyalty (Uncles et
al. 2003), it is more difficult to measure. Consequently, attitudinal loyalty, compared to
behavioral loyalty, is less frequently used in the literature. Specifically, we are unaware of
any analytical study in the marketing literature that has incorporated attitudinal loyalty.
In this research, the behavioral aspect of loyalty is considered and a loyal customer will be

identified based on the frequency of their past purchases.

2.2 Loyalty Reward Programs

Various researchers have claimed that loyal customers are more profitable to a firm (e.g.,
(Reichheld & Sasser 1990; O’Brien & Jones 1995; Johnson 1998; Edvardsson et al. 2000;

Reichheld & Teal 2001; Van den Poel & Lariviere 2004; Buckinx & Van den Poel 2005; Li

et al. 2006). This profitability is thought to be generated by loyal customers’ reduced



servicing costs, their lower price sensitivity and higher spending levels, and their
favourable recommendations to other potential customers (Dowling & Uncles 1997).

Thus, establishing customer loyalty is one of the potential means to achieve
profitability (Reinartz & Kumar 2002). Loyalty programs are structured marketing efforts
(Sharp & Sharp 1997) that aim to enhance customers’ loyalty by rewarding their repeat
purchase behavior. As mentioned earlier, loyalty programs have increasingly grown in
popularity since the time American Airlines launched AAdvantage, its frequent-flyer
program, in 1981. Kumar (2008) describes the advancement of loyalty programs in
different industries in the timeline depicted in Figure 2.1.

Given the widespread use of loyalty programs, academics have also shown interest in
this topic. As mentioned earlier, the literature on loyalty programs can be categorized into
two groups: empirical studies and analytical studies. Empirical studies (e.g., Sharp &
Sharp 1997; Kivetz & Simonson 2002; Yi & Jeon 2003; Lewis 2004; Liu 2007; Meyer-

Waarden 2007; Wirtz et al. 2007; Meyer-Waarden 2008) mainly investigate the effects of

Credit Virtually every
Hotels Cards industry

Financial

Airlines Retail .
Services

Figure 2.1: Evolution of loyalty programs in different industries (according to Kumar 2008, p.13)



loyalty programs from the customers’ perspective. This type of research examines the
efficacy of loyalty programs in changing the customers’ buying behavior. Analytical
studies (e.g., Caminal & Matutes 1990; Kim et al. 2001; Singh et al. 2008), on the other
hand, evaluate the effectiveness of loyalty programs from the firm’s perspective. This
stream of studies analyzes the impact of loyalty programs on the firm’s profitability and
market competiveness. In the next two sections, a summary of the results of the recent

empirical and analytical studies on this topic is presented.

2.3 Empirical Studies

While most of the literature in this category focuses on behavioral loyalty (i.e., repeat
purchase) (e.g., Sharp & Sharp 1997; Lewis 2004; Liu 2007; Meyer-Waarden 2008),
Pritchard et al. (1992) emphasize the importance of considering the attitudinal aspect of
loyalty along with the behavioral side. Similarly, Keh & Lee (2006) state that researchers
are increasingly considering the psychological aspect of loyalty in order to distinguish it
from the behavioral loyalty.

Empirical research, regardless of the definition of loyalty, shows mixed findings on
efficacy of loyalty programs (Liu 2007; Meyer-Waarden 2007, 2008; McCall & Voorhees
2010). Meyer-Waarden (2008) has compared the results of different empirical studies on
loyalty programs. Based on this comparative investigation, Meyer-Waarden (2008) has

found contradictory empirical evidence on the impact of loyalty programs. While some



researchers have reported significant impact (e.g., Nako 1992; Passingham 1998; Lal &
Bell 2003; Smith et al. 2003; Taylor & Neslin 2005; Leenheer et al. 2007; Meyer-Waarden
2008;), others assert that loyalty schemes that are prevalent today are unlikely to change
the established buying pattern of customers (e.g. Dowling & Uncles 1997; Sharp & Sharp

1997; Mégi 2003).

2.4 Analytical Studies

While empirical studies show contradictory findings on the effectiveness of loyalty
programs, there are only a few analytical studies on this important marketing field. This
fact is evident from Kim et al. (2001) (the first published analytical study on loyalty
programs), who view their work “as an initial step, and clearly far removed from the ideal
model in which the implications directly translate into managerial practice” (p. 113).
These studies have mainly considered a duopoly market structure and, using a game-
theoretic approach, have analyzed the impact of loyalty programs on market equilibrium
conditions. For instance, Kim et al. (2001) have found that competitive market prices
generally increase by adopting loyalty programs. Furthermore, they have shown that,
depending on light users’ relative price sensitivity, firms may gain less profit compared to
the case without loyalty programs. While almost all of the studies have focused on a
symmetric market, the market with both firms offering loyalty rewards, in a recent work
by Singh et al. (2008), the asymmetric case is examined. By exploring the existence of

asymmetric equilibrium, Singh et al. (2008) have addressed the question that whether it is



always optimal for a firm to adopt a loyalty program in response to the competitor’s
similar program. Using a game theoretic approach, they have found certain conditions
under which it would be profitable for the firm to not offer a loyalty program but to
resort to lower-price strategy.

Loyalty programs, by offering rewards based on cumulative buying, create switching
cost for customers. Thus, literature on the effects of switching cost is also relevant to
loyalty programs. The effect of switching cost on market competitiveness was first studied
by Von Weizsacker (1984). Using a Hotelling model, Von Weizsacker (1984) shows that
the price sensitivity of customers and market competitiveness rise with the switching cost.
These findings, however, depend on the underlying assumptions that firms are committed
to maintaining the same price over time, and also customers randomly change their
preferences for the competing products within a market. However, by relaxing the
constancy of price assumption and adding a segment of customers with fixed preferences
over time, Klemperer (1987a) shows that the market may be less competitive than a
market with no switching costs. Furthermore, Klemperer (1987a) concludes that the effect
of switching cost on a firm’s profitability, similar to market competiveness, depends on
the size of the segment with constant preference. Namely, firms may be either better off
or worse off with switching costs than without them, depending on the proportion of
customers whose preferences remain constant over time. In contrast to Von Weizsacker
(1984) and Klemperer (1987a,b,c, 1988), who take the switching costs as exogenous,
Caminal & Matutes (1990) treat them as endogenous. In essence, switching costs created

by loyalty programs are endogenous, because firms directly decide upon the amount of

10



reward. As Singh et al. (2008) state, a common finding of all these studies is that loyalty

programs sustain in equilibrium since they create switching costs for customers.

2.5 Gaps in the Literature

2.5.1 Customer Valuation

One of the gaps in the existing analytical literature on loyalty programs is the lack of
research on the effect of customers’ valuation (or reservation price) on the programs’
effectiveness. Breidert (2006) defines valuation as “the highest price an individual is
willing to accept to pay for some good or service” (p. 27). Except for Kopalle & Neslin
(2003), we are unaware of any study that considers customers’ valuation in the context of
loyalty programs. Kopalle & Neslin (2003), using numerical simulation, examine the
viability of loyalty programs in a strategic competitive game by incorporating customers’
valuation as a logistically distributed random variable. Other previous studies on loyalty
programs have either not considered the valuation as a factor in customers’ decision-
making (e.g., Singh et al. 2008) or have assumed that customers’ valuation for the
product is sufficiently high that it exceeds the product price (e.g., Kim et al. 2001).
Similarly, to the best of our knowledge, none of the studies on the switching cost includes
a random valuation. For instance, Klemperer (1987a,b,c, 1988) incorporates valuation as a
parameter. Caminal & Matutes (1990), who study the endogenous switching cost, assume

that customers’ valuation is higher than the offered prices. Farrell & Shapiro (1988)
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assume that buyers’ valuation is so high that it is not binding and state that their results

are affected if the valuation binds.

2.5.2 Customer Satisfaction

Another gap in the literature is the lack of research on the effects of customers’
satisfaction on the profitability of loyalty programs. In previous studies on loyalty
programs, the customers’ purchase experience is not considered as a factor in their
decision to buy. In other words, it is presumed that, no matter whether they are satisfied
or dissatisfied with their past purchase, customers return to the firm with either the same
valuation or a valuation independent from their past valuations. For instance, Kopalle &
Neslin (2003) assume that a customer’s valuation in each period is a random draw from
the logistic distribution. This implies the assumption that a customer’s valuation changes
independently from his/her previous valuations.

As pointed out earlier, some studies on switching costs allow for customers to randomly
change their preferences over time. For instance, Klemperer (1987c) assumes that a
fraction of customers change their position on the Hotelling line segment. Since customers’
taste for the product is represented by their position on the line segment, the shift in a
buyer’s position can be interpreted as his/her satisfaction level. However, in these studies,
customers’ locations change randomly and independently from their location in the
previous periods. As a result, the spatial distribution of customers in the market will not

change in favor of a specific firm in a subsequent period.
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In contrast to these underlying assumptions, previous studies show that the customers’
perception of the product quality and their level of satisfaction can alter after a purchase
experience (see Morley 2004). On the other hand, empirical studies have found that
satisfied and dissatisfied customers perceive loyalty programs in different ways (Keh &
Lee 2006). Moreover, based on the expectation disconfirmation theory (EDT) proposed by
Oliver (1980), customers’ satisfaction with the actual product or service experience is the
primary determinant of their post-purchase intentions (Premkumar & Bhattacherjee
2008). Au et al. (2002) also state that customer satisfaction results in repeat business and
increases the firm’s profitability. Likewise, Nie (2000) posits that customer dissatisfaction
hurts repeat business and, as a result, jeopardizes the company’s long-term profitability.
Thus, the customer satisfaction level is an important factor that may affect the
performance of a loyalty program in driving repeat purchase behavior and increasing the

firm’s profitability.

2.5.3 Multitier Reward Scheme

As noted earlier, another area that merits further research is the design of loyalty
programs. Previous studies show that the effectiveness of a loyalty program is a function
of the program’s design (Kivetz & Simonson 2002; Roehm et al. 2002; Yi & Jeon 2003).
Thus, the reward structure, as one of the main components of loyalty programs’ design
(Kumar & Reinartz 2006, p.172), is one of the key drivers of their effectiveness. Reward
structure has several components such as reward type, rate of reward and timing of

reward. By manipulating the configuration of these components, various reward structures
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have been designed and employed in real world markets. A particular reward structure is
the multitier reward scheme. Based on a multitier scheme, customers’ loyalty reward is
determined based on their level of loyalty, where the loyalty level is evaluated based on a
measure of customers’ past purchase behavior. Examples of such a measure are
cumulative spending level, accumulated points balance, or purchase frequency. Intuitively,
a multitier reward scheme offers disproportionately higher rewards to more loyal
customers. In other words, the reward per dollar spent increases with a customer’s loyalty
level. Some examples of such reward systems are Microsoft’s Xbox Live® reward in the
US, Shopper’s Optimum Rewards Program® in Canada and British Airways Executive
Club® in the UK.

Although multitier reward schemes are common in practice, the analytical studies on
loyalty programs have either assumed a fixed percentage-off discount (Caminal & Claici
2007; Singh et al. 2008) or a constant reward value (Von Weizsacker 1984; Kim et al.
2001) for loyal customers. Similarly, multitier reward schemes have remained
underexplored in empirical studies on loyalty programs. Apart from Liu (2007), who
analyzes data from a multilevel point system of a convenience store, we are unaware of
any empirical research on multitier reward schemes. Thus, the lack of research on
multitier reward structure is a significant gap in the literature on evaluating loyalty

programs’ effectiveness.
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Chapter 3
The Effect of Customer Satisfaction on Loyalty

Programs’ Profitability: Parametric Satisfaction

3.1 Introduction

This study builds on previous analytical studies on loyalty programs’ profitability, notably
Kim et al. (2001) and Singh et al. (2008), by treating customers’ valuation as a random
variable. As discussed in Section 2.5, previous studies on loyalty programs have either not
incorporated the valuation as a factor in customers’ decision making or have assumed that
the valuation is sufficiently high that is not binding. In this chapter, however, valuation is
incorporated both as a deterministic and as a probabilistic variable.

Moreover, the impact of customers’ satisfaction with their past purchases on the
profitability of loyalty programs is studied. As noted in Chapter 2, previous studies on
loyalty programs have not considered customer satisfaction as a factor in their decision-

making. That is, regardless of their past purchase experience, customers always return to
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the firm with the same valuation for the product being offered. In contrast to these
assumptions, empirical studies show that customer satisfaction level is an important factor
that may affect the effectiveness of a loyalty program in driving repeat purchase behavior
and increasing the firm’s profitability (e.g., Keh & Lee 2006).

In Section 2.4, it is discussed that this gap also exists in the literature on switching
cost. As pointed out, some studies on switching costs allow for customers to randomly
change their location on a Hotelling line (e.g., Klemperer 1987¢). Since customers’ taste
for the product is represented by their position on the line segment, the shift in a buyer’s
position can be interpreted as his/her satisfaction level. However, in these studies,
customers’ preferences change randomly and independently from their previous periods’
preferences. As a result, the distribution of customers’ preferences in the market will not
change in favor of a specific firm in a subsequent period. Thus, none of the firms realizes a
change in the market share and profits that stem from the shift in preferences. In
contrast, here the satisfaction level is incorporated as a parameter in the model that can
take on any value. In a Hotelling framework, this would imply that the customers’
distribution might become asymmetric, depending upon the firms’ relative performance in
driving customer satisfaction in previous periods.

In summary, this study contributes to the existing literature on loyalty programs by
incorporating a random valuation and by analyzing the effects of customers’ satisfaction
levels on the profitability of loyalty programs. A unique feature of this study is that the

models are solved analytically.

16



The objective of the model is to maximize the firm’s revenue function in term of its
decision variables. Assuming a deterministic valuation, the optimization problem turns
out to be linear programming. Probabilistic valuation, on the other hand, results in
nonlinear programming. The models consist of two parameters, and despite their
complexities, the analytical optimal solutions are found in terms of the parameters.
Structural properties of the optimal solutions yield valuable insight into the profitability
of loyalty programs.

The rest of this chapter is structured as follows. The model formulation and its
underlying assumptions are described in Section 3.2. Section 3.3 focuses on solving the
model under three different valuation distributions. In Section 3.4, the model is extended
to a case where customers’ anticipated change in their future valuation is taken into
account. The obtained results are discussed in Section 3.5. Section 3.6 concludes the

chapter with a summary of the findings.

3.2 Model Formulation

Consider a firm selling a good or service through two periods. The firm adopts a loyalty
reward program based on which customers gain a reward for repeating their purchase.
More specifically, if a customer makes a purchase in both periods, he/she earns the loyalty
reward of r.

Similar to Singh et al. (2008), it is assumed that only a certain proportion of first-

period buyers proceeds to the second period. This proportion is modeled as a parameter,
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y. So, v is the probability that a first-period buyer becomes a potential buyer in the
second period. As a result, (1 — y) fraction of buyers in period 1 fails to proceed to period
2. This is to capture the effect of those who join the loyalty program of the firm, but
decide not to return to buy the product in the second period. This fraction does not show
up in period 2 mainly because of a low consumption rate.

Customers’ decision to buy in the first period is a function of the following factors:
their valuation for the product, current and future prices, loyalty reward value and
possibility of returning in the second period. These factors are derived based on the
assumption that customers are forward-looking in their decision, that is, they consider
future (period 2) gains or losses when deciding to buy in the current period (period 1).
These factors are summarized in a variable called surplus. A customer’s surplus from
purchasing a product is, in fact, the value he/she will gain by obtaining the product
subtracted by the amount he/she has to pay for it. Similar to Biyalogorsky et al. (2001),
it is assumed that a customer buys one unit of the product, if the offer yields a
nonnegative surplus. Customers’ surplus from buying a unit of product in period 1 is

Sy = —pal +vlvy — (p2 — 7)), (3.1)
where v; is the valuation of the customer for the product in the first period, p, (i =1, 2) is
the offered price in period ¢ and r is the loyalty reward value. As can be seen, since
customers are assumed to be strategic, S; is the sum of the first period surplus and the
expected surplus from buying the product in period 2. The expected surplus in period 2 is
the surplus value (i.e., v; — (p, — r)) multiplied by the probability of proceeding to the

second period (y). Without loss of generality, it is assumed that the discount factor for
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costumers is equal to one. That is, customers are not considering the time value of
rewards.

One of the assumptions underlying the surplus formulation in Equation (3.1) is that
first-period buyers do not anticipate a change in their future valuations. In other words,
the shift in customers’ valuation is unknown to them at the time of purchase in period 1.
This assumption is in line with Klemperer (1987c), where it is assumed that whether a
first-period buyer has fixed tastes for the product, has changing tastes, or leaves the
market is independent of his/her position on the line segment, not influenced by his/her
decision in the first period, and unknown to him/her until after the purchase in period 1.
In Section 3.4, this assumption is relaxed and it is investigated how customers’
anticipation of future valuation affects the results.

