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Abstract

Instability of inclined fluid-film flow with substrate filtration
Master of Science 2014
Hom Nath Kandel
Applied Mathematics

Ryerson University

Gravity-driven flows of thin fluid films with a free surface along a porous substrate occur in many
important circumstances found in industry and natural settings. In this thesis a model for such flows is
derived by coupling the Navier-Stokes equations governing the clear flow in the fluid film with Darcy’s
law for the filtration of fluid through the porous medium. A linear stability analysis is conducted and
the effect of various parameters on the state of neutral stability is investigated. A simplified model is
developed by reducing the dimensionality of the problem, which is then employed in order to determine

the nonlinear effects on the stability of the equilibrium flow.
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Chapter 1

Introduction

1.1 Background

Fluid films with a free surface flowing down an inclined plane are relevant in many natural and industrial
settings. These flows are subject to hydrodynamic instability resulting in interfacial waves exhibiting
interesting and complicated dynamical behaviour. The study of this problem has fascinated many
researchers due to its conceptual simplicity, rich dynamical phenomenology and technological relevance
[1-5].

The pioneering experiments simulating the development of interfacial waves in film flow over an
inclined plane were performed by Kapitza in 1948 [5], and additional work was then done by Kapitza
and Kapitza in 1949. These investigations opened a new horizon for systematic study in this field.
Kapitza and Kapitza performed experimental as well as theoretical investigations and their theory was
built upon the intuitive concept of balancing work and energy supply. They identified a dimensionless
number combining surface tension, kinematic viscosity and gravitation. This parameter is known as the
Kapitza number and is useful in the study of the formation of interfacial waves.

More detailed theoretical investigations were later carried out by Benjamin [6] and Yih [7] who
investigated the long wave instability of a falling film on an inclined plane. Resorting to linear stability
analysis, Yih employed the Orr-Sommerfeld equation to determine the critical conditions for the onset
of instability.

Research on inclined flow usually assumes smooth impermeable substrates, thus the no-slip and
no-penetration conditions are applied. However in many realistic situations the substrate is porous or
rough. Examples are found in food manufacturing, coating of photographic emulsions, the application
of protective paints and so on. Consequently, the stability analysis of a falling film on an inclined porous
plane is currently a developing subject. A theoretical model can be developed based on the assumption
of slow filtration flow due to low permeability. This allows for the decoupling of the dynamics of the clear
fluid from that of the fluid filtration through the porous medium. The result is what is referred to as a

“one-sided” model which consists of flow equations for the clear fluid with the effect of substrate perme-
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ability being incorporated by means of boundary conditions at the bottom with parameters describing
the permeability and porosity of the porous medium. The first such implementation was accomplished
by Pascal [8] who examined the linear stability of a thin Newtonian flow down a porous incline. He em-
ployed a slip condition at the fluid-porous medium interface based on the relation proposed by Beavers
and Joseph [9] under an assumption of low permeability resulting in negligible filtration velocity. In
another work Pascal [10] investigated the instability of a non-Newtonian flow down a porous incline by a
one-sided method. A one-dimensional model was obtained by depth integrating the long-wave equations
of motion. The onset of instability was determined by means of linear theory, and a nonlinear analysis
was used to study the roll waves that the instability generates.

Sadiq and Usha [11] extended the one-sided approach taken by Pascal to include the effect of surface
tension on Newtonian flow. They obtained a Benny-type equation governing the thickness of the fluid
layer. They carried out a weakly-nonlinear analysis and investigated how the permeability of the porous
medium affects the shape, amplitude and propagation speed of the interfacial waves. Samanta et al. [12]
implemented a weighted-residual method to eliminate the explicit dependence on the depth coordinate
and construct a one-dimensional model for liquid film on a slippery inclined plane. They investigated
the influence of slip length on the development of waves in linear and nonlinear regimes and found that
a slippery substrate hastens the onset of instability, and under supercritical conditions it contributes to
the increase in the amplitude of waves. Pascal and D’Alessio [13] have investigated the instability in
gravity-driven flow over uneven permeable surfaces with periodic undulations. A linear stability analysis
and nonlinear simulations of the evolution of perturbed steady flow were conducted to determine the
critical conditions. It is shown that the destabilizing role of bottom topography is strongly dependent
on the surface tension, inclination of the bottom and the wavelength of the undulations.

One-sided models have also been used to investigate non-isothermal flows along porous inclines.
A study of the influence of thermocapillary effects on the flow of a film along a uniformly heated
permeable incline was undertaken by Sadiq et al. [3] within the framework of long-wave linear stability
analysis. An Orr-Sommerfeld system was obtained and solved asymptotically as well as numerically. The
effect of heating and bottom permeability on the phase speed and the growth rate of perturbations was
investigated. This problem was also considered by Ogden et al. [14], but they in addition include bottom
topography in the form of periodic undulations. Furthermore, they implement a weighted-residual
method to gain reduction in space dimensionality and perform nonlinear numerical simulations of the
resulting equations. They found that increasing the bottom permeability monotonically destabilizes the
flow. Bottom waviness stabilizes the flow if surface tension is weak but it is a destabilizing factor for
strong surface tension.