A customer buys if the firm’s offer gives him/her a nonnegative surplus. Thus, the

probability that a customer makes a purchase in period 1 is

(3.2)

p1+y(py—71)
n,=Pr(S;>0)=1-F|——~"= ~|
1 r(Sy ) < T+y )

where F(.) denotes the CDF of the customers’ valuation in the first period.
Customers who buy in period 1 will proceed to the second period with the probability
of y. For a given customer in period 2, the utility derived from making a purchase is
Sy =vy;—(py — 1), (3.3)
where v, is the valuation of the customer in the second period. Here, unlike the previous
studies, v; and v, are neither equal nor independent. Intuitively, customers’ valuation in
the second period is affected by their past experience of buying and using the good or

service. To model this dependency, one can assume vy, = v; + 0 for each customer. This
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implies that the past purchase experience leads to a shift of size 0 in the valuation of the
customer. This assumption is consistent with the findings of Homburg et al. (2005) who
have explored the effect of customers’ satisfaction on their valuation using empirical
research. Hence, for a satisfied customer 0 is nonnegative and for a dissatisfied customer 6
is negative. Here, 0 is incorporated as a parameter in the model. The next chapter
investigates the case where 0 is probabilistic.

Considering the relationship between v; and vy, one can infer that S; and S, are not
independent. Thus, the probability that a Period 1 buyer makes a purchase in period 2 is

conditioned on the fact that his/her surplus in period 1 has been nonnegative. That is,

+ -r
172=Pr(5220|5120)=Pr<v2sz—r|vlz%p;)>. (34)
But v, = v; + 8. Thus, from Equation (3.4) it follows that
”2=Pr v12p2—r—5|vlzw. (35)
1+y

Applying the conditional probability theorem, Equation (3.5) can be expressed as the

following piecewise function:

1-F(p,—r-96) . p1ty(,—7)
L ifp—r—6>—T-—=
1_F(p1+y(pz—r)> L+y
1, = 1+y : (3.6)
. p1ty(p,—7)
ll, lfpz—T—(SS%

The market size in the first period is normalized to one. Similar to Singh et al. (2008),
it is assumed that a new group of customers joins the market in the second period with
the size (1 —y). This new group of customers are called light users, because they are

potential buyers of only a single period. Clearly, light users are not the subject of the
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loyalty program. Light users, in fact, make up for the “missing” potential first-period
buyers who fail to proceed to period 2 because of their low consumption rate. This
assumption is mainly made to avoid market expansion or contraction due to customers’
consumption rate affecting the results (Singh et al. 2008).

Similarly, one can find the surplus of a light user in period 2 and the corresponding
probability of making a purchase. Light users only consider their valuation and the offered
price when making the decision to buy in period 2. Hence, their surplus from buying a
product in period 2 is

3 =v; — D2 (3.7)
where 'Ul2 is the valuation of a light user. Light users are homogeneous to customers in
period 1 in the sense that they are first-time product buyers. Thus, without loss of
generality, one can assume that 'Ul2 follows the same distribution as v;. Hence, a light user
makes a purchase with the probability of

% =Pr(S} = 0) =1-F(py). (3.8)

Now, based on the firm’s revenue from selling a product and customers’ probabilities of

buying in each period, the firm’s expected total revenue function can be found as follows:
R =plly +y(p; — ML, + (1 = V)p21T;. (3.9)

The objective of the model is to optimize the revenue function with respect to the
firm’s decision variables (i.e., p,, p,and r). However, decision variables are nonnegative
and also, the reward, r, cannot exceed the second period price, p,. These impose some

constraints on the model. The resulting problem is formulated as follows:
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maximize R = pyIly +y(py — LT, + (1 = y)p, 1T (3.10)

P27

Subject to:
Ts P2 (3.10a)
p1, pzandr 20 (3.10D)

3.3 Solving the Model

Based on the model in Equation (3.10), the optimal values of p,, p, and r can be found
and evaluated under different distributions for customers’ valuation. This study considers
uniform and normal distributions, which are frequently used in the literature. Also, the
deterministic valuation case is examined. By comparing the results, one can draw
conclusions on how customers’ satisfaction level affects the optimal structure of a loyalty

reward program.

3.3.1 Uniform Valuation

Assume wvy, first-period buyers’ valuation, is uniformly distributed and normalized and
rescaled within the range [0,1]. Note that prices, rewards and satisfaction parameter

must be normalized with the same factor. Hence, from Equation (3.2), it follows that:

( + — + -

[Pty mr) Pty r)51
1+y 1+y

Hl =

’ : (3.11)

p1+y(pz—r)>1

0, if >
! 1+y

As mentioned earlier, II; denotes the probability that a customer makes a purchase in

period 1. Similarly, one can find I, from Equation (3.6) as follows:
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1-(pp—r—9) : p1ty(p,—1)
, ifp,—r—-6=2——andp,—-r—-46<1
1_(101 +y(@, —r)> Pz 1+y P2
1+vy
— + —-r
H2—<0, ifpz—r—é‘E%andpz_r_azl. (312)
. p1t+y(p,—1)
1, 1fp2—r—8§T
Note that when p, —r— 52%@, since wf'z_r) = 0,it follows that p,—r—0=

The distribution of vl2, the light-users’ valuation, is assumed to be identical to that of

v;. Thus, Equation (3.8) can be rewritten as follows:

1-p;, 0<p,=<1

1} = (3.13)

0, p221

Now, the firm’s expected revenue function (R) can be derived based on Equation (3.9).
However, II;, 1I, and 1112 are piecewise functions. Thus, R’s expression is not unique and
depends on the values of p, p,, 7, y and 6. In fact, there are 12 different combinations of

11, I, and le functions. For instance, consider the following set of conditions:

)

p1+v(Py—7) p1+y(Py—1)
<1 <p,—-r—8p,—r—6<1p,<1 3.14
{ T+y T+y =p;—T yP2 —T = Lpy = ( )

Finding I1;, I, andHé based on the above conditions and substituting them in

Equation (3.9), the following R function is obtained:

+ -r
R, :p1<1_p1 vz — 1)

Tty >+V(pz—r)(1—pz+r+5)+(1—y)pz(1—pz) (3.15)

The subscript of R; denotes the combination number. To find the optimal R;, the

following nonlinear programming must be solved:
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maximize R; =

P1,D2,7
3.16
pr (1~ k=)A= 7 40) + (L= Va1 - ) o
Subject to:
ptr:mn) (3.160)
1+y
P1 +I$J;—r) <py—7—5 (3.16b)
p—r—96<1 (3.16¢)
0<p,<1 (3.16d)
r<p; (3.16¢)
p1,pzandr =0 (3.16f)

Constraints of the above NLP are obtained by combining the model-specific constraints
(i.e., equations (3.10a) and (3.10b)) and combination-specific constraints (i.e., Equation
(3.14)).

In order to find the optimal solution, following the same procedure, all R's (k=
1, ...,12) must be found and corresponding NLP’s must be formulated. By exploring the
objective functions of the resulting 12 models, however, one can see that all of them are
dominated by R;, Ry or Rz (depending on p,, p,, r, y and 6 values). So, one can disregard
the other nine combinations. The next step is to solve the resulting models and compare
the optimums in order to obtain the global maximum. Note that y and 6 are modeled as

parameters. Hence, the optimal solution is expected to be a function of y and 0.
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As indicated above, R; is the total revenue function resulting from the set of
constraints given in Equation (3.14). R, and Rj3, however, are obtained from the

conditions given in equations (3.17) and (3.18), respectively:

p1+y(p2—71) p1+v(p2—71)
— < 1lp,—r-§<————— " p, <1y 3.17
{ 1+y p2—T 1+y P2 ( )
pity(—1) _ pity(p—1)
<1, <Sp—r—8p,—r—6=21p, <1 3.18
{ 1+y 1+y p2—T b2 —r b2 ( )

Based on the above sets of constraints, it follows that:

R = (1= D) oy ) (12D - i), (209

and

p1+yv(p,—1)

1+y )+G—ywﬂl—m) (3.20)

R3; =p; (1 -

Now, one can find the optimums of R;, R, and Rj subject to their corresponding
constraints. In Appendix 1, it is shown that R;, R, and R3 are concave over their feasible
regions. Moreover, all of their constraints are linear in terms of p,p,andr. Hence,
Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient for their optimality.
By applying KKT conditions and solving the resulting system for p, p,and r, optimal
solutions of R;, R, and Rs; models are obtained which are presented in Appendix 2
(equations (A2.1), (A2.2) and (A2.4). Comparing these solutions, it can be seen that the

global optimum of the firm’s total revenue, R*, is 1/2 and the corresponding optimal

values of decision variables are as follows:
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]/r"+i
- 1
- when § = -—
pi vre[-51
s =1 ) . (3.21)
r* yr +7
1 1
- when d < -—
1
2

From Equation (3.21), it can be seen that when 6> -1/2, any reward value in the

range [ — 6, 1/2]| can be optimal given that p , 1s adjusted according to vri 4+ 1/2.
3.3.2 Normal Valuation

Suppose v; follows a standard normal variable. Similar to above, II;, I, and 17{2 can be

found based on equations (3.2), (3.6) and (3.8), respectively. This yields

+ —-r
m=1-a <P1 Y(p2 )>,
1+y

(3.22)
1-®(p,—r—6 +y(p, —
( (pz —r—=9) Citp,—r—s2D y(p2 —1)
1_¢<P1+1’(P2_7")) L+y
1, = T+y (3.23)
. p1ty(p,—r)
B it pp—r—o <P
and
k=1, =1 - d(py), (3.24)
where ®(.) denotes the standard normal CDF. From Equation (3.9), the firm’s revenue
functions can be formulated as follows:
p1+v(p2—71)
Ry =pq <1 - cb(%)) +vy(p, — 7’)(1 —O(p, —1r— 5)) +
Y (3.25)
a- V)Pz(l - Cb(pz))

and
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R, =py (1 -0 <P1 +If;_ r)>> +y(py, —71) <1 _® <P1 +;’ip;— r))) + -

(1 —)p2(1 — P(p2)).

R, and R, are in fact the two possible combinations of the revenue function which are
derived based on the two different sub-domains of I, in Equation (3.23). Thus, there are
two NLPs that must be solved to obtain the optimal values of decision variables. To

illustrate it, one can see that the NLP corresponding to R; is

maximize Ry =

P1,D2,7
p1+y(p,—1)
12 (1 - <%)) +y(p, — r)(l —®d(p,—1r— 6)) + (3.27)
(1 =Vp2(1 - 2(py))
Subject to:
p1+y(p,—1)
—r_§>=_c 7 3.27
p2—T = T+y ( a)
r<p, (3.27b)
p1,p2 andr =0 (3.27¢)

R, and R, are both highly nonlinear functions and it can be observed that their
Hessian matrices (H1 and H,) are not everywhere negative semidefinite. So, R; and R, are
not concave over the entire domains of variables (p,, p, and r) and parameters (y and 5).
However, by checking the conditions under which the Cholesky factorization of
—H, and —H, exists, it was found that R; and R, are concave when p, and p, < 1.4.
Thus, any local maximum is also global in the range of p, and p, € [0,1.4]. Given this fact,
the interior point algorithm of Matlab®, which is based on Byrd et al. (2000), is applied to

solve R; and R, models. As anticipated, any initial solution that satisfies p, and p, €
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[0,1.4] yields the same optimum. In other words, when p and p, < 1.4, the algorithm
converges to an identical optimal. The optimal solution is found by running the algorithm
for different values of y and 6 and analyzing the structure of results. More specifically, the
problem was solved for ten y values in the range [0, 1] and twenty 6 values in the range
[-2, 2]. Evaluating the relationship between parameters and the obtained results, the

following solution was derived:

yr* 4+ 0.75
(( 0.75 > when 6 = -0.75

Py _ { vr € [6,0.75]
P2 yr* + 0.75
r l ( 0.75 ) when 6 < -0.75

0.75

, (3.28)

which produces R'= 0.34. Note that p=0.75 (rounded to two decimals) is the revenue
maximizing price for a single-period pricing problem when customers’ valuation follows
standard normal distribution.

In order to evaluate local maxima when p, orp, > 1.4, the multi-start procedure
proposed by Ugray et al. (2007) is applied. This procedure is claimed to be one of the
most effective global optimization algorithms (see Lasdon et al. 2010). In more detail, the
multi-start method was applied for different values of parameters and the resulting
maxima were compared to R'= 0.34. Accordingly, no better solution was achieved, which

suggests that the solution in Equation (3.28) can be the global maximum.

3.3.3 Deterministic Valuation

Here, the case where customers’ valuations are equal and deterministic is evaluated. Thus,

vy is a fixed value which can be modeled as a parameter, v. Consequently, II;, which was
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originally defined as the probability of making a purchase in period 1, becomes an

indicator function as follows:

s> P +y(p, —71)

L itv= 1+
1, = 4 (3.29)
. p1+y(P2—1)
Lo ifp<—-122 7
1+y

Equation (3.29) implies that customers in period 1 will all buy or reject the firm’s offer.
Similarly, one can derive the indicator functions corresponding to Period 1 buyers and

light users in period 2 as follows:

1 fvep,—r—-96
1'12={ (3.30)
0 ifv<p,—r—26
and
1 ifv=>p,
175:{ . (3.31)
0 ifv<p,

Substituting II;, I, and 17{2 in Equation (3.9), eight distinct revenue functions are
obtained. It can be seen that all of them are dominated by R; the revenue function
resulting from II, = II, = IT, = 1. Thus, based on the model in Equation (3.10), the

optimal values of the firm’s decision factors are determined by solving the following linear

programming:
m%ifgzr,lrlze Ri=p1+y(@,—r)+ A —=y)p, (3.32)
Subject to:
+ —
P1 V(Pz T) <y (3.32&)
1+y
p2—Tr—86=<v (3.32D)
p2 =V (3.32¢)
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r<p, (3.32d)
p1,p2 andr =0 (3.32€)

As in the uniform valuation case, the first three constraints of the above model are
enforced by the domain of the customers’ decision indicator functions.

Exploring the constraints of the model in Equation (3.32), one can see that the model
is infeasible when v+ 06 < 0. In fact, v+ 06 <0 violates the second constraint, knowing
that p, —r = 0. In other words, when customers’ dissatisfaction level is less than —v, the
model in Equation (3.32) is no longer applicable. In this case (i.e., when v+ 6 < 0), based
on the domains of Equation (3.30), it follows that IL =0. This forms another
combination of the revenue function, R,, which is obtained from II, = I, = 1 and 11, = 0.

The corresponding LP model is

maximize Ry =p1+ (1 —7)p; (3.33)
Subject to:
p1+y(p2—71) < (3.33a)
1+y
pz—Tr—62v (3.33D)
P2 =V (3.33¢)
r<p; (3.33d)
P1,pz andr 20 (3.33¢)

Now, one can find the optimums by solving Equations (3.32) and (3.33). In order to
find the optimal solution in terms of parameters 6 and vy, the Lagrange method was
employed along with the complementary slackness theorem, which resulted in a linear

system of size seven for each model. Each system was solved by considering the primal
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and dual feasibility conditions. By comparing the optimal solutions of the mentioned two

models, the following global maximum was obtained for the case valuation is constant:

yr*+v
p? ( v ) when § > -v
()1 et '
r l ( v ) whend < —v
L\

which vields R = 2w.

3.4 Model Extension

In this section, the basic model is extended to the case where customers anticipate a
change in their future valuation while making decision in period 1. As discussed earlier,
the customers’ surplus in period 1 is derived based on the assumption that they expect no
changes in their valuation in period 2. This section analyzes the effect of customers’
uncertainty about their future valuation on the framework of the results. In fact, it is
more realistic to incorporate this uncertainty in the customers’ decision-making. Now, the
customers’ surplus from buying in period 1 is:

Sy = —prl +ylvy + €= (p, —7)]. (3.35)
where € captures the customers’ anticipated change in their valuations for the product in
period 2. Note that € is the anticipated change in the future valuations when customers
are in period 1 and it differs from 6 which is the shift in valuation that customers realize
in period 2. It is assumed that € is a random variable independent from v; with mean zero

and a known variance, o°. Here, we focus on the normal valuation case. More specifically,
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vy follows a standard normal distribution and € is normally distributed with a mean of
zero and a variance of o?. Thus, the probability that a customer makes a purchase in

period 1 can be found as:

|4 Pty —1)
H1=Pr(5120)=Pr<v1+1+y62 Tty ) (3.36)
For notational simplicity let
‘U’ =7 -|- €. 337
L= (337

v; follows a normal distribution with mean 0 and variance 1+ (yo/(1+ y) )2. Now,

Equation (3.36) can be rewritten as:

p1+v(p: — 7")) (3.38)

H1=1—FV{< 1+y

where FU}(.) denotes the CDF of v,.

To formulate a customer’s purchase probability in period 2, Equation (3.5) can be

rewritten as follows:

(3.39)

— -r
H2=Pr<y12p2_r_5lvizw>_

1+vy

To find the explicit expression of I, one needs to find the joint distribution of v; and
v;. Note that v; and v, are both a linear combination of v, and €. Since v, and € are
independent and normally distributed, it can be shown that (vl,v}) follows a bivariate
normal distribution (see, e.g., Bertsekas & Tsitsiklis 2002) with the mean vector and

covariance matrix of:

1 1

M=[8]and2=[1 l_l_(%)Z.

(3.40)

Thus, the joint probability density function of (vl,v;) is:
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, 1 -(r?a?+(1+y)? v/ 2vyv]
fvl,v{ (Vl'Vl) = v €XP (V Z £ ) V12 + n z L . (341)
271'(—) 1+

(o2 a 2
oy 2riet &) G
Now, based on Equation (3.39), II, can be explicitly expressed in terms of model

variables and parameters:

1- fp1+y(pz—r) fpz_r_g fvl,v{ (Vy, Vi) dv,dv{
m, = 1y . (3.42)
1—p, (Prty(e=1)
&1 1+vy

The probability that a light user buys in period 2 is not influenced by the model
extension and follows Equation (3.24). The optimization problem is formulated and solved

in Appendix 3. As discussed in Appendix 3, the model yields the following optimal

pi yr*+0.75
(p;) = ( 0.75 ) (3.43)
r* Vr € [pl' 075]

where p, is the lower limit of optimal reward values and depends on y, 6 and o°, the

solution:

model parameters. While the analysis of relationship between p, and parameters is
insightful, here the focus is only on the effect of o?, the variance in the customers’
anticipated valuation shift, on the framework of previous findings. In other words, the
objective is to evaluate whether inclusion of customers’ anticipated valuation alters the
structure of previous results. Comparing the solutions in equations (3.28) and (3.43), it is
evident that the structure of optimal solution is consistent across both models. More
specifically, it can be seen that p; and p; remain unaffected. " also falls in a range under
both models, however, in the extended model the lower bound of optimal reward range,

depends not only on & but also on y and &% In conclusion, it is observed that whether or
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not one incorporates customers’ anticipation of their future tastes in the model, the

framework of the results remains unchanged.

3.5 Discussion

Comparing the optimal solutions under different valuation distributions (i.e., equations
(3.21), (3.28) and (3.34)), it can be observed that they follow the same structure. For
instance, no matter the distribution of v, there is a negative 6 threshold (or a
dissatisfaction threshold) below which the firm must offer a free product to loyal buyers in

period 2 to maximize its revenue. For example, when 0 is uniformly distributed, Equation

*

(3.21) shows that for 6 < —%7 P,

=7 = é, which implies a free product for loyal buyers in

period 2. Offering a free product in the second period is optimal because it motivates the
customers to pay higher prices in period 1. This is evident from p; =vr + %, based on

which the first period’s price increases with reward. The same inference holds for the
normal and deterministic valuation.

Equations (3.21), (3.28) and (3.24) also show that p; is directly proportional to yr .
This implies that when repurchase intention is higher among customers, at a given value
of reward, the firm is better off charging higher prices in earlier periods. The intuition is
that when customers are more likely to repurchase, the loyalty program imposes more
expenses on the firm, because more customers will take advantage of the firm’s promise to
reward repurchase. Thus, the firm must offer higher prices in the first period to offset the

reward cost. The increased p, deflects some customers who would have otherwise made a
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purchase; however, the total revenue increases as the firm charges higher prices to those
who are willing to pay more (i.e., who have a higher valuation for the product).

Moreover, it can be inferred that under optimal conditions the firm exploits the second
period price to capture the highest possible revenue from light users. This is evident from

the fact that p; = %, p; = .7518 and p; = v will maximize the revenue from the light-user

segment in period 2 when customers’ valuation is uniform, normal and deterministic,
respectively. The first period price and the loyalty reward are then adjusted to maximize
the revenue from potential two-period buyers in periods 1 and 2. This confirms the
intuitive fact that the added degree of freedom provided by the loyalty reward program is
used to provoke loyalty among “heavy users”.

The relationship between optimal loyalty reward (i.e., 7"*) and the post-purchase shift
in customers’ valuation (i.e., 6) is of great importance, because this relationship helps to
evaluate the effect of customers’ satisfaction level on the optimal structure of the loyalty
program. Here, the uniformly distributed valuation is considered. It can be seen that the

conclusions hold for other cases as well. According to Equation (3.17), when 6 < —%,

r = p; = % That is, with the prior knowledge that customers will experience a drastic

drop in their valuation, the firm should offer a free product to loyal customers in the
second period. As mentioned above, this offer motivates customers to make a purchase in
the first period to become qualified for the loyalty reward in the second period. Thus, the
revenue that the firm makes in the first period offsets the loss of offering the free product

in the second period.
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However, when 6 > - (i.e., when customers are either satisfied with their purchase in

o |~

the first period (6= 0) or they experience a moderate dissatisfaction (-— < 6 < 0), any

loyalty reward value in the range of | — 8,%) is optimal. Note that p; =vyr + % Thus, if

higher loyalty rewards are offered to loyal customers, the firm must charge a higher price
in the first period in order to gain the optimal revenue. When 6 = 0, based on Equation

(3.17), the interval |0, %) is optimal for r. Since the fixed costs associated with the

loyalty program is not incorporated in the model, one can conclude that r=0 is the
optimal value of reward. This is because, by not offering loyalty rewards, the firm will not
incur the mentioned fixed expenses. In other words, if the firm preserves satisfaction
among customers, not offering a loyalty reward is optimal.

On the other hand, for —% < 6 <0, =0 is no longer optimal. In fact, as 6 tends from
0 to —%, the optimal range of reward values becomes smaller. At the marginal value of
0= —%, the reward must be equal to the offered price in period 2. Hence, with the prior

knowledge that customers’ valuation will decrease in the second period, it is optimal for
the firm to offer a loyalty reward.
Based on the above discussion, one may argue that, regardless of the value of o, the

firm is able to adjust p,, p, and r so that it obtains the maximum total revenue (e.g.,

R = % when valuation is uniformly distributed). This conclusion holds provided that the

firm precisely estimates the post-purchase shift in customers’ valuation. However, there
are various endogenous and exogenous factors affecting customers’ valuations in the

second period. Thus, it is likely that the firm underestimates or overestimates the 6 value.
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Consequently, the firm may obtain a suboptimal revenue. For instance, consider the case
in which the firm predicts that customers will become satisfied with their purchase in the
first period and, hence, does not offer the loyalty reward. If customers turn out to be
dissatisfied (i.e., 6 < 0), r= 0 is suboptimal. Since p; is also a function of 7", a suboptimal
r results in a suboptimal p,. Therefore, overestimating the value of 6 reduces the firm’s
total revenue. This special case shows how the effectiveness of loyalty reward programs is

tied to customers’ overall satisfaction level.

3.6 Summary and Conclusion

In this chapter, an analytical model is developed to evaluate the effect of customers’
satisfaction on the loyalty programs’ profitability. The objective of the model was to
maximize the revenue of a firm selling a good or service through two periods in terms of
its decision variables, that is, offered prices in each period and loyalty reward value. It
was assumed that the firm pre-commits to the first and second period prices and loyalty
reward. Customers who repeat their purchase in the second period earn the loyalty reward
in the form of an absolute value. However, it can be seen that using a percent discount for
reward will not affect the findings.

One of the distinctive aspects of the developed model is that the satisfaction level is
incorporated as a factor in customers’ decision to buy. The satisfaction level was modeled
as a parameter, 0, which is added to/subtracted from customers’ valuation in the first

period to form their valuation in the second period. Another factor in forming customers’
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decision was their probability of repatronizing the firm in the second period. This was also
modeled as a parameter, y. The conclusions were drawn based on how these two
parameters affect optimal settings of the loyalty program.

Optimal values of the firm’s decision variables were found under three different
valuation settings: uniformly distributed, normally distributed and deterministic
valuation. The uniform and normal cases resulted in nonlinear models. Despite the
complexity of the models, analytical solutions were derived in terms of the parameters.
For deterministic valuation, a linear programming was obtained which was also solved in
terms of y and 0. It was observed that regardless of the valuation distribution, the optimal
solutions follow the same structure. Moreover, the effect of customers’ anticipation of
their future valuation on the results was investigated. It was observed that inclusion of
foreseen future valuation would not affect the framework of results.

Based on the obtained optimal solutions, the relationship between customers’
satisfaction level and profitability of loyalty programs was established. It was shown that
if the firm manages to maintain satisfaction among customers, not offering a loyalty
reward is optimal from the profitability perspective. However, if the firm decides not to
implement a loyalty program and customers experience dissatisfaction with their purchase
in early periods, the firm will obtain suboptimal revenue. It was also seen that by offering
a loyalty reward, the firm must increase the first period price proportional to the reward

value and to the degree to which customers intend to return in the second period.
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Chapter 4
The Effect of Customer Satisfaction on Loyalty

Programs’ Profitability: Probabilistic Satisfaction

4.1 Introduction

As discussed in Chapter 2, previous analytical studies on loyalty programs have not
considered the customers’ purchase experience as a factor in their decision to buy. This
indicates the implicit assumption that customers always return to the firm with the same
valuation for the product being offered, no matter whether they are satisfied or
dissatisfied with their past purchases. In Chapter 3, a model was developed to evaluate
the effect of customer satisfaction level on a loyalty programs’ profitability. Customer
satisfaction was captured by the shift in customers’ valuation for the product through two
periods, which was denoted by 6. In Chapter 3, 6 was treated as a parameter. In this

chapter, the analysis is extended by incorporating the satisfaction level as a random
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variable. The objective of this study is to evaluate how introducing a random satisfaction
level affects the framework of the findings in Chapter 3.

Similar to the previous chapter, to capture the uncertainty in customers’ preferences,
the customers’ valuation is incorporated into the model as a random variable. Specifically,
it is assumed that customers’ valuation for the product is normally distributed.

The objective of the model is to maximize the firm’s expected revenue function in
terms of its decision variables. The model is formulated as a stochastic programming
problem with a nonlinear non-convex objective function, which must be solved in terms of
three parameters. Here, the Matlab”s interior-point algorithm is employed to find the
local optimums. More specifically, the model is solved for some pre-determined sets of
parameter values. Subsequently, the functional form of the optimal solution will be
derived by analyzing the relationship between optimal solutions and the corresponding
parameters’ values. To ensure the obtained optimums are global maxima, the multi-start
procedure of Ugray et al. (2007) is applied.

The results reveal remarkable insights into the effectiveness of loyalty programs. It will
be shown that, depending on the mean and variance of customers’ satisfaction levels, the
firm may be better off not to offer a loyalty reward. More specifically, the firm will
maximize its revenue if it maintains a positive satisfaction level among customers with a
variance less than a certain threshold. Moreover, it will be observed that the optimal
prices increase with the loyalty reward and the customers’ intentions to repurchase the

product.
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The rest of this chapter is organized as follows: The model is formulated in Section 4.2.
Section 4.3 describes the procedure to solve the model. The obtained results are discussed

in Section 4.4. Section 4.5 concludes the chapter with a summary of findings.

4.2 Model Formulation

Similar to the model developed in Section 3.2, the model consists of a revenue-maximizing
firm selling a good or service through two periods. The firm pre-commits to the price of
the product in each period (i.e., p; and p,) and the loyalty reward (i.e., r). Customers
earn the loyalty reward if they make purchases in both periods. The reward is offered in
the form of an absolute value in the second period. The objective is to maximize the firm’s
total revenue in terms of its decision variables, that is, p,, p, and .

Customers’ decision-making is modeled using the surplus they obtain from their
purchases. The surplus is the difference between a customer’s valuation for the product
and the amount he/she must pay to buy it. If a customer gets a nonnegative surplus,
he/she will make a purchase.

The surplus from the purchase in period 1 (5)), can be expressed as the sum of two
terms: the surplus resulting from buying in the first period and the expected surplus from
the purchase in the second period, that is,

Sy = —pal +vlvy — (p2 — 7)), (4.1)
where v; denotes the customer’s valuation in the first period and y denotes the probability

of a first-period buyer to repatronize the firm in the second period. Thus, y represents the
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buyer’s intention to return to the firm in period 2. As stated before, this is to capture the
effect of customers who sign up for the loyalty program, but fail to show up in the next
period, mainly because of a low consumption rate. y will be treated as a parameter in the
model. Similar to the earlier models, the discount factor is assumed to be one.

Customers may differ in their valuations, but it is assumed that they have enough
information to determine the product’s utility. The firm, on the other hand, is unaware of
each individual’s valuation; however, the aggregate-level valuation distribution is known
to the firm. Here, the specific, but commonly studied, case is considered where v; is
normally distributed.

As mentioned above, a customer buys if he/she earns a nonnegative surplus from the
purchase. Assuming that v; is normalized to follow a standard normal distribution', from

Equation (4.1), one can find the probability of a customer making a purchase as follows:

(4.2)

p1+y(py—71)
I,=Pr(S; >0)=1—-|—"= 7|
1 r(S; ) < T+y )

where ®(.) denotes the standard normal CDF.

1 — II; fraction of customers who have not accepted the offer in the first period exit the
firm’s market. y fraction of buyers, on the other hand, proceed to the second period. Since
these customers have made a purchase in period 1, they are eligible for the loyalty reward.
Thus, the first-period buyers should pay p, — r for the product in period 2. Subsequently,

a customer’s surplus from buying a unit of the product in period 2 is:

S;=v,—(p2—1) (4.3)

"' p;, py, rand 0 must be normalized with the same factor used to normalize v;.
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where vy is the customer’s valuation for the product in period 2.

Similar to Chapter 3, here v, is neither equal to nor independent from v;. To model this
dependency, it is assumed that v, = v; + 0, where 0 represents the shift in each individual
customer’s valuation. Essentially, 6 serves as the customer’s satisfaction level with the
purchase in period 1. A negative 6 signifies dissatisfaction with the product itself and/or
with the firm’s quality of service. A positive 8, on the contrary, indicates that the
customer has been satisfied with the past purchase..

Here, variability in customers’ satisfaction levels is allowed. In other words, it is
assumed that customers’ satisfaction may vary independently from their initial valuation.
Specifically, it is assumed that, at the aggregate level, 6 is normally distributed with
parameters (us,os). Since v; and 0 are added up to form wv,, they must have been
normalized with the same factor. Thus, without loss of generality, it is assumed that
(1, and oy are obtained by normalizing the satisfaction level with the same factor used to
normalize v;.

There are many endogenous and exogenous factors influencing customers’ perceived
satisfaction. As a result, it is not plausible to assume p,and oy are primarily known to the
firm. So, p and o, are modeled as parameters, and through a sensitivity analysis, the
effect of these parameters on the performance of loyalty programs is evaluated.