In order to accurately describe cases with significant substrate permeability, a theoretical model
must include the flow thorough the porous medium and couple it with that of the overlying film. This
problem has received considerable attention in the study of Poiseuille flow through closed channels with
porous walls. Several models have been proposed and utilised. A summary of these methods can be
found, for example, in [15]. It turns out that some sort of criticism can be levelled at each of the
current methodologies regarding the validity of the assumptions made, and the problem of modelling

flow at a porous boundary remains open. In the absence of a clear consensus, different investigations of
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free-surface flows with a permeable substrate have resorted to various models.

Liu and Liu [16] in their investigation of flow down an inclined porous medium, have considered
a coupled system consisting of the Navier-Stokes equations for the clear fluid and Darcy’s law for the
filtration flow in the porous medium. At the interface the Beavers-Joseph [9] condition is prescribed. In
connection with linear stability theory, they obtain the corresponding Orr-Sommerfeld type equations,
which are solved numerically by a Chebyshev collocation method. Conclusions are drawn regarding the
significant influence of the permeability and thickness of the porous layer, as well as the Beavers-Joseph
constant.

Thiele et al. [17] examined the influence of a heated porous substrate on the stability of the liquid film.
Their coupled clear-filtration flow model involves the Darcy-Brinkman equation for the filtration. This
equation extends Darcy’s law by including an additional viscous term and thus achieving second order
in spatial derivatives. Thiele et al. proceed by reducing the full system to a Benney-type equation for
the evolution of the film thickness which captures the interplay between convective and thermocapillary
instabilities. An important conclusion resulting from this study is that the accuracy of a one-sided model
is restricted to sufficiently low permeability levels or sufficiently thin porous substrates.

Goyal et al. [18] explored the different instability modes of a pressure-driven two-layer Newtonian
flow confined between a rigid wall and a porous layer. They employed the Darcy-Brinkman equation
to govern the flow through the porous medium. Kumar et al. [19] also studied the instabilities of a
two-layer flow over a porous substrate, but assumed a Couette flow generated by the motion of the rigid
wall above the fluid layers.

Recently, Samanta et al. [4] investigated the stability of a falling film on a saturated porous inclined
plane by using a continuum approach. As such, they applied a composite formulation to describe
the entire clear fluid-porous medium system. This consists of a single set of equations with an assumed
vertical variation of the properties of the medium. They used a weighted-residual technique and obtained
equations governing the flow rate and the entire flow thickness. The results of a linear stability analysis
of these equations have been compared with the results from the Orr-Sommerfeld problem. A nonlinear
analysis focused on periodic waves and solitary waves was also carried out. The effect of the porous
medium on the stability of the film has been found to be strongly dependent on the choice of the control
parameter.

In this thesis we examine the surface instability of fluid-film flow down a porous incline, and focus on
cases where the inclination is sufficiently steep for the instability to be associated with low to moderate
Reynolds numbers. We model the filtration flow in the substrate by Darcy’s law and couple it to the film
flow by prescribing the variant of the Beavers-Joseph condition proposed by Jones [20]. In chapter 2 we
set up the governing equations. In chapter 3 we carry out a linear stability analysis of the full equations.
In chapter 4 we develop a simplified model based on reduction in the space dimensionality and verify
its accuracy by comparing the results of the linear stability analysis with those from the full equations.
We perform numerical simulations on the reduced model and investigate how nonlinear effects impact
the stability of the flow. This work has been reported in [21].
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Figure 1.1: Problem setup.

1.2 Description of the problem

Figure 1.1 illustrates the physical model of our target study. We consider the gravity-driven two-
dimensional laminar flow of an incompressible Newtonian fluid down an infinitely long porous slab with
planar surfaces and thickness d*. The porous slab is saturated with the fluid and inclined at an angle 6
with respect to the horizontal. An (z*,2*) coordinate system is employed with the fluid-porous medium
interface located at z* = 0. The z*—axis points in the downhill direction and the z* —axis points upward.
The porous medium is assumed homogeneous, the flow is isothermal and the bottom surface of the porous
layer is assumed to be impermeable. The thickness of the falling film is denoted by h*(z*,t*). The fluid
velocity is denoted by u* = (u*,w*)T, with the subscript p marking the filtration velocity in the porous
medium. We use the asterisk superscript to indicate the dimensioned variables, and then discard it for

the nondimensional variables scaled as described in the next chapter.



Chapter 2

Governing Equations

2.1 Dimensional equations

Equations of motion for the clear fluid flow shown in Figure 1.1 are obtained from conservation of
mass which yields the continuity equation, and conservation of momentum given by the Navier-Stokes
equations. The xr—momentum equation is given by
ou* ou* 1 Op* Pu* 0%u*
__Llor p ( | (2.1)

SEPLCR +gsin +
— +tu w = sin -
ot* or* 0z* p Ox* g p

Ox*?  0z%?

while the z— momentum equation is expressed as

ow* ow* ow* 1 op* w ((*w*  QPw*
+u” + w* =—= —gcosf+ — — . 2.2
at- " e Y 8z p 0z* g p \ Ox*2  0z*? (22)

Here p* is the pressure, g is the acceleration due to gravity, p is the density of the fluid and p is the
viscosity. The continuity equation can be written as
ou* . Jw*

ox*  Oz*

= 0. (2.3)

We describe momentum balance in the filtration flow through the porous medium by Darcy’s law.
This model is based on the intrinsic assumption of a proportionality between flow rate and applied
pressure. For the inclined filtration flow referred to in Figure 1.1 Darcy’s law is expressed as

pau* 8p* mo .
p 8tf = —axf: - U + gpsind (2.4)

p owy op’ .
p (%f = —8; - %wp — gpcosb, (2.5)
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where py. is the intrinsic volume averaged pressure, ¢ is the porosity of the porous medium and x denotes
its permeability.
The continuity equation for the filtration flow is given by
ou, ow}

P p
= 0. 2.
ox* + oz* 0 (2:6)

Conditions at the free surface of the fluid film are obtained from continuity of force and conservation

of mass. Now, the total stress tensor associated with the flow is given by

? = —p*? + ?, where

?:”l 25 31“%3?3] and ?:ll 0].
0 1

ou™ ow™ dw™
0z* + ox* 2 0z*
The stress vector acting on surface z* = h*(x*,¢*) is then ?ﬁ, where

1 [ __9n* 1
n= ox*
1+ () LT

is the unit normal vector. We assume the ambient gas above the clear fluid film to be dynamically
passive. Consequently, the normal force exerted by the flow on the surface is balanced by surface tension
with no contribution from the ambient gas. This is expressed mathematically as (?ﬁ) -n = ~C, where

~ is the surface tension and C measures the mean curvature of the surface. Expanding this condition we

2w Oh*\*ou  ow' _om* (Ou  ow
P 1+ (28 )2 Ooz* ) Oxz* = dz*  Oxz* \9z*  Ox*

ox*

obtain

,Ya?h*
0272 at 2" =h". (2.7)

3
2

(1+(3)7)

If we further assume that the surface tension is constant, then the tangential component of the force

exerted by the flow on the surface must equal zero, and we have ( S ﬁ) -t =0, where

)
Il

() Lo

is the unit tangent vector to the surface. It then follows that

p ~Oh* du* (O NP [our owt\| -
T [ Aot <1 (ax* 5 T )| =0 at 2= (2.8)

ox*

To obtain a kinematic condition for the surface, we assume that evaporation is negligible. Conser-
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vation of mass then dictates that fluid particles on the surface of the fluid layer stay on the surface as
the layer flows. Consequently, the vertical component of the fluid velocity at the surface must equal the

material derivative of the height of the surface. This condition is expressed as

_ Dh* _ on N Oh*
- Dt ot Oz

*

u* at 2" =h". (2.9)

At the fluid-porous medium interface, located at z* = 0, we assume continuity of normal stress which

is expressed as

ow* ;
—p* + 2;1% = —p, +2u 3zf at z*=0. (2.10)
Here we also impose continuity of vertical velocity
w* =w, at 2*=0. (2.11)

The slip-velocity condition at a fluid-porous medium interface originally proposed by Beavers and Joseph
[9] stipulates a proportionality between velocity shear and the difference between the clear fluid velocity
and filtration velocity at the interface. For our problem we will employ the modified version proposed

by Jones [20] which replaces the velocity shear by shear stress and is expressed as

ou*  ow* _@( )
p

= t 25 =0 2.12
Oz* + or* Kk oz ’ (2.12)

where ap s is the Beaver-Joseph parameter, an empirical quantity dependent on the pore-space geometry
of the porous medium. Experimental results [9] indicate that this parameter should be assigned values
between 0.1 and 4.
At the bottom of the porous layer we assume an impermeable surface and consequently the appro-
priate boundary condition is
wy,=0 at z"=-d", (2.13)

where d* is the thickness of porous medium.

2.2 Non-dimensional equations

The steady and laterally-uniform solution to our model can be expressed as a relation between the
discharge and thickness of the clear film, involving the properties of the fluid and the inclination and
permeability of the porous substrate. The possibilities therefore are to regard the discharge as the
prescribed quantity, or to consider the thickness as being given. In the latter case, the prescribed film
thickness can be used as the vertical length scale. However, in this study we choose to assume that
a discharge is prescribed. In this case, the resulting film thickness of the steady and uniform flow
depends on the permeability of the substrate, and as a result it would not be an appropriate choice for
a length scale. This is due to the fact that it would then be difficult to determine the actual effect of
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the permeability on the results. For the vertical length scale we instead employ

1/3
RN
pgsin 6

where @ is the prescribed discharge. We point out that H coincides with the Nusselt thickness of flow

over an impermeable surface. For the cases considered in our study, this quantity is of the same order
of magnitude as the thickness of the uniform film flowing over a permeable substrate. Consequently,
H is a characteristic film thickness for our problem. Another possibility for the vertical length scale is
the thickness of the porous slab. However, this length may not be of the same order of magnitude as
the clear film thickness and consequently, when scaled this variable may be equal to large values which
would complicate the analysis. The velocity scale will consequently be U = @Q/H, with the pressure
being scale by pU?. In the horizontal direction we employ a different length scale and use § to denote
the aspect ratio of vertical to horizontal length scales. Dividing by the velocity scale gives us the time
scale H/(UJ). The use of different length scales will be relevant when we make approximations based
on a long-wave assumption.