A customer in the second period makes a purchase if S; = 0. Since vy, = v; + 0, v; and
vy are clearly dependent, and thus, so are S; and S,. Hence, a customer’s probability of
earning a nonnegative surplus in the second period is conditioned on the fact that his/her

surplus has been nonnegative in the first period. That is,
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M, =Pr(S; 20]S; =0), (4.4)
where II, is the probability of making a purchase in period 2. Substituting .S; and S, from

equations (4.1) and (4.3) into the above expression and rearranging them, it follows that:

Pty —1)
I, =P = py — =z—). 4.5
2 1"<V2 Pz =71 T+y > (4.5)
Applying conditional probability theory, the above equation can be rewritten as:
Pr( SPiT VP21 +{/S?;_r) vy =Py —r)
Pr( Sshit Yy, — 7"))
1+y

In order to find the explicit expression of II, as a function of the model variables and
parameters, one must find the joint distribution of v; and wvy. In Appendix 4, it is shown
that v; and v, follow a bivariate normal distribution with the following mean vector and

covariance matrix:

0 1 1
M = [Iis] and X = [1 14 052]. (4.7)
The resulting pdf can be found as:
1 (1 + 05 ) (VZ - .us)2 2Vl(VZ - .us)
= - . 4.8
forw, (V1 V2) 210y eXp < 2052 <V1 + 1+ 02 1+ a2 (48)

Now, based on the above pdf, IT, in Equation (4.6) can be restated as:

Ly, oty o=1) foro, (V1. V) V1V,
1+y
flz = : (4.9)
1-® (M)
1+y

As mentioned earlier, II, denotes the probability of a first-period buyer to repurchase
in the second period.
The market size in the first period is normalized to one. Similar to the model

formulated in Section 3.2, it is assumed that a group of light users joins the firm’s market
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in the second period with the size of (1 — y). This assumption is mainly made to avoid
market expansion or contraction due to customers’ consumption rate affecting the results
(Singh et al. 2008). Light users are one-time buyers, so they do not take the loyalty
reward into account. Thus, their surplus from making a purchase is:
53 = v} — pa. (4.10)
vh is the light-users’ valuation for the product. It is reasonable to assume v follows the
same distribution as v;, since light users are similar to customers in period 1 in the sense
that they have not yet experienced the product. So, a light-user makes a purchase with
the probability of:
M =Pr(s}=0)=1-d(py), (4.11)
Now, one can formulate the firm’s expected revenue function based on the customers’
probabilities of buying the product in each period, as follows:
R =piIly +y(p, — )L IT, + (1 — y)p, 115, (4.12)
R is a function of the firm’s decision variables (i.e., p;, p, and r) and the model
parameters (i.e., v, [, and o,). The purpose is to maximize the revenue function with
respect to the decision variables. The optimal solution is expected to depend on the
parameters. Such a solution yields valuable insights into how customers’ satisfaction
influences the optimal structure of a loyalty program. The optimization is, of course,
subject to the non-negativity of the prices and reward. Moreover, the offered reward

cannot exceed the product price in period 2. The resulting maximization problem is:
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maximize R =
P1,02,7

p1tyv(py—1)
P1 (1 - o <T>> +

(o] (o] 2 _ 2 _
s _r){ f f 1 exp (_ (1+_;fs) (Vf N (V2 —us)* 2K, m))) av, de\ N

210, 207 1+ a2 1+ a2
p2—T P1+Y(pp—7)
1+y
(1 —p)p2(1 - @(py)) (4.13)
Subject to:
T =P (4.13a)
p1, p2andr =0 (4.13D)

4.3 Results

The revenue function in Equation (3.13) is highly nonlinear. This can be evaluated using
the eigenvalues of its Hessian matrix. Evaluating the eigenvalues of its Hessian matrix, it
can be seen that R is not a concave function. In more detail, there are some points at
which some eigenvalues of the Hessian of R are positive. Hence, it can be inferred that the
Hessian of R is not a negative semidefinite matrix, and thus, R is not a concave function.
This conclusion holds based on the fact that a function is concave if and only if its
Hessian matrix is negative semidefinite. Moreover, a symmetric matrix is negative
semidefinite if and only if all its eigenvalues are non-positive (Searle 1982, p.309).
Therefore, since the Hessian is a symmetric matrix, a positive eigenvalue violates the
concavity condition. For instance given p, = 1.5, p, = 1.5, r =1, y = 0.5, p = 1,0,= 1,

the Hessian matrix is

—0.09 —0.04 0.04
—-0.04 —0.01 0.03]. (4.14)
0.04 0.03 —0.03

s
I
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Eigenvalues of the above matrix are
{—0.12,—0.01,0.01}. (4.15)

As can be seen, two eigenvalues are negative and one is positive. This example shows
that R is not generally a concave (nor a convex) function. As a result, standard
optimization algorithms are not guaranteed to converge to the global optimum. To
overcome this challenge, first the Matlab™s interior-point algorithm is employed to find
the local maxima. Subsequently, a global search method will be invoked to investigate if
any better solutions exist.

As mentioned earlier, the optimal solution will be a function of the parameters, ¥y, 1,
and o,. In order to derive the optimum in terms of the parameters, the model is solved for
pre-determined sets of parameters’ values. Then, the function is extracted by evaluating
the relationship between the obtained optimums and the corresponding values of
parameters. More specifically, ten values in the range |0, 1|, ten points in the range [-2, 2]
and five values in the interval [0.1, 2| are chosen for v, (1, and oy, respectively. The values
are all equally spaced in their respective ranges. Next, the model should be solved for all
500 combinations of parameter values. To illustrate it, some of the solutions obtained
from the interior-point algorithm are presented in Table 4.1. Evaluating the relationship
between the optimal values of the decision variables (i.e., pf , p; and r*) and the
parameters’ values, it can be seen that:

pi=yr +075 (4.16)

p2 = 0.75 (4.17)

47



Table 4.1: Results of the interior point algorithm*

* * * *

My Os Y by Dy r R
-1 0.1 0.1 0.83 0.75 0.75 0.34
-1 0.1 0.9 1.43 0.75 0.75 0.34
-1 0.3 0.1 0.83 0.75 0.75 0.34
-1 0.3 0.9 1.43 0.75 0.75 0.34
-0.5 0.1 0.1 0.83 0.75 0.75 0.34
-0.5 0.1 0.9 1.43 0.75 0.75 0.34
-0.5 0.3 0.1 0.83 0.75 0.75 0.34
-0.5 0.3 0.9 1.43 0.75 0.75 0.34
-0.2 0.1 0.1 0.81 0.75 0.64 0.34
-0.2 0.1 0.9 1.36 0.75 0.67 0.34
-0.2 0.3 0.1 0.83 0.75 0.75 0.34
-0.2 0.3 0.9 1.43 0.75 0.75 0.34
0 0.1 0.1 0.80 0.75 0.48 0.34
0 0.1 0.9 1.21 0.75 0.51 0.34
0 0.3 0.1 0.83 0.75 0.75 0.34
0 0.3 0.9 1.43 0.75 0.75 0.34
0.2 0.1 0.1 0.79 0.75 0.38 0.34
0.2 0.1 0.9 1.09 0.75 0.38 0.34
0.2 0.3 0.1 0.83 0.75 0.75 0.34
0.2 0.3 0.9 1.43 0.75 0.75 0.34
0.5 0.1 0.1 0.79 0.75 0.38 0.34
0.5 0.1 0.9 1.09 0.75 0.38 0.34
0.5 0.3 0.1 0.82 0.75 0.74 0.34
0.5 0.3 0.9 1.42 0.75 0.75 0.34
1 0.1 0.1 0.79 0.75 0.38 0.34
1 0.1 0.9 1.09 0.75 0.38 0.34
1 0.3 0.1 0.80 0.75 0.46 0.34
1 0.3 0.9 1.25 0.75 0.56 0.34

" Values are calculated to 15 decimal places, but for simplicity they are displayed
with two decimals.

Note that p = 0.75 is, in fact, the revenue-optimizing price in a single-period pricing
problem where customers’ valuation follows the standard normal distribution. This
solution shows that under optimal conditions, p, is set to maximize the revenue from the

light users. On the other hand, pf increases with the offered reward and the customers’
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level of intention to rebuy the product. Moreover, as discussed in the previous chapter, if
the firm precisely estimates the distribution of o, it will able to adjust p,, p, and r so that
it obtains the optimal total revenue (i.e., R = 0.34). Since estimating the true
distribution of & is practically impossible, the firm may obtain suboptimal revenues.

From the obtained optimal solutions, it can be inferred that r', the optimal reward
value, depends on v, p and o, In order to derive 7" in terms of parameters, one can
substitute pf and p; from equations (4.16) and (4.17) into the original model (Equation

(4.13)), and find the maximum with respect to r. The resulting optimization model is:
maximize R, =

0.2261(yr + 0.75) +

([ 1 (1 +02) WV, —u)? 2Vi(Vy — i)
0.75 — - V2 - dv,dv.
v ) ( f J 210, exp ( 202 ot 1402 1402 147z | ¥

0.75-1 0.75
0.2261 (4.18)
Subject to:
0<r 0.75 (4.18a)

Figure 4.1 illustrates R, in the above model versus r for some specific values of ¥y, 1,
and o,. Based on the Constraint (4.18a), the domain of R, is restricted to r € [0,0.75].
From this figure, it can be seen that r= p; = 0.75 is the revenue-maximizing reward. This
conclusion can be verified by substituting "= 0.75 into the revenue function in Equation
(4.18) which yields R = 0.34. However, depending on the parameters’ values, lower
rewards may also lead to the maximum revenue. That is, there might be an optimal range

of reward values. For example, Figure 4.1(a) shows that when pu =0.2, y=0.9and

o,= 0.1, roughly any r in the range [0,0.75] is optimal. Note that, based on Equation
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(4.16), pf increases with . That is, the price of the product in period 1 must be adjusted

based on the reward in the
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Figure 4.1: R, versus r for different values of parameters
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values, the model may yield alternate optimal solutions. The implications of this
conclusion in terms of each parameter will be discussed in the next section.

In summary, the optimal solution to the model in Equation (4.13) can be formulated as

pi yr*+0.75
(p;) = ( 0.75 ) (4.19)
r vr € [p;, 0.75]

where p, is the lower bound of the optimal loyalty reward. p, depends on vy, p, and o

follows:

This relationship will be addressed later and it will be shown that p, ranges from 0 to
0.75. The solution in Equation (4.19) yields R" = 0.34 which can be used as a basis to
verify whether it is a global optimum. More specifically, one can employ the multi-start
procedure proposed by Ugray et al. (2007) to check if any better solution exists. The
result of this analysis for some certain values of parameters is presented in Table 4.2,

which indicates that the solution in Equation (4.19) can be the global maximum.

Table 4.2: Results of the global search algorithm

i, o, Y P, P, r’ R
02 01 0.1 0.83 0.75 0.75 0.34
02 01 0.9 1.43 0.75 0.75 0.34
02 03 0.1 0.83 0.75 0.75 0.34
02 03 0.9 1.43 0.75 0.75 0.34

0 0.1 0.1 0.83 0.75 0.75 0.34

0 0.1 0.9 1.43 0.75 0.75 0.34

0 0.3 0.1 0.83 0.75 0.75 0.34

0 0.3 0.9 1.43 0.75 0.75 0.34
0.2 0.1 0.1 0.83 0.75 0.75 0.34
0.2 0.1 0.9 1.43 0.75 0.75 0.34
0.2 0.3 0.1 0.83 0.75 0.75 0.34
0.2 0.3 0.9 1.43 0.75 0.75 0.34
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4.4 Discussion

The effect of each parameter on the optimal reward can be analyzed using Figure 4.1.

Figure 4.1(a) illustrates how the mean of customers’ satisfaction level, 1, affects the
optimal reward value. From this figure, it can be inferred that p, decreases as /1, increases.
That is, as the average of the individuals’ satisfaction levels increase, a broader range of
reward values becomes optimal. For example for p,=—0.2 (which implies an overall
dissatisfaction with the purchase in the first period), the optimal range of reward is
approximately [0.4,0.75], while for g =0 this range is [0.2,0.75]. Figure 4.1(b) shows that
this conclusion is still valid at a different level of o,.

By comparing Figure 4.1(a) and Figure 4.1(b), it can be seen that a higher variability
in customers’ satisfaction level results in a higher p, That is, p, increases with o,. This
fact is also evident from Figure 4.1(c) which displays the revenue function versus reward
for three different o, values. The top curve in this figure, which belongs to o,= 0.1,
converges faster to the maximum revenue of 0.34 when compared to the revenue functions
for o,=0.3 and o,=0.5. This leads to a wider range of optimal rewards when o, = 0.1
compared to the other two cases. Figure 4.1(d) demonstrates that this conclusion is true
when p = 0.2.

The effect of y on the optimal range of r can be evaluated using Figure 4.1(e) and
Figure 4.1(f). As can be seen, revenue functions on Figure 4.1(e) reach the maximum level
nearly at the same r value. This indicates that y does not have a significant effect on p,.

Figure 4.1(f) illustrates that this result holds at a different level of u..
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Hence, p, decreases with pand increases with o while it remains nearly constant at
different levels of y. This implies that, regardless of the customers’ repurchase intentions,
the firm will benefit from a broader range of optimal loyalty reward values if it manages
to monotonically increase satisfaction among customers. This is because [p,,0.75] is the
optimal range of the loyalty rewards and lower p, results in a wider range.

Moreover, the top curve in Figure 4.1(a) suggests that p, can be equal to zero. p,=0
signifies the optimal reward range of [0, 0.75], which includes the particular point r'=0.
Thus, if there exists p, = 0, the firm will achieve the maximum revenue even if it does not
offer any reward to loyal customers. In fact, r= 0 generates a higher profit compared to
other r values in the optimal range. This is because, by not offering loyalty rewards, the
firm will not incur the fixed expenses associated with adopting a loyalty program.

In order to investigate the existence of p, = 0, one can examine whether r= (0 generates
the optimal revenue (R*: 0.34) at different levels of u_and o,. Here, one can exploit the
fact that p, increases with o, As a result, at any given p_level, if a very small o, value
does not lead to p, =0, it can be inferred that p, >0 at that level of u_ (the reason for
considering a very small o, is that o, cannot be equal to zero). Algorithm 4.1 summarizes
the procedure to perform this analysis. Following this procedure an interesting result was
obtained. When p =0 and o, = 0.1x107%, regardless of v, p;= 0. This implies that if the
firm maintains satisfaction among customers with a low variation in the satisfaction
levels, not offering a loyalty reward is optimal. On the other hand, when p, <0, r=01is

not an optimal reward value. So, it can be deduced that when p <0, p,> 0.
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Algorithm 4.1: To determine whether there exists p, = 0

0, =0.1x 1072
for y = 0.1 to 0.9 step 0.1 do

for [, = =2 to 2 step 0.1 do
Substitute r = 0 and v, [t and o values into the revenue function in Equation (4.18)

if R <R = 0.34 then p, # O else p,= 0

For a given p_value, it is also useful to find the maximum o that yields p,= 0. Such a

o, value is an upper bound for o, denoted by &, below which r= 0 is optimal. Thus, at a

given p_level, if the standard deviation of customers’ satisfaction levels turns out to be

less than &, the firm is able to gain the optimal revenue without adopting a loyalty
program.

As mentioned earlier, when 1, <0, p,>0. Consequently, for 1, <0, 6,= 0. In order to
compute Jy for a given nonnegative u, one can gradually increase o, until 7= 0 results in

a suboptimal revenue (R < 0.34) in Equation (4.18). &, will then be the greatest o, that

yields the optimal revenue. One can explore the relationship between [t and &, by finding
os; at some certain p_ levels. The detailed procedure is presented in Algorithm 4.2.
Figure 4.2 illustrates the resulting & values versus u . As can be seen, &, linearly increases
with p . Least-square regression lines (with R* = 1), as shown in Figure 4.3, possess a zero

y-intercept and a slope of approximately 0.13. In accordance with the previous findings,

this figure indicates that y has a negligible effect on &,.
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Algorithm 4.2: To compute &, for u =0

0, =0.1x 1072
for y = 0.1 to 0.9 step 0.4 do
for p, = 0 to 2 step 0.05 do
Substitute r = 0 and vy, 1 and oy values into the revenue function in Equation (4.18)
if R <R = 0.34, then &, = 0, — 0.10x10™" and break,

else 0, = 0,4+ 0.10x107*
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Figure 4.2: u_versus &; for different y values

This analysis reinforces the conclusion that a higher average satisfaction level leads to a
broader range of o, for which not offering a loyalty reward is optimal. Specifically, when

the average of customers’ satisfaction/dissatisfaction levels turns out to be positive and
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Figure 4.3: &; as a function of p_ for different y levels

coefficient of variation of satisfaction levels (o, /1 ) is less than 0.13, r=0 is optimal. As
a result, under the mentioned conditions, the firm is better off to stick to the lower price
strategy instead of adopting a loyalty program (based on the optimal solution in Equation

(4.19), the price in period 1 decreases as the loyalty reward decreases).

4.5 Summary and Conclusion

In this chapter, an analytical model was developed to evaluate the profitability of loyalty
programs. The model consists of a revenue-maximizing firm selling a good or service
through two periods. Customers earn a loyalty reward in the form of an absolute discount
on the product in the second period if they purchase in both periods. Customers who

reject the offer in the first period will leave the firm’s market. Those who buy in period 1
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may also leave the market with a certain probability denoted by y. y, in fact, represents
customers’ intention to rebuy the product. The value of y depends on different factors like
the product category and the overall consumption level. y is incorporated as a parameter
in the model.

One of the features of the model is that customers’ satisfaction level is incorporated as
a factor in their decision making in the second period. The satisfaction level is modeled as
a normally distributed random variable which is summed up with the customers’
valuation in period 1 to form their valuation in period 2. The mean and standard
deviation of the satisfaction level are modeled as parameters. Customers’ valuation in the
first period is assumed to follow the standard normal distribution. Thus, this model
captures the uncertainty in customers’ preferences as well as in buyers’ perceived quality.

The objective of the model is to maximize the firm’s revenue in terms of its decision
variables, that is, the price of the product in the first and second period and the loyalty
reward amount. As mentioned above, the model consists of three parameters on which the
optimal solution depends. To derive the optimal solution in terms of parameters, the
model was solved for some pre-specified values of parameters. Subsequently, by evaluating
the obtained results, the optimal solution was formulated as a function of parameters.

The obtained results yielded useful insights into the profitability of loyalty programs.
Specifically, it was observed that under certain conditions the firm may obtain the
maximum revenue without adopting a loyalty program. These conditions refer to the
mean and variance of customers’ satisfaction levels. Particularly, if the mean of

satisfaction levels turns out to be positive with a standard deviation less than a certain
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threshold, not offering reward yields the optimal revenue. Thus, if the firm homogenously
maintains satisfaction among all customers, it is optimal not to offer a loyalty reward. It
was shown that the so-called standard deviation threshold linearly increases with average
satisfaction level.