We employ the scaling described above to non-dimensionalize the equations governing the film flow

and use the notation without the asterisk to denote the scaled variables. As such, the continuity equation

becomes
a(gu) n A(0Uw) _ 0
o(5x)  O(Hz)
which, when simplified becomes
ou Ow
—+—=0. 2.14
ox + 0z 0 ( )

The momentum equations in the x and z directions transform into respectively

A(Uu) A(Uu) A(Uu)  13(pU%p) ng M 0?(Uu)  9*(Uu)
(&) M (UU)G(%:C) N (6Uw)8(Hz) o () T gsin€ p <8(I§x)2 (9(Hz)2>
and
A(0Uw) A(0Uw) o0Uw) 1 A(pU?p) B % 0% (6Uw)  0?(6Uw)
o U gy T O Sany = T ) 0+ (a@:ﬂ)z B )

These simplify to become

2 2
5R6<8u+uau+wau> :—5}%(3@—|—3~¥—52a v, Fu

ot Yar TV oz 92 T o2 (2.15)
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ow ow ow dp 0w 0%w
2 - - - — - 37 -
] Re(@t +u8m +w8z> Re@z 3cotd + o 922 —1—5822, (2.16)

where Re is the Reynolds number defined as Re = %.
In the filtration flow through the porous substrate we scale the filtration velocity by U, = ;I—[{ and

2
the pressure by P, = %. Scaling the conservation of mass equation for the filtration flow gives

I(Upuy) + 9(6Upwy)

=0
8(%1}) O(Hz)
which reduces to
Ou, Ow,
— 4+ ——= = 0. 2.1
or + 0z 0 (2.17)

Applying the scaling to the x—momentum equation for the filtration flow gives

p O(Upuy) O(Pppp) 1 .
= = — — = (U, 0
P 8(%t) a(%x) /i( pUp)+gpSIH

which simplifies to

Zr _ _“Pp 3 2.18
T UP+ ) ( )

where Da = /k/H is the Darcy number which measures the permeability of the porous medium to fluid
filtration. And the scaled z—momentum equation in the porous substrate is given by
0(0Upwy)  O(Pypy)

Z ) W )
¢ 8(%0 - O(Hz) K((SUPwp) gpcost

from which we obtain

D 2 3
GTM% = —% — 6%w, — 34 cot 6. (2.19)

Scaling the condition of continuity of normal force at the surface we obtain

2
2. 2p O(Hh)\ 0(Uu)  0(Uw) 9(Hh) [OUu) 0O(Uw)
o (1 + (g((’j”))>2> (8(?95)) d(4 ) " d(Hz)  0(Zz) (8(Hz) + o(Lz) )

7angh)
+ G L2 =0 at z=h(z,t).

(1 (m))
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Simplified, this equation can be written as

26 o (Oh\?Ou Ow OhOu  ,0hdw
p= 5
(Gh)q

Re [1+52 oh
2We  9*h
145 (22)7] " 2

at z=h(z,t), (2.20)

where We = ( 3653s1n9)1/3 Ka and Ka denotes the Kapitza number which is the scaled surface tension

given by Ka = v/ (gl/ 3ppt/ 3), with v being the surface tension and v the kinematic viscosity, which

equals u/p.
Scaling the tangential component of the continuity of force condition at the surface yields

! oo (o (e (oww asuw)\|
L4 (2’ o) o) T\ (a(f{x)> (a(Hz)+a(gfx)> 0 at z=h?),

which then gives

2
l162 <ZZ> ] <ZZ+62ZZ) 7452%%:0 at  z = h(x,t). (2.21)

The kinematic condition becomes

O(HR)  O(HM)
Uw =
U S T o)

This, upon simplifying, gives
h
=—+4u— at z=h. (2.22)
x

Scaling the continuity of normal stress condition at the fluid-porous interface leads to

A(SUw) pU? O(SU wy)
—pU?p +2 =—"—p,+2u—~LL> =0
PUP TSz ~ Rt TP o) #=9
and simplifying results in
ow Jw
§Rep — 26° — = p, — 2Da*5* L. 2.2

Rep 9, Pr ¢ 0z (2:23)

The scaled continuity of vertical velocity condition is
w = Da*w, at z=0. (2.24)

10
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And the shear stress condition at z = 0 is

O(Uu) N O(0Uw) _ oy
O(Hz)  9(fx) VE

(Uu — Upuy)

which gives

ou  L,0w apy 9
— — =—(u—D 2.25
0z Ox Da (u a’up) ( )
At the bottom of the porous substrate, i.e. at z = —d,
w, =0, (2.26)

where d = d*/H and is thus the ratio of the thickness of the porous medium and a characteristic thickness
of the clear fluid film.

As it will become apparent in the later chapters, qualitative changes occur in the results of our
analysis for sufficiently large values of the Darcy number. It is thus important to specify, at least in
terms of magnitude, the upper limit of the range of realistic values of this parameter. Now, as stated
above, Da = \/k/H, so we first determine how small the characteristic film thickness, H, can be. It
turns out that inertial instability, which is the focus of our investigation, can be important even in very
thin film flows, with the thickness being significantly smaller than a millimetre [5]. Next, regarding
large permeability values, we point out that fibrous materials can display high levels of hydrodynamic
conductivity. The observations from several experimental investigations involving fibrous porous media,
as tabulated by Jackson and James [22], indicate that such materials can have permeabilities of order of
magnitude as large as that of 1 mm?2. Therefore, with H =1 mm for example, realistic Darcy numbers

extend up to values of the same order of magnitude as 1.

11



Chapter 3

Linear Stability Analysis

The equations of motion (2.14) - (2.19) together with the boundary conditions (2.20) - (2.26) provide
a mathematical model for film flow with substrate filtration. The model admits a simple equilibrium
solution which corresponds to the steady flow of a fluid film with uniform thickness. The question
is, however, whether this flow can persist or if it is hydrodynamically unstable. In this chapter we
investigate the stability of the steady flow by means of a linear stability analysis. This theory determines
the temporal growth rate of infinitesimal perturbations imposed on the flow and thus predicts under

what conditions these are amplified in time.

3.1 Equilibrium solution

If we set the t and x derivatives to zero in our governing equations, (2.14) - (2.26), it becomes evident
that the problem is satisfied by w = 0, w, = 0, up, = 3, and the remaining dependent variables satisfying
the differential equations

0%u dp _ coth Ipy

gr__ - Pp _ _ 0
9.2 B, 3 e and 5% 30 cot

with conditions at z = h, given by

%:O and p=0,

where hg is a constant to be determined and corresponds to the uniform thickness of the equilibrium

flow. At z = 0 the conditions reduce to

ou apg

2 = Da (u73Da2) and O0Rep = pp.

12
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Solving this problem we obtain

cot 0

- =397 (h, — 1
p=ps(z) =35~ (hs = 2) (3.1)
Pp = Ppy(2) = 30 cot O(hs — 2) (3.2)
and
u=ugs(z) =3hsz — §22 + 3&@ + 3Da?. (3.3)
2 apJg

To determine the value of hs; we use the fact that our scaling is based on the prescribed flow rate.

This requires the scaled flow rate to be unity, i.e.

hs
/ us(z)dz = 1.
0

This leads to

Da

h? +3——h% 4+ 3Da*hs — 1 =0, (3.4)
aByJ
which can be solved for hy to give
1 2 2 2 2
hs = rany (r* = 2rDa + 4Da* — 4Daag ),

where

1/3
r= <12 Ddlap,? +4ap;® —8Dad? +4aBJ3/2\/4 Dabap3 —3Dabapy+ 6 Dalaps? + apyd — 4Da3) .

In the next section we study the stability of the equilibrium solution given by w = 0, w, =0, up = 3,

U = u5<2’), p Zps(Z), Pp = pps(Z) and h = hs-

3.2 Linear stability theory
We consider the perturbed equilibrium solution expressed as

h=h5+7l($at), u:us(z)+d(x,z,t), wzu?(a:,z,t), p:ps(Z)—Fﬁ(l',Z,t),
up =3+ Up(w,2,t), wp=uwp(z,zt) and p, = pps(2) + pPp(z, 2, 1),

where 1 and the quantities with the tildes are the added infinitesimal perturbations. Introducing this per-

turbed state into equations (2.14) - (2.26) and linearizing with respect to the infinitesimal disturbances,
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3.2. LINEAR STABILITY THEORY
we obtain
ou  Ow
I + i 0 (3.5)
o ot _Oug op N T
) — s— =—0Re— +6"—+ — .
Re(aﬁ“ 8x+w8z> R T 52 T a2 (36)
0w ow ap 0%w 0%
2 ow ow\ _ _p 0P  30W o"w
5Re<6t _HLS(%L‘) Rea —|—582 5.2 (3.7)
ou, = 0w
Da?Reé 01 op, .
PR T (39
and
Da?Red3 0w ap, _
The boundary conditions for these perturbation equations, evaluated at z = hg, are
26 0w 0%n
p—R—cotHn—Eaf—i-(FgW %:0 (3.11)
o ow
Sy 2 200 B.12)
and
. On on
At z = 0 the conditions are
ow ow
s 9s20W 252 0Wp
ORep — 20 f) » — 2Da*6 % (3.14)
o1 o« .
5t o= B; (@t — Da*,) (3.15)

14
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and
W = Da’,. (3.16)
And finally, at z = —d the boundary condition is
wp = 0. (3.17)

Into the linearized perturbation equations we introduce normal modes according to

(ﬂ, U~IN w, wp’ﬁﬁﬁp’ 77) = (fb(z), dp<z)v ’LE(Z), wp(z)aﬁ(z)7ﬁp(2), ﬁ) eik(w—c’t)7

where k is a real positive quantity representing the wavenumber of the perturbation and c is a complex
quantity whose real part is the phase speed of the perturbation while the imaginary part multiplied by

k is the temporal growth rate. The equations governing the amplitudes of the normal modes are

D +iki = 0 (3.18)

SRelik(us — )t + Dugb] = —ikdRep + D*a — k?6%a (3.19)
ik6?Re(us — c)i» = —ReDp + §D*b — k*5%w (3.20)
Dby, + ik, = 0 (3.21)

(ikclhjfeé — 1) 10, = ikp, (3.22)
<¢ch2¢Re§3 - 5%,,) = Dp), (3.23)

where D is a differential operator denoting differentiation with respect to z. Accompanying these equa-

tions we have boundary conditions evaluated at z = h, expressed as

3 26
N — —— n— — Do — 252 n — 24
P~ he cot 07 T k*0°Wef =0 (3.24)
=30 + D+ iké*w = 0 (3.25)
w = ikij(us — ). (3.26)

15
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The boundary conditions at z = 0 are

SRep — 262D = p,, — 2Da’6%Dii, (3.27)
Diiy, + 6%iki6, = “2L (i — Daiy) (3.28)
Da
and
W = Da*w,. (3.29)
At z = —d we have
w, = 0. (3.30)