Moreover, consistent with previous analytical studies (e.g., Kim et al. 2001), it was
shown that the optimal price in period 1 generally increases with loyalty reward. The
increased price, in fact, offsets the reward cost. It was also observed that the price in
period 1 increases as customers’ intention to repurchase (i.e., y) rises. This is also an
intuitive finding, because the higher the y, the larger the number of customers who earn
the loyalty reward. Thus, the firm must charge higher prices to offset this increased
expense. Note that the customers will still be willing to pay higher prices in order to

become eligible for the loyalty reward.
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Chapter 5

Effectiveness of Multitier Reward Structures

5.1 Introduction

As stated in Chapter 2, previous studies show that the effectiveness of loyalty programs is
contingent upon the program’s design (Kivetz & Simonson 2002; Roehm et al. 2002; Yi &
Jeon 2003). Reward structure is known as one of the two dimensions of loyalty programs’
design (Kumar & Reinartz 2006, p.172). Therefore, reward structure is one of the key
drivers of loyalty programs’ effectiveness. This chapter seeks to shed light on the
effectiveness of a particular type of reward structure known as the multitier reward
scheme. In a multitier reward structure, the amount of reward per dollar depends on some
kind of a measure of customers’ past purchase behavior. Examples of such a measure are
cumulative spending level, accumulated points balance, or purchase frequency.

As an example, a multitier reward structure is depicted in Figure 5.1. As can be seen,

the reward rate in this structure is not constant and it is a non-decreasing stepwise
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function of points balance. Therefore, customers’ reward of loyalty increases as they
progress through point levels. Consequently, customers have an incentive to remain loyal
to the firm, because they become qualified for higher reward levels. At the same time, the
firm benefits from customers’ “lock-in” due to their higher switching costs at higher tiers.

As discussed in Chapter 2, despite the ubiquity of multitier reward schemes in practice,
they have remained largely underexplored in the OR/Marketing literature. In this
chapter, a mathematical model is developed to address this gap in the literature.
Specifically, a two-tier loyalty reward scheme is modeled and analyzed in which customers
earn rewards based on their purchase frequency. That is, the reward for loyalty is not
equal for all frequent buyers and customers with higher repatronage rates gain higher
reward values. Similar to the models presented in Chapters 3 and 4, the customers’
valuation is incorporated as a random variable.

Findings are based on comparative analyses. The profitability of a firm that adopts the
multitier reward scheme is compared with two other cases: the case without a loyalty

program and the case with constant reward value, that is, single-tier reward scheme. Also,

Points Required 100% Reward Value

7,000 10
15,000 525
30,000 b
40,000 574
75,000 $150

Figure 5.1: An example of multitier reward structures
(adopted from Shopper’s Optimum Rewards Program®
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the efficacies of multitier and single-tier reward schemes in motivating customers to
repurchase at the firm are compared. Results show that a multitier scheme, compared to a
single-tier scheme, is more profitable and also more effective in driving repeat purchase.
The rest of this chapter is structured as follows. Section 5.2 describes the model.
Section 5.3 focuses on solving the model. Section 5.4 presents the comparative analysis.

Section 5.5 concludes with a summary of the findings.

5.2 Model Formulation

In order to examine the effectiveness of a multitier reward scheme, a firm’s problem of
selling a product in a three-period model is studied. Customers who purchase in two
periods receive the loyalty reward of r; and those who remain loyal from the first period
to the third period gain the loyalty reward of r,. Thus, r; is the reward for showing repeat
purchase behavior over any two periods and 7 is the reward for being loyal over all three
periods. In contrast to single-tier reward schemes, here r; and r, are not necessarily equal.

It is assumed that the market consists of two segments: light user and heavy user.
Heavy users are potential customers of each single period and thus their decision to buy is
affected by the loyalty program. However, light users purchase only in one period.
Therefore, they do not bother about loyalty program and decide solely based on the
offered price in the current period, that is, p, (i =1, 2, 3).

Similar to Singh et al. (2008), a market of unit size is assumed in each period to ensure

that the firm’s profit is not affected by market contraction or expansion and only depends
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on the firm’s decision variables, that is, price of product in each period, p. (i = 1, 2, 3),
and reward values, r; (j = 1, 2). The size of each market segment is modeled through the
parameter @, which is defined as the size of heavy-user segment in each period. Thus,
(1 = 0) fraction of customers in each period are light users. Heavy users patronize the firm
in each period and if the offer yields them a nonnegative surplus, they make a purchase at
the firm. Otherwise, they will satisfy their demand from other sellers in the market. Light
users, on the other hand, leave the market after a given period. In the subsequent period,
a new group of light users with size (1 —#6) joins the market to preserve the unit-size
assumption. Customer flow through three periods is depicted in Figure 5.2. 6 is assumed
to be exogenous, implying that the firm does not have control over the size of customer
segments.

As mentioned above, customers’ decision to buy in each period is based on the surplus
they get from their purchase. Surplus is the difference between what the customer is
willing to pay for a unit of product and the amount he/she actually has to pay for it. If

the offer gives the customer a nonnegative surplus, he/she buys one unit of the product.

Heavy users Light users

|f3| <1—9K:%>
v

| ; ==
4

< 1-0 Ké?

Figure 5.2: Customers’ flow diagram

Period 3 | Period 2 | Period 1
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Customers’ valuation is modeled as a random variable and is assumed to be uniformly
distributed and normalized to the range [0,1]. The amount of money a customer pays is
generally a function of both offered prices and loyalty rewards. However, it is different
over market segments; light users are one-time buyers and as a result, they do not take
the loyalty reward into account. Thus, light-users’ utility derived from a unit of the

product purchased for price p, is:

St=vi-p =123, (5.1)
where o} (i = 1, 2, 3) is the light-users’ valuation in period i and p,(1=1,2,3) is the
price offered by the firm in period .

WWs are assumed to be ii.d uniform random variables between zero and one. Thus,

probability of a light user making a purchase in period i is:

1-— Di, 0< Di <1
nf =pr(st=0) = i=1,2,3. (5.2)

Heavy users are assumed to be forward-looking in the sense that they consider future
prices and potential rewards in their decision to buy. Namely, a heavy user will buy if the
sum of current period surplus and surpluses from buying in subsequent periods results in a
nonnegative value. Particularly, for a heavy user in period 1, the net surplus is given by

St =81+ S, + 83 =[vf = p] + [v1 = (2 — )] + [vf = (3 — 1)), (5.3)
where v/ is the heavy users’ valuation for the product in period 1. Thus, probability of a

heavy user making a purchase in period 1 is:
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0,

(
n{l:m(ﬁlzo):{
| > 1

Note that b >0, because p, =0 (i=1,2,3), py=m and p; = . The last

Z:ij=1 p¢_2§=1

3
two conditions hold because, clearly, the loyalty reward would not exceed the offered price
in the second and third periods.

Similarly, one can find the probability that a heavy user makes a purchase in period 2.
However, surplus in this case depends on the customer’s decision in the previous period.
For those heavy users who have already made a purchase in period 1, surplus from getting
a product in period 2 is:

@®
S =8+ 83 = v} — (02 — )| + [v7 — (ps —12)]. (5.5)
. S . (1)
The superscript k£ in S; “indicates the past purchase history. Here, S; = denotes the

surplus of buying in period 2 for heavy users who have made a purchase in period 1.
Those heavy users who have failed to buy in period 1 (k= 2) gain the surplus of:
e
Sy = S;+85; = [Uél - Pz] + [U? —(ps — T1)]- (5.6)
) el .. 7 (k) ) ) n(k)
Corresponding probabilities are (Similar to S; °, superscript k in II; = is the purchase
history index ):

3 2
1 i=2Pi = Xj=1Tj

( P2 Di — 212'=1rj
@ = pr(sp? 2 0) = { 2
\

0< <1

- 2
i3=2 bi — 212'=1 r]
2

(5.7)

0, >1

and
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n(2) _ n(2 _
n® = pr(sh® > 0) = S op—r (5.8)
lo, ST >

Heavy users’ surplus in period 3 depends on their previous purchase history. There are
three possibilities: buying in both first and second periods (k= 1), buying only in one of
the periods (k= 2) and failing to buy in either period (k= 3). If two-period buyers repeat
their purchase in period 3, they receive a loyalty reward of ry. Thus, their surplus from
buying in period 3 is:

sEY = vk — ;= 1,). (5.9)
Consequently, the probability of making a purchase equals:

1-(p3—1), 0=<p3—1r,=<1
(5.10)

iy = pr(st® 2 0) = .
0, p3—1r,>1

Heavy users who have bought one unit up to the end of period 2 would get a reward of
r; by making a purchase in period 3. Thus, their probability of making a purchase is:
@ —(s—m) 0<p3—n <1
oy = : (5.11)
0, p3—1>1
Finally, heavy users who have failed to make any purchase until period 3 buy with the
probability of:
1-ps, 0<ps=1
m® = . (5.12)
0, p; > 1

The purpose is to find values of p. (i=1,2,3) and r;(j = 1, 2) that maximize the
firm’s revenue. In order to formulate the firm’s optimization problem, the expected

revenue in each period must be found.

65



Table 5.1: Firm’s revenue in each period

Purchase history”
Period 1  Period 2

Period  Customer type Probability of making a purchase Firm’s revenue

1 Heavy-user - - oy p1
1 Light-user - - 1-o)m p1
2 Heavy-user B - 917{‘1751(1) p2—1n
2 Heavy-user F - 9(1 — 17{1)1751(2) p2
2 Light-user - - (1-6)} D2
3 Heavy-user B B 917{‘1751(1)1'[?(1) p3— 13
3 Heavy-user F B 6(1— H{‘)Hﬁl(z)ﬂg(z) Pz —n
3 Heavy-user B F 917{1 (1 - Hh(l)) Hh(Z) ps—n
3 Heavy-user F F 9(1 — 113 ) ( h(Z)) m® p3
3 Light-user - - CRXNE P3

"B: Bought a unit of product, F: Failed to buy

Table 5.1 summarizes revenues from different types of customers and corresponding
probabilities in each period. Probabilities are derived based on the assumption that
customers’ valuation in each period is independent of their valuation in previous period(s),
that is, v/’s (i=1, 2, 3) are independent. Based on Table 5.1, the total three-period

revenue function is as follows:

R = [Revenue in period 1] + [Revenue in period 2] + [Revenue in period 3] =

[6mfp, + (1 —0)Tip | +

(€Y) (2)

[GH{LHh (py — 1) + 9(1 - H{’)H? p2+ (1 - Q)Hépz] +
(1) (1) (2) (2)

[917 (p3—1m2) + 9(1 — I )H? (p3—m) +

oy (1- V)1 ® (py — ) + 6(1 - 1) (1 - 2P ) 1} Py + (1 - )1tk (5.13)
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5.3 Solving the Model

At any given value of 8, the optimal value of the firm’s total revenue is obtained by

solving the following NLP:

R = i, ° 514
Subject to:
P, =1 (5.14a)
p3=n (5.14b)
p3 =T, (5.14c)
pi20(@=123) (5.14d)
7 =03 =12) (5.14d)

Note that Hﬁ»’s and H?’s are piecewise functions. Consequently, the objective function

depends on values of the firm’s decision variables. Since there are eight different piecewise

2 (DAC)

) i

functions (in fact, there are 9 probability functions, namely H]f, I, Hg , Hg

®3) 3)

Hg , Hi, Hé and Hé, however, one can see that H§ = Hé, which leaves eight unequal
functions) each with two possible values, there exist 2% =256 NLP’s with different
objective functions and sets of constraints. As an example, one of the combinations with
corresponding NLP model is presented in Appendix 5. Some of the combinations may
result in conflicting constraints, and hence lead to an infeasible problem. Each model must
be solved at given values of 6 over the range of [0,1]. After finding R; (k=1,..., 256), they

must be compared to obtain the global maximum. Optimal total revenues versus 6 are

shown in Figure 5.3. Each R; curve is obtained by solving the corresponding NLP at 100
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equally spaced 6 values between 0 and 1. This figure shows that Rf yields the highest
revenue when 6 < 0.6, and R§5 dominates other optimal revenues when 6> 0.6 (the
subscript of R only denotes a combination number and following the order by which the
possible values of piecewise functions were changed, the 65" combination is the one which
results in highest revenue for 6 > 0.6).

R, is, in fact, the total revenue function associated with the following set of

constraints:

3 2 3 2
{Zi=1pi;2j=1rj < LZi:ZPi;ijlrj < LZ?:zI;i N 1

p3—r<lLps—-n<Lp<1(= 1,2,3)} (5.15)

Rgs5, however, is the revenue function resulting from the same constraints as above with
the exception that p, = 1.

Optimal values of p, (i=1, 2, 3) and r; (j = 1, 2) versus 6 are shown in Figure 5.4. As

can be seen, all optimal values are discontinuous at & = 0.6. This is because optimums are

derived from different models in the vicinity of this point. For 8 < 0.6, optimal prices and

rewards are obtained from Rf , while for 8 > 0.6, they result from Rg5.

1.4

12

w |

0.6 E

*
R65

1,..256)

Ri(k =

0.4} 5

021 N

Figure 5.3: Optimal total revenues versus 6
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Figure 5.4: Optimal values of (a) p,, p, and p, and (b) ry and ry

Figure 5.4(a) shows that p, = p, = p, over the whole range of 6. This finding is
intuitive, because the firm charges higher prices in the current period by making the
promise of lower prices and higher rewards in subsequent period(s). Furthermore, from
Figure 5.4(b) it is evident that 7, > 7, which is consistent with real world multitier
reward scheme practices in which loyal customers get higher benefits as they buy more

often.

5.4 Comparative Analysis

In this section, the profitability of a multitier reward scheme is compared with that of two
other cases: the case without a loyalty program and the case in which loyalty rewards are
equal regardless of the number of periods in which a customer has made a purchase, that

is, the single-tier reward scheme. These comparisons provide a benchmark to evaluate the
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effectiveness of a multitier reward system. First, the case without a loyalty program is

evaluated.

5.4.1 Comparison with the Case without a Loyalty Program

Eliminating the loyalty reward program implies that r; = r, = 0. Substituting r = =0

in Equation (5.14), the following optimal prices are obtained:

3(502 + —400 + 48)
2(1063 + 3162 — 1680 + 144) ’
3(50 — 6)(6 — 4)

‘= : 5.17
P2 = (1085 + 3162 — 1680 + 144) (5.17)

(5.16)

pi =

3(50 — 6)(30 — 4)
(1003 + 3102 — 1680 + 144)

ps = (5.18)

The optimal p/'s versus @ are plotted in Figure 5.5(a). As can be seen at 6 = 0,
pf = p; = pg = 0.5. This result is consistent with results of the simple dynamic pricing
problem when customers are myopic and their valuation is uniformly distributed in the
range of [0,1].

Furthermore, Figure 5.5(a) shows that in the first and third periods the deviation from
the light-users’ revenue-maximizing price (i.e., | p; - O.5|) increases with @, while period 2
prices are almost constant. In fact, p = 0.5 is the revenue-maximizing price for the light-
user segment in each period, and the greater the distance from this price, the greater the
deviation from optimal revenue from the light-user segment. Since deviation from p, = 0.5

leads to lower revenues from light-user segment, the total revenue from light users

decreases with 6. However the dashed curve in Figure 5.5(b) reveals that the optimal total

70



14 . r r . . . . . . 11 = . , , . . . .
— R Multitier Reward
*
LOSf =mmmer R No Loyalty Program

1 i
A

£ 095 R
< §

R a J

b g 09 1
= (s}
" =
Q ©

£ 085 R
j=3
6

08 i

0.75 -

0 r L L L L L L L L 0.7 r r r r r r r r r
0 01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 oo
4 o
(a) (b)

Figure 5.5: (a) Optimal values of p,, p, and p; when 7 = r, = 0 (b) Comparing optimal revenue
function of multitier reward scheme with that of no loyalty program
revenue increases with 6. Thus, revenue loss from the light-user segment has been offset
by the rise in revenue from heavy users.

Additionally, Figure 5.5(b) shows that the multitier reward scheme yields higher
revenues compared to the case r; =0 (j = 1, 2). More specifically, the difference between
the two functions increases with #. This finding is intuitive, since reward systems are
normally implemented to derive benefits from the heavy-user segment and a higher 6
implies a greater potential for this purpose.

In Figure 5.6, optimal prices under the multitier reward system are compared to
optimal prices when no loyalty program is implemented. From this figure it is evident
that optimal prices increase by introducing the loyalty program. This finding is consistent

with Kim et al. (2004), who have found that reward programs increase prices.
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Figure 5.6: Comparing optimal prices ((a) p,, (b) p,” and (c) p; ) under multitier reward scheme
with optimal prices when no loyalty program is implemented

5.4.2 Comparison with the Single-tier Reward Scheme

Here, the effectiveness of the multitier reward system is compared with that of the single-
tier reward scheme in which loyal customers get the same loyalty reward, regardless of the
“magnitude” of their loyalty, that is, 7 = . This is analogous to the one-tier point
systems in which the monetary value of each point is fixed, regardless of the number of
points accumulated.