Eliminating p from equations (3.19) and (3.20) we obtain

ikdReDuyi + [iké Re(us — ¢) + k*6%] Dit + Red Du, Db + Red D*ugib — D4
= —k?0®Re(us — ) — ik§* D + ik35%b. (3.31)

Similarly, eliminating g, from equations (3.22) and (3.23) yields
Red 53
(1 - mc;> Dii, = ik (iche¢ + 52> w,. (3.32)
Eliminating p and p, from the boundary conditions gives

D20 — §2k?0 — 3i0k cot 07) — 2i6%k Db — 163k ReW en) —
Red [ik(us — ¢)ii — Dusw] =0 at  z = hg, (3.33)

D24 — §k*i — Red [ik(us — ¢)it + Dugid] — 2i6% kDb
Reé
= Tficku;, — iy — 2i0%*kDa’Diw at z = 0. (3.34)
Equations (3.18) and (3.21) can be eliminated by expressing the velocity disturbances in terms of
the stream function as
B T T )

02T T T o T T o

Introducing the normal modes for the stream functions expressed as

(W 1p) = (W(2), Uy(2)) M7
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leads to the following Orr-Sommerfeld type equations
D"V — [iKRe(us — ¢) + 2K?] D*VU + [iK®Re(u, — ¢) + iK ReD*u, + K*| U =0, (3.35)
D*V, — K*V, =0, (3.36)
where K = kd. Boundary conditions for these equations evaluated at z = hy are

31K cotf + iK3ReWe\P _

D*V — [iKRe(us — ¢) + 3K*| DU + — =0, (3.37)
DV + + K20 =0. (3.38)
Ug — C
At z = 0 the boundary conditions are
}cK Da?
D*W — [iKRe(us — ¢) + 3K%] DV + iK ReDu,¥ = (W —1- 2K2Da2> DU,,  (3.39)
2 Da 2
DV — Da’D¥, = —(D*¥ + K2¥), (3.40)
aBJ
¥ = Da’V¥,,, (3.41)
while at z = —d we have
U, =0. (3.42)

We now proceed by eliminating ¥, (z) from this system as follows. Solving equation (3.36) we get
U, (2) = c1 cosh(Kz) + co sinh (K z), (3.43)

where ¢ and ¢y are arbitrary constants. From (3.41) and (3.42) we obtained

W,(0) ¥, (0)
c1 =~ and ey = =5 o coth(Kd), (3.44)
and we therefore have K coth(Kd)
co
DU, (0) = T\II(O). (3.45)

This can be used to eliminate ¥,(z) from (3.39) and (3.40). As a result, we then have the following
problem for ¥(z)

D*W — [iK Re(us — ¢) + 2K°] D*V + [iK®Re(u, — ¢) + iK ReD*u, + K*] ¥ =0, (3.46)
3iK cotf + iK>ReW
D*W — [iK Re(us — ¢) + 3K2] DW 2 OWTIRTRETE G o oy o=, (3.47)
Ug — C
D>¥ + +K*U =0 at z=h, (3.48)
Ug — C
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D*¥ — [iKRe(us — ¢) + 3K*] DU+

icK Da’R K
[iKReDuS - (W —1- 2K2Da2> o coth(Kd)] T=0 at =0  (3.49)
a
D D
=2 D%y - DU + <aK2 + Kcoth(Kd)) T=0 at z=0. (3.50)
aBJ apJg

In order to carry out our stability analysis we must, for a given set of flow parameters (Re, Ka, Da, ¢,
apy, d, cot0), determine the growth rate of a particular perturbation distinguished by its wavenumber.
More specifically, we must obtain the corresponding value of ¢. If &(c) is negative the perturbation is
damped, while if &(c¢) is positive the perturbation is amplified. So, in dealing with the system given by
equations (3.46) - (3.50) ¢ is also an unknown. We determine ¢ by requiring that nontrivial solutions exist
for W. Therefore, equations (3.46) - (3.50) comprise an eigenvalue problem with ¢ being the parameter

to which characteristic values must be assigned.

3.3 Numerical solution

To calculate eigenvalues for the problem (3.46)-(3.50) we implement a Chebyshev collocation method.
We first transform the domain z € (0, hs) to & € (—1,1) by employing the transformation

2
= —z—1.
3 .
Consequently, the differential equation becomes
161) 1P — 1 i KR 2K?| D2® + [iK3R i K ReD? KY®=0 3.51
i ¢ ﬁ[l e(us — c¢) + ] F —I—[z e(us —¢) +iK ReDgus + ] =0, (3.51)

S

where Dy is a differential operator denoting differentiation with respect to &, ®(€) denotes ¥(z) in terms

of £ and the equilibrium velocity in terms of £ is given by
uS:(—f + §+ )h2+3 hs + 3Da?. (3.52)

The boundary conditions at £ = 1 are

8 . 2 3iK cotd + iK3ReWe

h3D§CI) h—s [iKRe(us — c) + 3K?] D¢® + P— =0, (3.53)
4 3¢
ﬁDE =0, (3.54)

S
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and at £ = —1 the boundary conditions are
8 5 2 .. 9

icK Da? K
+ |iK ReDeug — iekDa’le | gg2pg2) I coth(Kd)| ® =0, (3.55)

) Da?