The optimal revenue function of the single-tier reward system is obtained by replacing

r1 = 1y in the Equation (5.14). The result is plotted in Figure 5.7(a) (dashed curve). The
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solid curve in this figure corresponds to the optimal total revenue when the multitier
scheme is implemented. Evident from this figure, the revenue of both schemes is an
increasing function of 8; however, the multitier scheme surpasses the single-tier reward
system over the whole range of 8 values. The percentage difference between these two
R"s (ie., (R;MZ—R;F@)/R:FTQ><100) is shown in Figure 5.7(b). As this figure
illustrates, the degree to which the multitier scheme outperforms the single-tier scheme
depends on the proportion of the heavy users in the market, that is, 8. Specifically, the
percentage difference is higher for intermediate values of 6, which suggests that the
multitier reward is more preferable when neither of the segments is dominant in the
market.

It is useful to evaluate how multitier and single-tier reward schemes affect different

segments of customers, that is, light user and heavy user. The evaluation can be

performed by isolating the contribution of each segment to the total revenue. Results are
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Figure 5.7: (a) Optimal total revenue from multitier and single-tier reward schemes (b) Percent

difference between optimal total revenue derived from multitier and single-tier reward schemes

73



shown in Figure 5.8. The solid curve in Figure 5.8(a) corresponds to the optimal total
revenue when multitier reward scheme is adopted. Total revenue is the sum of revenues
gained from heavy users and light users, which are plotted as dashed and dotted lines
respectively in Figure 5.8(a). As can be seen, revenue gained from light users decreases as
6 increases. This observation is intuitive, because higher 8 means fewer light users and,
therefore, less potential revenue from their segment. Moreover, in a market mainly
comprised of heavy users, prices and rewards are more biased in favor of the heavy-user
segment. As a result, one expects lower revenues from the light-user segment compared to

the case where 6 is lower.

Linear Reward Scheme
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Figure 5.8: Revenue obtained by adopting (a) Multitier reward scheme and (b) Single-tier reward
scheme, (c) Percent difference between profitability of multitier and single-tier reward scheme
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Figure 5.8(b) shows the total revenue and revenues from each segment when the single-
tier reward is adopted. Although Figure 5.8(b) suggests that the single-tier reward scheme
performs equivalently to the multitier one (Figure 5.8(a)), their effect on two market
segments is slightly different. To illustrate it, the percent difference between revenues
obtained from multitier and single-tier reward systems is plotted versus 6 in Figure 5.8(c).
The solid curve in this figure, same as Figure 5.7(b), corresponds to the percent difference
between the profitability of multitier and single-tier reward schemes. The dashed curve in
Figure 5.8(c) shows the contribution of heavy users to the difference that the multitier
scheme makes in total revenues (i.e., ( HR}, +, — HR; —y,)/ Ry, =, x 100, where HR is the
optimal revenue from heavy-user segment). Similarly, the dotted curve corresponds to the
percent difference between revenues gained from the light-user segment by implementing
multitier versus single-tier reward (i.e., (LR} 4, — LR;,—,)/ LR} -, x 100, where LR is
the optimal revenue from the light-user segment). Clearly, at any given 6, the percent
difference in total revenue is the sum of the percent difference made by heavy users and
light users.

Since the percent difference is always positive in Figure 5.8(c), it is evident that the
multitier reward scheme, compared to the single-tier scheme, yields higher revenues from
both segments of customers. However, the degree to which the multitier scheme
outperforms the single-tier reward system depends on 6. As can be seen, when 8 < 0.6, the
excess revenue generated by implementing the multitier system is mostly derived from the

heavy-user segment. On the other hand, for § < 0.9, the percent difference in revenues

from the light-user segment increases with 6. Also, when the heavy-user segment is
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dominant in the market, that is, when 6 > 0.8, the difference in revenue from light users is
greater than that of heavy users.

Another key measure in evaluating the performance of loyalty programs is their
effectiveness in driving repurchase behavior. To determine which reward scheme is more

effective in this context, one can compare the fraction of heavy users who have made a

purchase in all of the three periods (i.e., Hg(l)). Figure 5.9 shows the proportions of three-
period buyers under multitier and single-tier reward schemes. From this figure, it is
evident that when 0 < 0.93, the multitier reward scheme is more effective in developing
behavioral loyalty, since the fraction of customers with three purchases is greater when a
multitier reward is adopted. When 6 > 0.93, multitier and single-tier systems perform
equivalently in terms of driving repeat purchase behavior.

To justify the above findings, one must evaluate the effect of different reward schemes
on customers’ decision factors, that is, p.(i=1,2,3) and r;(j = 1, 2). Figure 5.10

compares the optimal p, (i =1, 2, 3) obtained from multitier and single-tier systems. This

*

i (muttitier) = P; (single-tier) (i = 1, 2, 3), that is, the multitier
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reward yields lower prices compared to the single-tier reward. Since the fraction of the
light-user segment making a purchase is a decreasing function of p,, it is concluded that

multitier reward increases the sales in the light-user segment. Furthermore, it can be seen

that p:(multimr) —-0.5 | < |p.* 0.5 | (1=1, 2, 3), that is, a deviation from p, = 0.5

i (single-tier)
is less when the multitier reward is adopted. As mentioned earlier, a deviation from

p = 0.5 results in suboptimal revenues from the light-user segment in each period. Thus,

the multitier reward generates more revenues from the light-user segment compared to the
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single-tier reward scheme. This explains the finding that multitier reward schemes
improve the revenue from the light-user segment.

It was also found that the multitier reward structure, compared to the single-tier
reward, brings higher revenues from the heavy-user segment. It is difficult to explain this
result by analyzing the effect of different reward schemes on a customer’s decision factors,
because heavy users are forward-looking and their decision to buy in each period is a
function of current and future prices and rewards. Consequently, it is not possible to
isolate the effects of one or two variables on the revenues from the heavy-user segment.
However, it was found that the multitier reward is more effective than the single-tier
reward in driving repurchase behavior. Since this behavior is potentially of benefit to the
firm (Sharp & Sharp 1997), one expects higher revenues from the heavy-user segment by
adopting the multitier reward scheme (which is consistent with the results of this study).

Why is the multitier reward more effective than the single-tier reward in promoting
behavioral loyalty? To find the answer, loyalty reward values under multitier and single-
tier schemes are compared in Figure 5.11. Figure 5.11(a) shows the reward of two-period
buyers (those who buy either in periods 1 and 2, 2 and 3 or 1 and 3). From this figure, it
is inferred that the loyalty benefit of two-period buyers is strictly smaller when the
multitier reward is implemented. However, as Figure 5.11(b) indicates, three-period
buyers gain higher rewards when the multitier system is adopted (with the exception of
0> 0.93). In fact, for 8 > 0.6, three-period buyers get the highest possible reward, that is,

a free product, when the multitier reward scheme is adopted. This can be inferred from
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Figure 5.11: Loyalty reward of (a) two-period buyers, (b) three-period buyers under multitier and
single-tier reward schemes

Figure 5.9 where Hg(l) = 1,that is, 1 — (p; — r9) = 1, thus py = rp. The same conclusion
holds for the single-tier reward scheme when 6 > 0.93. Hence, the reward of three-period
buyers is greater under the single-tier scheme (when 6 > 0.93) because third-period prices
are higher when this scheme is implemented. So, the multitier scheme, when compared to
the single-tier reward, gives lower rewards to two-period buyers, but higher rewards to
three-period buyers. This finding elucidates the mechanism by which the multitier reward
outperforms the single-tier reward in motivating repurchase behavior: offering lower
loyalty rewards for earlier repurchases and, at the same time, higher rewards for later

repurchases.

5.5 Summary and Conclusion

In this chapter, the effectiveness of multitier loyalty reward schemes was studied. It was

assumed that the market is composed of two customer segments: heavy-user and light-
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user. Results were based on a three-period model in which heavy users’ decision to buy is
a function of their valuation, current and future prices and loyalty rewards. Light users,
however, decide solely based on their valuation and offered price in the current period. In
the framework of the assumptions, it was found that the multitier scheme is more
effective than the single-tier scheme in increasing the profitability of a firm and
developing behavioral loyalty (i.e., repeat purchase) among customers. It was found that
multitier schemes, compared to single-tier systems, yield higher revenues from both
segments of customers. The magnitude of this outperformance, however, depends on the

size of each market segment which was modeled as a parameter.
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Chapter 6
Three-tier Loyalty Reward Schemes: Conditions

under Which They Yield Suboptimal Revenues

6.1 Introduction

As discussed earlier, the multitier reward scheme has remained understudied in the
OR/marketing literature. Kumar & Reinartz (2006) refer to the reward structure as one
of the main components of loyalty program’s design. Thus, the reward structure is a key
driver of the loyalty programs’ overall effectiveness. So the lack of research on multitier
reward schemes is a significant gap in the loyalty programs’ literature. In this chapter, a
mathematical model is developed to investigate the conditions under which a three-tier
reward structure is not the optimal reward stucture. The three-tier scheme is considered
because it is one of the most common types of multi-level rewards systems. A model is

developed to characterize conditions that justify adopting a three-tier reward scheme. To
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the best of our knowledge, this is the first attempt to develop a framework that enables
firms to evaluate optimality of the design of their loyalty reward schemes.

A duopoly market is modeled where one firm offers loyalty rewards and the other firm
competes with a discounted-price strategy. Customers choose one of the firms and buy one
unit of the product in each period. Their choice behavior is modeled using the binary-logit
model where the utility is a function of the offered price, the reward value and the
distance to the reward. By including the distance component in the utility, this study
addresses the fact that customers accelerate their purchasing process as they progress
toward earning a particular reward (Kivetz et al. 2006). The distance, in fact, captures
the effort that customers should make to achieve a reward. It will be shown that the
customers’ accumulated purchase evolves according to a Markov chain. The transition
probabilities of the Markov chain are obtained in terms of the decision variables and are
used to formulate the firm’s expected revenue function. The revenue function is optimized
in terms of the reward scheme’s design elements (i.e., reward values and the tiers’ break
points). The optimal solution yields useful insights into the optimality of three-tier reward
systems. Specifically, it will be shown that customers’ low levels of sensitivity to rewards
can make the three-tier scheme an undesirable reward structure. Similarly, if the effect of
distance factor on customers’ decision to buy is insignificant, offering a three-tier reward
yields suboptimal revenues.

The rest of the chapter is organized as follows: Section 6.2 describes the underlying
assumptions and the model formulation. Section 6.3 presents results and discussions.

Section 6.4 concludes the chapter with a summary of findings.
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6.2 Model Formulation

6.2.1 The market

An asymmetric duopoly market is studied where one firm offers a loyalty program (Firm
A) and the other firm sticks to the lower-price strategy (Firm B). Firms sell the same
good/service through the selling horizon which is divided into n discrete time periods.
Market size is normalized to one and remains constant across periods. Suppose that Firm
A offers a constant price, p, throughout the selling horizon and Firm B charges p — D in
each period, where D denotes the price-cut offered by Firm B. p and D are treated as
parameters in the model.

Firm A adopts a three-tier reward scheme. Customers progress through reward tiers
based on their accumulated purchase at Firm A. The reward is determined based on a
customer’s loyalty status at the time of the purchase. A customer in Tier 1 earns r; for
his/her purchase. Customers who have made enough purchases to achieve the Tier 2
status earn a reward of r, and those who have made it to the Tier 3 win a reward of r3.
To illustrate, the reward scheme is shown in Figure 6.1. b; and by are the breakpoints
that specify the limits of each loyalty level. Customers whose total purchase exceeds b,
earn the Tier 3 rewards. The Tier 2 status is granted to accumulated purchases falling in
the range [by, by). If the total purchase is less than by, a reward of r is offered to the
customer. Note that b, and b, are the monetary values of the breakpoints. If the loyalty
program adopts a different promotional currency, b; and by can be translated into the

program’s currency. For example, if every dollar spent is worth 10 points, a lower limit of
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Figure 6.1: Firm A’s loyalty reward scheme

8000 points for the second tier signifies b; = $800. 7, 79, b, and by, are incorporated as

Firm A’s decision variables in the model.

6.2.2 The Demand

Customers buy one unit of the product in each period, either at Firm A or at Firm B.
Here, the binary-logit model is used to formulate the customers’ choice behavior. First, let
ug; =vg; —ap(p—D)+¢&g; i=1,...,n, (6.1)
be a customer’s utility from buying at Firm B in period . vp,; denotes the customers’
valuation for the product offered by Firm B in period ¢, o, is the marginal sensitivity of
the utility to the price and & p.i is the random component of the utility. & p,i captures the
heterogeneity in customers’ preferences as well as the noise due to the unobserved
components of customers’ utility.
Similarly, one can model customers’ utility for Firm A’s product. As mentioned above,

Firm A adopts a multitier reward scheme. Here, it is assumed that each individual’s
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utility depends upon two additional factors: the reward in the current and the next tier
and the distance to the next tier. The values of both factors in period 7 depend on a
customer’s accumulated purchase up to period 7. Let w; represent the sum of the rewards
of the current tier and the next tier. Based on Firm A’s reward scheme depicted in

Figure 6.1, it follows that:

r+ry if s; < by,
w; =4, +r3 if by <s;<b,, i=1,..,n, (6.2)
3 if 5; = bz

where s; denotes the total money spent by the customer at Firm A up to the period 7. It is
assumed s, =0, that is, customers initiate accumulating points at the beginning of the
selling horizon. This can be observed in many real-world applications, where the
accumulated points expire after a certain period of time.

Moreover, let d; denote the distance to the next loyalty level. d; can be written as a

function of s; as follows:

b1 —S; if Si < bl'
di= bZ_Si ifb1£Si<b2, i=1,...,n (63)
0 if Si = bz,

d; is, in fact, the minimum amount of money that the customer must spend at Firm A to
attain the next reward tier. Note that if a customer reaches the highest tier, d; = 0.
Having defined w; and d;, one can now formulate the utility derived from making a
purchase at Firm A in period i, uy ;, as follows:
Ui = Vg — ApP + @ —agd; +84;, L =1,...,n. (6.4)
In the above equation, vy ; is the valuation for Firm A’s product in period i, o, denotes

the utility sensitivity to the price, «, denotes the sensitivity of demand to the reward, «,;
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denotes the customers’ sensitivity to the distance from the next reward tier and &, , is the

random disturbance term.

The utility formulation in Equation (6.4) implicitly incorporates the findings of Kivetz
et al. (2006), which show that customers accelerate their purchasing process as they
approach a reward. Based on Equation (6.4), the farther the distance to the breakpoint,
the lower the utility. In other words, customers experience a higher utility as they
approach a reward level, which is in line with of Kivetz et al. (2006)’s findings.

One of the underlying assumptions in Equation (6.4) is that customers are forward-
looking while making the where-to-buy decision, since they consider the possibility of
earning the higher tier rewards in the future. Furthermore, through the utility formulation
in Equation (6.4), this intuitive fact is incorporated that customers may treat rewards and
discounts differently. In most real applications, customers will not consider the reward as
a fixed discount on the product’s price. In other words, the actual value of a reward for a
customer might be less or more than the reward’s monetary value. This fact is captured
by assigning different sensitivity coefficients to the price and to the rewards, «, and o,
respectively.

In every period, customers choose between Firm A and Firm B. Assuming that utility
maximization accurately predicts the customers’ choice behavior, one can derive the
choice probabilities based on equations (6.1) and (6.4). More specifically, a customer
chooses Firm A over Firm B in period 4 if u,,; = up; Hence, the probability that the

customer buys at Firm A in period 4, p; ,, is given by
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Pia = Pr(uA,i = uB,i) (6.5)

=Pr(&p; — a1 S Va; — Vpitarw; —agd; —a,D), i=1,...,n.

Since firms are selling identical products, without loss of generality, one can assume
vq,; = vg,; (i=1,...,n). Also, for analytical simplicity, one can divide the above inequality
by a,. Thus, from Equation (6.5) it follows that

pia=Pr(ép; — &) <ajw;—ayd; —D), i=1,...,n. (6.6)

Note that o, = o,/ a,. So, a, can be described as the relative sensitivity to rewards (i.e.,
relative to the sensitivity to cost). So, for instance, o, — 0.5 implies that the effect of price
on the customer’s utility is twice the effect of rewards. Similarly, «; is the relative
sensitivity of utility to the distance. Now, one can adopt the commonly used assumption
that il’ii and i;l,i (i=1,...,n) are i.i.d random variables following the type-1 extreme value
(Gumbel) distribution with location parameter 7 and scale parameter u >0 (or
equivalently variance n°u?/6) (see e.g., Ben-Akiva & Lerman 1985). As a result,
EB}i—E A,i(izl,...,n) has a logistic distribution with mean zero and the same scale
parameter (or variance m°u?/3) (see e.g., Talluri & Van Ryzin 2004). Without loss of
generality, the scale parameter p is conventionally set to 1, as its value is unidentifiable
and will not affect the choice probabilities (see Ben-Akiva & Lerman 1985). Thus,

Spi—Sal (i=1,...,n) is logistically distributed with mean zero and scale parameter 1. Let

F(.) denote the CDF of the distribution. From Equation (6.6), it follows that

1
1+ exp(ayw; — ayd; — D) b=

bia = F(ap(wi —-D)— addi) = 1,...,n (6.7)

p; 4 is a function of variables i, 5, by and by and parameters a, oz;l and D. Note that

w;, the sum of current and future rewards, and d;, the distance to the next tier, are
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piecewise functions and depend upon s;, the customer’s accumulated purchase in period i.

Therefore, p, , is also a piecewise function with discontinuities at b; and by. More

specifically, from equations (6.2), (6.3) and (6.7), p, , can be rewritten as

1
if i < by,
T+ep@(n+m)—agbi—s)-D) =
1
C =4 if by <s;<by, i=1,...,n 6.8
Pt = T exp(@i (s 1) — By s~ D) | 4 =SSP = been o (08)
1
if Sisz,

\1 + exp(a,r3 — D)

Since in each period customers make a purchase either at Firm A or at Firm B, it
follows that p, , = 1 —p, ,.

6.2.3 The Revenue Function

To formulate Firm A’s expected revenue function, one needs to derive the probability
distribution of accumulated purchase at the end of the selling horizon. That is, one must
find Pr(s, = kp) for any k={0,...,n}. It can be shown that {s;|i = 1,..,n} satisfies the
conditional independence property and hence evolves according to a Markov chain.
Specifically, according to Equation (6.8), a customer’s response probability only depends
on his/her state (accumulated purchase) at the current period, not his/her entire previous
history of purchases. In other words,

Pr(s; = kiplsi—1 = ki_1D,Si—2 = ki_2D, ..., S0 = kop) = Pr(s; = kip|si—1 = si_1p), (6.9

i=1,..n

For notational simplicity, let
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xi=si/p, i=1,..,n (6.10)

z;, in fact, represents a customer’s total number of purchases at Firm A up to period 1.

Clearly, {z;]i=1,..,n} is also a Markov chain with the state space Q ={0,1,..., n} that

increments by 1 when the customer chooses Firm A in any period. Let A, 14,.1) be the
transition probability matrix whose (j+ 1, k -+ 1)th element is

Ajyip+1 = Prx; =klx;y =j), i=1,..,n, jandk =0, ..,n. (6.11)

In other words, Aj.;;.; is the probability that the customer’s total number of

purchases at Firm A reaches k given that he/she has bought j units of the product at

Firm A. Considering the fact that each customer buys exactly one unit of the product in

each period either at Firm A or at Firm B, A; ;. in the above equation can be

expressed as

Dja for k=j+1,
Ajy1k+1 =31 —pja for k=, jand k =0,...,n, (6.12)
0 else,

where P, , can be derived based on equations (6.8) and (6.10) as

( 1
! ! . lf j <b,
1+ exp(aj(r, + 1) — a;(by — jp) — D) P
1
bia = 1 - . _ if by <jp<b, j=0,.,n (613
Pia =\ 1T exp(al(ry +79) —ay(by —jp) —D) " 2=IP<bz (6.13)
1
it jp>by,

\1 + exp(a,r3 — D)

As mentioned earlier, one needs the distribution of customers’ accumulated purchase at
the end of the selling horizon (s,) to form Firm A’s expected revenue function. It is clear

that

Pr(sn = kp) = Pr(xn = k), k = 0, e, N (614)
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Now, Pr(x, = k) can be found using the n-step transition probability matrix of z;, AM.

)th ™ represents the

More specifically, since a5 =0, the (1,k+1 entry of matrix A
probability that a customer buys k products at Firm A throughout the selling cycle. To
simplify the notation, let

P=[a], j=1..n+1 (6.15)
be a vector containing the elements of the first row of A" Thus, the (k+ 1)th entry of P
represents the probability that a customer buys k products over the entire selling cycle.

Having found the total purchase probabilities, one can formulate Firm A’s expected

revenue function, Ry, as follows:

n n
Ry, = Z kpPr(s, = kp) — C, = Z kpPii1 — C,, (6.16)
k=0 k=0

Where C, denotes the expected cost of reward that Firm A incurs during the selling
horizon. Based on Firm A’s reward structure,

Cr = DPtier 171 + Dtier 272 + Ptier 373 (6.17)
where p,, ; is the probability that a customer achieves tier i. p, ,’s can be expressed in
terms of the state variable, x;. Specifically, define

I, =Min{k:kp = b,k =0, ...,n} and [, = Max {k:kp < b,,k =0, ...,n}. (6.18)

Now, from the definition of P in Equation (6.15), it follows that

ll—l lz n
Ptier2 = Z Piy1,  Ptierz = Z Pry1 and  Ptiers = Z Ppey1. (6.19)
k=0 k=ll k=1l,+1
Thus, the revenue function in Equation (6.16) can be rewritten as
n li-1 l n
Ry = Z kpPiryr — 11 Z Pry1 =12 Z Pry1 13 z Prey1.- (6.20)
k=0 k=0 = k=3 +1

90



6.2.4 The Optimization Model

The purpose is to study the structural properties of Firm A’s optimal reward scheme. The
reward scheme is characterized by reward values (i.e., 1, 15 and r3) and breakpoints (i.e.,
by and by). We are looking for the scheme that maximizes profitability of Firm A. Thus,
one can optimize Firm A’s revenue function, R,, in terms of r, r, b and by. For
analytical convenience, the price (p) is normalized to 1 and o, and «; are changed
correspondingly, so that the choice probabilities remain the same. Subsequently, after
obtaining the optimal solution, the values of decision variables and revenue functions
must be scaled back with the same factor. For example, if the original price is $100, p and
D are divided and «, and «; are multiplied by 100. Then, an optimal 7 value of 0.25 in
the resulting model indicates r; = $25 in the original scale. From Equation (6.13), it is
evident that such normalization will not affect the choice probabilities. However, Equation
(6.20) shows that the revenue function will change by the same ratio used for

normalization. The optimization model can be written as follows:

;-1 I,

n n

maximize R, = Z kpPyys — 1 Z Peyr— 12 Z Pyy1 t13 Z Prt1, (6.21)

TT2abube k=0 k=0 =1 k=lp+1

Subject to:
by =1, (6.21a)
b, = 2, (6.21Db)
b, <n, (6.21c)
r, <b — (4 — 1), (6.21d)
13 < by — Iy, (6.21e)
ST, (6.21f)
T, S T3 (6.21g)
T, <1 (6.21h)
71,72,73,b1, b, = 0. (6.21i)
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The first two constraints state that at least two purchases are needed to achieve the
second tier and minimum three purchases are required to earn the Tier-3 loyalty status.
Constraint (6.21c) guarantees that achieving the last-tier reward is possible. Constraints
(6.21d) and (6.21e) refer to the fact that under optimal conditions, the value of the next
reward must be less than or equal to the amount of money a customer must pay to gain
it. In other words, the distance to the next reward must be less than the reward itself.
Otherwise, a customer may earn money by making an additional purchase. Intuitively,
customers earn higher rewards in higher loyalty levels. This is captured through
Constraints (6.21f) and (6.21g). Constraint (6.21h) guarantees that the reward will not

exceed the offered price in any period.

6.3 Results

Various analyses can be performed using the model. The objective of this study is to find
the conditions under which adopting a three-level reward is not optimal. The main
characteristic of such a reward system is the inequality of rewards at different tiers. Thus,
if an optimal solution satisfies 7| # r, # 3, one can argue that a three-level reward is the
preferred configuration. As noted earlier, the objective function in Equation (6.21) consists
of three parameters, namely, D, o, and oc(/j. So, one can solve the model for different sets of
parameter values and specify the sets that satisfy the rewards inequality condition. This
analysis characterizes some market conditions that justify adopting a three-tier reward

scheme. The conditions that are incorporated in the model are the price offered by the
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firm’s competitor, the customers’ sensitivity to loyalty reward and their sensitivity to
distance to attain a reward.

It can be shown that R, in Equation (6.21) is a non-convex nonlinear function. Here,
the Matlab®s interior-point algorithm is employed to find the optimal solution (i.e.,
7“1* , 7“2* , 7’; bf and b;) for different values of D, o, and «,. Also, by expanding P ; based on
equations (6.12), (6.13) and (6.15), one can see that R, is a piecewise function whose
expression depends on b; and by. Defining different ranges for b; and by, the model can be
broken into sub-models with unique expressions. It can be proved that the number of sub-
models equals (n—1)(n—2)/2, where n is the number of periods in a selling horizon. In
this study, the case n=4 is considered. Because, while n=4 keeps the problem at a
manageable level, it has practical implications in the real world (e.g., buying once a week
in a month or once a season in a year).

As mentioned above, the model should be solved for different sets of parameter values.
a, and océl values were set in the range [0,3] with a step size of 0.1, resulting in 31 values
for each parameter. The value of D was set at {0, 0.1, 0.2, 0.3, 0.4, 0.5}. Note that since
the price is normalized to one, as an instance, D = 0.1 indicates that the price offered by
Firm B is 10% less than Firm A’s price. Thus, in total 5,766 (31 - 31 - 6) combinations of
parameter values were generated. Given each set of parameter values, the three sub-
models were formulated and optimized. Comparing the optimal R, values obtained from
the three sub-models, the overall optimal solution of the problem was specified for any
given set of parameters. To illustrate the optimization process, some sample results are

presented in Table 6.1. As can be seen, for o, = 1.7, a;: 1.5, D= 0.2, the optimal
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revenue from Sub-model 3 is greater than optimal values of the other sub-models. Thus,
optimal solution is obtained from Sub-model 3.

To find the conditions under which a three-level reward is the optimal choice in the
framework of the model, first the model was solved under all 5,766 parameter
combinations. The resulting optimal solutions were tested against the rewards inequality
condition (i.e., 1| # 1, # r3). For instance, Table 6.1 shows that when o, = 1.7, o= 1.5,
D= 0.2, the optimal reward values are 7, = 0, r, = 0.05 and r; = 0.08. Since rewards are
unequal, this solution indicates that, given the parameter values, a three-level loyalty
reward scheme optimizes the profitability. Whereas, when o, = 0.8, O‘c/z = 0.6, D= 0.2, not
offering a loyalty reward is the optimal decision. The result of this analysis is depicted in
Figure 6.2. Each graph in this figure represents a specific D value. The shaded area shows
the combinations of a, and oz:i for which the optimal solution characterizes a three-tier
reward scheme. Thus, using this figure, a firm can judge whether implementing a three-
tier reward scheme is justified, given the state of the market in which they are competing.
Here, we focus on the structural properties of three-tier reward optimality conditions to

gain insights into the profitability of three-tier reward schemes.

Table 6.1: Sample optimization results

Sub-model 1 Sub-model 2 Sub-model 3
% o D vl mormy b by Ry o omoory b by Ry rmoomoom b b Ry

1.7 15 02 030 0.32 0.32 2.32 3.32 0.98 0.00 025 1.00 1.25 400 1.37 0.00 0.05 0.08 1.05 2.08 1.80"

0.8 0.6 0.2 000 031 031 2.31 3.31 1.46 0.00 0.00 1.00 1.00 400 1.65 0.00 0.00 0.00 1.00 2.00 1.80%

1.1 0.2 0.1 0.00 0.56 0.56 2.56 3.56 2.04 0.00 0.00 1.00 1.00 4.00 2.14 0.00 0.08 0.21 1.08 221 1.92

— Optimal sub-model
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From Figure 6.2, it is evident that, regardless of océl value, a three-tier reward is not
optimal when o, < 1. As pointed out earlier, o, = a,/ a,. So, a, < 1 specifies o, < a,. Thus,
when the effect of price on customers’ decision to buy is greater than the effect of rewards,
adopting a three-tier scheme is not optimal. In other words, if the loyalty program’s role
in customers’ decision is not as important as price, implementing a three-tier loyalty
program yields suboptimal revenue. Comparing all six graphs, one can see that the finding

is valid regardless of the competitors’ offered price. The intuition is that the multitier

"

i%iii

25 3

ay ay

Figure 6.2: Three-tier rewards’ optimality conditions

95

25 3



reward structure, in such circumstances, only adds complexity to the customers’ decision-
making, without making a significant contribution to the outcome of the decision-making
process.

Similarly, an interesting insight is gained by evaluating the three-tier schemes’
“optimality areas” from a; perspective. a(’i represents the utility’s relative sensitivity to
the distance. The distance, in fact, captures the effort that a customer should expend to
achieve a reward. As discussed earlier, the distance has a negative effect on the utility.
More specifically, a fraction of the reward’s utility is offset by the distance’s disutility.
Figure 6.2 shows that when oz[/1<0.5, the three-tier rewards system is not optimal,
regardless of «. and D. Since ay— g/ %, ay < 0.5 signifies oy < 0.5 a,. In other words,
three-tier rewards can be optimal only when customer’s sensitivity to the distance is
greater than half of their sensitivity to the price. In fact, low distance sensitivities result
in higher fraction of customers in the top loyalty tiers. This will impose higher reward
costs on the firm, which leads to suboptimal revenue. Note that the effect of «, should
also be considered while analyzing the effect of «; on the three-tier rewards’ optimality
conditions. From Figure 6.2, it can be seen that as a; increases, generally higher «, values
will justify the three-tier reward scheme. That is, there exists a specific balance between
the utility of reward and disutility of distance at which three-tier rewards becomes
optimal.

Comparing the size of the shaded areas in different graphs, one can evaluate the effect
of D on the optimality conditions. More specifically, it can be seen that the size of area

increases with D. That is, when the competitor offers lower prices, greater combinations of
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a, and oz:i values justify the three-tier loyalty scheme. In other words, higher price cuts by
the competitor increases the chances of the optimality of the multi-tier reward. Although,
here the issue of whether loyalty program strategy is more effective than lower price
strategy is not addressed. One can perform this analysis by comparing the optimal

revenues of Firm A and Firm B under different conditions.

6.4 Summary and Conclusion

In this chapter, an analytical model was developed to analyze the optimality conditions of
a three-tier loyalty reward scheme. The decision variables were different tiers’ breakpoints
and reward values. It was assumed that the market is served by two firms, one offering
loyalty rewards and one offering a lower price. The binary-logit model was employed to
model customers’ demand. Using stochastic processes' theories the distribution of
customers’ demand was identified. The objective was to optimize the expected revenue
function of the firm offering loyalty rewards. The formulation resulted in a nonlinear
programming. The optimal solution of the model was found at some arbitrary values of o,
oz(;, the relative utility sensitivity coefficients and, D, the price cut offered by the
competitor.

The focus of this study was to formulate the conditions under which three-tier reward
schemes yield optimal revenues. In other words, the objective was to address this
important question in the context of loyalty programs: “to adopt or not to adopt a

multitier reward system?”. Optimality conditions were derived and discussed with respect
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to four factors: the effect of price, rewards and distance on customers’ decision to buy and
the price offered by the competitor. Based on the model settings, it was found that a low
level of sensitivity to rewards and distance in customers may lead to suboptimal revenues
from a three-tier reward scheme. Also, it was observed that higher discounts from the

competitor make three-tier reward structure a viable alternative in more cases.
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Chapter 7

Conclusion, Contributions and Future Research

7.1 Conclusion and Summary of Contributions

In Chapter 3, a model was developed to analyze the effects of customer satisfaction on the
profitability of loyalty programs. Also, through a stochastic model, the lack of research on
the effects of customer valuation for the product being offered was addressed. However,
satisfaction level was incorporated as a parameter. As a result, the uncertainty in
customers’ satisfaction levels was not captured in the model. Based on the obtained
results, the relationship between customer satisfaction and profitability of a loyalty
program was characterized. In the framework of the assumptions, it was shown that if the
firm maintains satisfaction among customers, not adopting a loyalty program yields
optimal profits. However, if the firm decides not to offer a loyalty reward and customers
turn out to be dissatisfied, the firm will obtain suboptimal profits. It was also observed

that offering a loyalty reward causes the first period price to increase with a factor
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proportional to customers’ repurchase intentions, an intuitive result which is consistent
with earlier studies on loyalty programs.

In Chapter 4, the model formulation was extended to the case where uncertainty in
customers’ satisfaction levels is also accounted for. That is, instead of assuming a
parametric satisfaction, satisfaction was incorporated as a random variable. The results
were in line with the previous findings. Again, it was observed that under certain
conditions the firm may be better off not offering a loyalty reward. Particularly, it was
seen that if the mean of satisfaction levels turns out to be positive with a standard
deviation less than a certain threshold, not offering loyalty rewards yields the optimal
revenue. Thus, if the firm homogenously maintains satisfaction among customers, it is
optimal not to offer a loyalty reward.