4 Da 2 Da

——D;®— —D¢®+ | —K?+ K coth(Kd) | ® = 0. 3.56
Dz~ Zen+ (DK? 4 Koo(d) (3.50

We now expand the dependent variable in terms of Chebyshev polynomialsas  ®(§) = Zjvzl a;T;_1(€)
where  T,(§) = cos(narccos§), n = 0,1,2,..., N — 1. We discretise the ¢ interval and evaluate the
differential equation at the interior grid points, and the boundary conditions at the end points. This
yields an N x N algebraic system for the coefficients in the expansion, qd = [a1,as,...ay]T, which can

be expressed in the form

T2 —ala,

where ? and M are N x N matrices which do not contain ¢. Characteristic values for the parameter
c were obtained numerically using the Matlab subroutine eig. However, this approach, i.e. solving the
algebraic eigensystem, provides N values for ¢, whereas the original system, (3.46) - (3.50) should have
a single value. More specifically, a particular perturbation should have a single growth rate for a given
set of flow parameters. To remedy this issue we proceed as follows. We calculate the eigenvalues of the
algebraic system for different values of N and find that for sufficiently large values, as N is increased
only one eigenvalue remains approximately constant. We select this value as the appropriate solution
for c¢. In all the cases that we considered this technique was successful, with N values between 10 and
15 proving to be sufficiently large.

To obtain results, for a given set of flow parameters, we iterate over the wavenumber and use our
numerical method to calculate the temporal growth rate. A useful illustration of the results is given by
the neutral stability curve in the Re —k plane which indicates the wavenumber with zero growth rate as a
function of the Reynolds number. This curve delineates the regions in the Re — k plane corresponding to
amplified or damped infinitesimal perturbations. The onset of instability for the flow corresponds to the
critical Reynolds number, Re..;:, such that for smaller Re values all wavenumbers have a non-positive
growth rate, while for larger values there are wavenumbers with a positive growth rate indicating that
the flow is unstable.

It is evident from the formulation of the problem (3.46) - (3.50) that the only effect of the length
scale ratio, J, is to stretch the neutral stability curve in the Re — k plane and thus does not affect the
critical Reynolds number for the onset of instability. We thus present curves for K = kd as a function
of Re. We point out that 27/K is the wavelength of the perturbation scaled with the characteristic film
thickness, H. In Figure 3.1 we present neutral stability curves for different Darcy numbers, including
Da = 0 which corresponds to the impermeable substrate case. It can be seen that for the smaller Da

values Re.r;+ coincides with Rey which denotes the intercept with the Re-axis and corresponds to the
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Figure 3.1: Neutral stability for different values of Da with cotd = 1, Ka = 100, ¢ = 0.01, apy =2,d =
1.

onset of instability of infinitely long perturbations (K = 0). However, for the larger Da values Rec;t is
smaller than Rey. In other words, for sufficiently large permeability the onset of instability occurs by
means of a perturbation of finite length. The possibility of unstable positive wavenumbers at the onset
of surface instability has also been pointed out by Liu and Liu [16]. In the present work we investigate in
detail how this phenomenon is related to various parameters, including surface tension, and to nonlinear
effects.

As a verification of the numerical results we find that for the case Da = 0 the obtained value for
Re,,;; is a very close approximation of the accepted theoretical result % cotd [6,7]. We have also obtained
an asymptotic solution of the eigenvalue problem as K — 0. More specifically, we consider perturbation

expansions in the equations (3.46)-(3.50) of the form

C:CO+K617

and obtain a hierarchy of problems for the different orders of K. For the O(1) problem, we get

D*Wy(2) =0
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with boundary conditions

D3Wg(hs) =0, (us(hs) — co) D*Ug(hs) + 3Wg(hs) =0

Da

D30y(0) =0, ——D>*Ty(0) — DY((0) =0
QapBpJ
Solving this problem we get
Uo(z) = 22 +2Dayz and ¢y = 3h? 4+ 2Da” + 6Day hs, (3.57)
where Da; = 2o
aBJ

Now, collecting the terms in K gives us
DA (2) —iRe (us(2) — o) D*Wo(2) + iReD?*uy(2)¥o(2) = 0,

with boundary conditions

3icot O

7%(%) - Uo(hs) =0

D3V, (hy) —iRe (us(hs) — co) D¥q(hs) +

2 3 da =
P L= iy —ar
1

D3W,(0) — iRe (us(0) — co) DU(0) + |iReDus(0) + Do To(0) =0

1
Day D*¥,(0) — DW,(0) + E%(O) =0.

Solving this problem leads to the following expression for ¢;

1
c1 =i |9Reh;Day® + 15Reh;Day® — 2 (15h7 cotd — 36 Rehy) Day

1 1
—g(lf)hS cotd + 15d cotf) Da® — 3 (52 cotd — 6Rehl) | .