In Chapter 5, the focus was turned to the reward structure as one of the key
determinants of a loyalty program’s effectiveness. Loyalty reward structures are
categorized in two schemes with respect to the reward rate: single-tier rewards and
multitier rewards. In Chapter 5, a model was developed to evaluate the effectiveness of
multitier reward schemes. Based on the framework of the model assumptions, it was found
that the multitier scheme is more effective than the single-tier scheme in increasing a
firm’s profitability and driving repeat purchase behavior. It was also found that multitier
schemes, compared to single-tier systems, yield higher revenues from both light users and
heavy users.

In Chapter 6, a more realistic, and hence a more sophisticated, model was developed to

analyze the effectiveness of multitier reward structures. A new feature of this model was
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to explicitly incorporate the “outside firm” which, in the other models in this study,
would satisfy the customers’ demand in case they would decide not to buy at the focal
firm. The objective of the study was to characterize the conditions under which a three-
tier reward scheme is not the optimal choice. The conditions were formulated based on
the sensitivity of customers’ demand to the offered price, rewards and distance and also
based on the price offered by the competitor. It was found that low levels of sensitivity to
rewards and distance in customers can result in suboptimal revenues from a three-tier
reward scheme. Also, it was observed that if the competitor offers deeper discounts, the
three-tier reward structure becomes optimal in more cases.

This study contributed to the literature on loyalty programs by developing new
analytical models to evaluate the effectiveness of such programs. From one viewpoint, the
contributions can be categorized in two areas. In part, this research can be viewed as a
step forward toward realistic models to gain managerial insights into the adoption of
loyalty programs. In this line, some of the restrictive assumptions in earlier models were
relaxed. Specifically, customers’ valuation for the product and their post-purchase
satisfaction were incorporated in the models. Customer valuation and satisfaction have
not been considered in the existing literature on loyalty programs. Chapters 3 and 4 of the
thesis are primarily concerned with this direction of this research.

Secondly, some new models were developed to analyze the loyalty reward structure, a
design element that has been overlooked in the loyalty program literature. In more detail,
a model was formulated to investigate the effectiveness of multitier rewards to that of

single-tier rewards. Also, a model was proposed to decide which reward scheme is the
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optimal choice depending on the market conditions. Although the main focus was to
evaluate the effectiveness of single-tier and multitier reward schemes, a framework is
developed that can be used to optimize the reward structure. Chapters 5 and 6 of the

thesis refer to this aspect of the work.

7.2 Future Research

As discussed earlier, in many cases the firms’ decision to adopt a loyalty program is
mainly a response to their competitors’ similar programs. On the other hand, frequent
changes in the design of some loyalty programs can be attributed to the lack of adequate
theoretical frameworks to support the design decisions. These observations suggest a
strong need for research in different aspects of loyalty programs. This study is an attempt
to address part of this gap. Yet, a lot remains to be discovered. The title of an article by
Nsakanda (2011) portrays this significant potential of research on loyalty programs:
“Reward Loyalty Programs Industry — a mine for OR/MS applications”. The followings
are some direction for future “excavations”:

In chapters 3 and 4, customers’ satisfaction level was treated as an exogenous factor.
One direction for future research is to endogenize the satisfaction level by making it a
function of some endogenous variables. Such a model would provide a framework that
enables a firm to balance the trade-off between investing in loyalty reward programs and
implementing customer satisfaction programs. In both models, by allowing a customer not

to buy from the firm, it was implicitly assumed that there are other sellers in the market
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that will meet the customer’s demand. However, the effect of other seller’s actions was not
considered in the firm’s pricing decisions. Thus, the models can be extended by explicitly
incorporating competition.

In Chapter 5, a particular multitier reward scheme was analyzed in which tiers are
defined based on purchase frequency. Future research may assess the robustness of the
findings to other loyalty measures like cumulative spending or accumulated points
balance.

The model developed in Chapter 6 can be used to perform various other analyses. For
instance, it is insightful to study the effects of the model parameters on the optimal values
of rewards and each firm’s overall profitability. Also, despite its complexity, the model
can be used to develop a practical decision-making framework for the design of loyalty
programs. In Chapter 6, it was assumed that the offered prices by the firms remain
constant in the selling horizon. This assumption ensures that customers’ accumulated
purchases follow the Markov chain. One can expand the model by removing this
assumption. The stochastic dynamic programming approach can be used to formulate and
optimize the revenue function under the dynamic pricing assumption. In this study, the
optimality of the commonly used three-tier reward scheme was evaluated. A direction for
further studies is to develop a framework to study a general k-tier reward scheme. Finally,
incorporating game theoretic models, one can study the equilibrium conditions in the
framework of the model.

Empirical studies on loyalty programs are increasingly emphasizing the importance of

considering both behavioral and attitudinal aspects of loyalty. To capture the effect of
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loyalty programs on attitudinal loyalty in analytical models, one can incorporate the
measure that are used to define brand loyalty. Raju et al. (1990) define loyalty as “the
minimum difference between the prices of the two competing brands necessary to induce
the loyal consumers of one brand to switch to the competing brand”. By redefining this
measure in the context of loyalty programs, future studies may examine the effect of
loyalty programs on both behavioral and attitudinal loyalty.

The loyalty point promotions is another area that merits further research. Through the
point promotions, price discounts for products are replaced by higher rates of reward
points. In this line, it would be interesting to compare the effectiveness of price
promotions and point promotions. One can also incorporate the literature on price
promotions to devise frameworks for point-promotion decisions.

Nowadays, loyalty rewards tend to be accumulated through partners as well as through
principal operators. For example, customers may gain reward points through an airline's
partners (e.g., other airlines, car rentals and hotels) and even through non-travel
purchases (e.g., grocery or gas). From the firm's perspective, this makes the assessment of
the program’s profitability much more complex. It remains for the future studies to
evaluate the effects of alliance in the context of loyalty programs. Since the alliance is a
design decision, such studies will contribute to the literature on the design of loyalty
programs.

The reward type and reward expiry are some other design elements that demand
further research. There has been an extensive behavioral literature on the effectiveness of

monetary and non-monetary rewards that can be incorporated to guide the reward-type
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decisions. Also, one may analyze the effects of reward expiry on the customers’ purchase
behavior and the loyalty programs’ profitability. The findings of studies on design
elements such as reward rate, reward type, reward timing and partnership can be
integrated to develop a decision-making framework to optimize the design of a loyalty

program in different industries and markets.
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Appendix 1 — Concavity of Revenue Function When

Valuation Is Uniformly Distributed

Here, it is proved that firm’s revenue functions are concave when customers’ valuation is

uniformly distributed. Ry is given in Equation (3.15). The Hessian of R is:

2 Y Y
1+y 1+y 1+y
14
H = — -2 2 . Al.l
1k1+y V) (AL.1)
14
 — 2 -2
1+y 4 4

Similarly, Hessian matrices of the two other dominating revenue functions, that is R,

and Rs, can be found as follows:

2 2y 2y
/1+y 1+y 1+y\
2 2y? 2y?
H2=|——y y—=r _, | (A1.2)
1+y 1+y 1+y
2y 2y? 2y
14y 1+y 14y
and
2y Y
1+y 1+y 14y
Y
Hy=| —— 2y—-2 0 . Al.3
3 | 1+y 4 | ( )
Y
o 0 0 /
\1+y
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A symmetric matrix is negative semi-definite if and only if all its eigenvalues are non-

positive [30]. Thus, since the Hessian matrix is symmetric, one can check the convexity of

R functions by evaluating the eigenvalues of their Hessians. FEigenvalues of H;, Hy and Hj

versus y are depicted in Figure A1.1. As can be seen, all three eigenvalues of both H; and

H, are non-positive over the whole range of y values. Hence, R; and R, are concave.

One of the eigenvalues of Hj is positive. Thus, Rj is not concave; however, it can be

seen that it is concave over its feasible region. To prove the concavity of Rs over its

feasible region, one can check if XTHgX is non-positive in the region, where X is the

vector of the decision variables (p,, p, and ). XTH3X is obtained as follows:

Eigenvalues of H1

2
XTH3X = 7= [=pf + (v* = Dp —ypipz +vrpal.

-3.51

Eigenvalue,

-------- Eigenvalue,

-4.5
0

............... E]igenva‘lue3
: T

r c ‘ c

0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8

0.5 T

Eigenvalues of H2

-1.5F

-2.51

0.5 T

(A1.4)

Eigenvalue, |
-------- Eigenvalue,| |
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-0.5
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............... Eigenvalue,

Eigenvalues of H3

Figure A1.1: Eigenvalues of H,, Hy and Hy

107



On the other hand, from Equation (3.18), it is evident that p, <1 is one of the
conditions based on which Rj is derived. Considering the general constraint of r < p,, it is
concluded that r < 1. Consequently, one must evaluate the sign of the function in the
Equation (Al.4) when p, and r are in the range [0, 1] and r < p,.

The evaluation was performed by plotting XTH3X versus p, and r at different values of
y and p,. More specifically, we held y constant and visualized how p, affects XTH3X as a
function of p, and r. In other words, at each arbitrarily chosen y value, an animation
graph was obtained showing the changes of the XTH3X surface with respect to p,.
Snapshots of the animation graphs at three p, values, namely p, =0, 0.5 and 1.5, are
displayed in Figure A1.2. From this figure, it is evident that XTHgX turns positive for
some values of p, and r when y increases over .6. Thus, Rz is not concave for some values
of p, and r. However, it can be observed that these values of p, and r violate the r < p,
constraint, meaning that non-concavity falls outside the feasible region of Rs.

To illustrate it, consider the case y = 1 in Figure A1.2. As can been seen, the middle
XTH, X surface (which belongs to p, = .5) is positive for r in the range [.6,.8] and p, in
the range [0,.4]. These values of p, and r, however, are not inside the half-space specified

by r < p,. Hence, XTH3X is negative and R3 is concave inside its feasible region.
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y = 1.00

Figure A1.2: X TH3X versus p, and 7 at different values of y and p,
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Appendix 2 — Optimal Solution of the Revenue

Maximization Problem under Uniform Valuation

Optimal solution of R; model (Equation (3.16)) is obtained as follows:

yr +— 1
when 0< 6§ < —-— >

1 (A2.1)

*

yr

+

(
\

\ 1
/| When—TS5S—1

N[ RN

\

The above solution yields in R 7.

Similarly, based on KKT optimality conditions, the analytical optimal solution of R,

model is derived as follows:

hen § > - —
when 6§ > >
p1
P2 | =1 (A2.2)
T*

when d < -—

The above solution results in:
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1

1
— when 6 = -—
p={2 , ‘. (A2.3)
( ] )—5(1+5)(1+y) whend < -—
Optimal solution of R3 model is:
( [ 1-yé
: 1
| X when —1<6 < -—
2 2
pi \—6—%
Py | =1 L , (A2.4)
r* /yr +?
| % when § < -1
1
\\ 2
which produces the following revenue:
252—y2 - 2y6 +2 1
Y 4]/1 4 when —1<6 < -—
Ri=1 1+y) 2 (A2.5)

k7 when 6§ < -1
The global maximum revenue can be obtained by finding the maximum envelope of Rf ,

* * - 2621295
R, and Rj3 considering that (:—Y)—B(H—B) (1+y) S% and i e

1
< — in their
4(1+7) - 2

defined domains, the global optimum is determined as in Equation (3.21).
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Appendix 3 — Optimizing the Revenue Function
When Customers Anticipate a Change in Their

Future Valuations

Given the purchase probabilities in equations (3.36), (3.42) and (3.24), one can formulate

the revenue maximization problem based on Equation (3.10) as follows:

maximize R =
P1,P2,7

p1ty(pz—7)
1 (BHE2))

(A3.1)
Y@z 1) (1 - Lﬁﬁpyz_r) [ dmdm’) '
(1= y)p2(1 - @(p2))
Subject to:
r<p; (A3.1a)
p1,pz andr 20 (A3.1b)

In the above model, Fv;(.) denotes the CDF of v; which is normal with mean 0 and
variance 1 + (yo/(1 + y))2, . N (Vy, V) represents the joint distribution of (v;, v;) given

in Equation (3.41) and ®(.) denotes the CDF of the standard normal distribution.
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The above model was solved using the Matlab®s interior point algorithm for 500 sets of
parameters’ (y, 6 and o) values. The obtained solutions were verified by incorporating the
global search algorithm proposed by Ugray et al. (2007). Table A3.1 shows a sample of
results. By examining the relationship between parameters and optimal values of

variables, one can easily observe that:

pi =yr*+0.75and p; = 0.75. (A3.2)
Now, to analyze the relationship between parameters and 7, one can substitute the
above pf and p; in the optimization model and plot R versus r. Figure A3.1 shows the
resulting graph for some values of parameters. As can be seen, depending on the
parameters’ values, there can be an optimal range for r. Specifically,
r* =Vr € [p,0.75]. (A3.3)
where p denotes the lower bound of the optimal range of r.

Table A3.1: Sample results from optimization model in Equation (A3.1)

0 o 14 2 Py r’
0.5 0.1 0.1 0.81 0.75 0.53
0.5 0.1 0.2 0.86 0.75 0.56
-0.5 0.5 0.1 0.82 0.75 0.69
-0.5 0.5 0.2 0.90 0.75 0.73

0 0.1 0.1 0.79 0.75 0.38

0 0.1 0.2 0.83 0.75 0.38

0 0.5 0.1 0.79 0.75 0.38

0 0.5 0.2 0.83 0.75 0.38
0.5 0.1 0.1 0.79 0.75 0.38
0.5 0.1 0.2 0.83 0.75 0.38
0.5 0.5 0.1 0.79 0.75 0.38
0.5 0.5 0.2 0.83 0.75 0.38
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(c)y =0.5,6 =-05

Figure A3.1: Revenue function versus r at different values of parameters
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Appendix 4 — Joint Distribution of v, and v,

vy is normally distributed with zero mean and unit variance. vy, on the other hand, is the

sum of two independent normally distributed variables: v; and 6 with parameters

(0,1) and (u,,0,), respectively. Thus, v; and v, can both be expressed as linear functions of
the same normal variables, namely,

v=1Xv;+ 0 X3, (A4..1)

v,=1Xv;+ 1 X0. (A4.2)

Therefore, from Bertsekas & Tsitsiklis (2002), it follows that v and vy are jointly

normal. Parameters of the resulting bivariate normal distribution are

Hy, =0 (A4.3)

Hy, = Wy, T+ Us = Us, (A4.4)
oz =1

V1 4 (A4.5)

op, =0 +0f =140, (A4.6)

cov(vy,v;) = E[v1v,] — E[v]E[v,]
=E[v,;(v; + s)] — 0 = E[v?] + E[v; s]

=0}, + 5, + o, s = 1. (A4.7)
The above parameters form the mean vector and covariance matrix presented in

Equation (4.7).
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Appendix 5 — An Example of Revenue Optimization

Formulation

For instance, given the following conditions:

3 2 3 2 3
rel JR— P o o , — P o D ., —
{21_1 pi Z]—l ] < 1’21—2 p; Z]—l ] < 1’21_2 pi &1 < 1’p3 — 1 < 1’

3 2 2
ps—rp<landp; <1(i=12.3) }, (A5.1)

the total revenue function is:

R, = [V (1 - #) prt(A—y)A- pl)m] +

3 2

:?’: . — 2.: 7; 3_ L — T
V(l - (1 —%Z]“)> <1 —%)pz + (1 -y - pp,

3 Y2 3 Y2
Iy(l_ i=1Pi Z]=17}>(1_ i=2Pi Zl:lr})(l_(pg_rz))(pg_rz)‘}'

[y (1 3 Yiipi—Xig Tj) (1 _ Yioapi = Xia TJ’) (D, —70) +

+

3 2

y(l - (1 —M)) <1 —%) (1—=(ps —m))(ps —m) +
3 o _y2 . 3 o _y2 .
V(l _di=mPi 2=l . ZF”’) (1 - <1 L] > ZFlT’)) (1= —m))(ps—1) +

y(l —(1 —#)) (1 —(1 —Z"%)) (1= pa)pa + (L= 1)(1 = po)pa|(A5:2)
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In order to find the optimal revenue under the above-mentioned conditions, the

following NLP must be solved:

maximize R;
D1, P2, D3, 71, 12

Subject to:

3 2
Yi=1Di ;Z;:N’j <1

3 2
i=2Di ;Z,’:N‘j <1

3
Yie2Di— T

<1
5 =

pz—12=1
p3—n <1
pi<1(i=123)
p2 =21

p3 =1

p3 2T

p; =0 (i =123)
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(A5.2a)

(A5.2b)

(A5.2¢)

(A5.2d)
(A5.2¢)
(A5.2f)
(A5.2g)
(A5.2h)
(A5.2i)

(A5.2)
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