Now, neutral stability is given by &(¢) = 0. Since I(cg) = 0, neutral stability is described by
S(e1) = 0. Solving for Re we obtain an expression that is independent of K. The prediction of this
analysis, therefore, is that the neutral stability curve is a vertical line in the Re — K plane. However, it
must be pointed out that this result is valid as K — 0. Therefore, we can only expect this threshold to
be valid for small values of K. In other words, it is an approximation for the intercept of the neutral

stability curve with the Re-axis. So, the asymptotic solution gives the following approximation for Reg

_ 5 cotf (3 hs DGQO[BJ + 3h52Da + hSBOéBJ + 3Da2OéBJd) OéBJ2

o= . 3.58
* 7 3n (2hPaps? + 122 Daag,® + 25 hy Da’apy + 15 Da®) (3.58)
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4.5

_Réo (asym;')totic res'ult)

““““ ReCrit (numerical result)

0'50 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Da

Figure 3.2: Re..;+ and Reg as functions of Da with cotd =1, Ka = 100, ¢ = 0.01, apy =2,d = 1.

This expression is in excellent agreement with the numerical results for Reqg. Figure 3.2 contains the
numerically obtained critical Reynolds number as a function Da together with the asymptotic expression
for Reg. The deviation of Re..;; from Rey occurs for Da values large enough for the onset of instability
to be due to the amplification of a perturbation with positive wavenumber instead of the one with zero
wavenumber. As it can be seen, in this range Reg is larger than Re.,;; with the difference increasing with
Da. The indication thus is that the effect of bottom filtration is to stabilize the very long perturbations
relative to the moderately long ones.

In Figure 3.3 we illustrate the effect of d, the scaled thickness of the porous substrate, on neutral
stability. From these results we conclude that increasing the thickness of the substrate stabilizes the flow.
Furthermore, it is evident that there is also a critical value of d such that for smaller values infinitely
long perturbations are unstable at the onset, while for larger values the onset of instability is related to
a perturbation of finite wavelength.

Neutral stability curves for different Kapitza numbers are included in Figure 3.4. The curves have a
common intercept with the Re-axis which is to be expected since the expression for Reg given in (3.58)
is independent of Ka. For the smaller Kapitza numbers Re..;; is less than Reg, however, it increases
with Ka and beyond a certain value Re..;; = Reg. For low to moderate surface tension Re..;; < Reg
and the onset of instability is due to the amplification of a perturbation of finite wavelength. Surface
tension affects waves of finite length, so it impacts the threshold for instability of the flow. In particular,

increasing surface tension in this range of Ka values increases Re..; and thus acts to stabilize the
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Figure 3.3: Neutral stability for different values of d with cotd = 1, Ka = 100, ¢ = 0.01, agy =
0.1, Da = 0.2.

equilibrium flow. It is also apparent that the wavenumber of the most unstable mode at the onset is
decreased with increasing surface tension. For strong surface tension Re..;; = Reg, so infinitely long
perturbations are more unstable and the onset of instability is independent of surface tension.

As it can be seen in Figure 3.5, varying ¢ has a similar effect to varying Ka. Specifically, increasing
¢ stabilizes the flow when finite perturbations are amplified at the onset, and for sufficiently large ¢
values Re.,;; coincides with Rey in which case porosity does not affect the onset of instability. This is
consistent with the asymptotic formula for Rey which is independent of ¢.

In Figures 3.6 - 3.8 we display the dependence of the critical Reynolds number on the permeability of
the substrate for different values of the other flow parameters. Liu and Liu [16], in considering very low
permeability, have found it to destabilize the surface of the film for small values of ap;. We considered
a wider range of Darcy numbers and have found that, depending on the value of other parameters, an
increase in bottom permeability can also stabilize the flow. Figure 3.6 shows the graphs of Re..;; as a
function of Da for different values of ag ;. It can be seen that for a given Da value Re,,;; increases with
apy. This fact is also evident in the results obtained by Liu and Liu [16]. An increase in ap; means
less slip at the bottom of the fluid film resulting in a slower flow rate thus stabilizing the flow. It is also
interesting to note that there is a critical value of ag; such that for larger ap; values Re..;; changes
from a decreasing function to an increasing function of Da. Figures 3.7 and 3.8 illustrate the effect of ¢
and d on the variation of Re..;; with Da. It is apparent that sufficiently large values of these parameters

result in non-monotonic variations of Re..;; with Da.
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Figure 3.4: Neutral stability for different values of Ka with cotd =1,d =1, ¢ =0.01, ag; =1, Da =
0.3.
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Figure 3.5: Neutral stability for different values of ¢ with cotd =1, d = 3, Ka = 100, apy = 1, Da = 0.4.
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Figure 3.6: The critical Reynolds number as a function of Da for different values of ap; with cotd =
1,d=0.5, ¢ =0.01, Ka = 100.
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Figure 3.7: The critical Reynolds number as a function of Da for different values of ¢ with cotd =1, d =
0.5, apy = 0.3, Ka = 100.
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Figure 3.8: The critical Reynolds number as a function of Da for different values of d with cotd =1, ¢ =
0.01, apy = 0.3, Ka = 100.

In Figures 3.9 and 3.10 we show the temporal growth rate and phase speed of perturbations as
functions of the scaled wavenumber, K, for supercritical Reynolds numbers close to the critical value
for the onset of instability. The results in Figure 3.9 correspond to the impermeable bottom case, while
in Figure 3.10 we have a case with bottom filtration. The growth rate distributions with K for the
case with filtration reveal that just beyond criticality a band of moderately long perturbations are being
amplified while all other wavelengths, including the very long ones, are being damped. As the Reynolds
number is increased, eventually the very long perturbations also become unstable and the growth rate
curve resembles that for the impermeable substrate case. In both cases the wavenumber with the fastest
growth rate increases with Re.

In the impermeable bottom case the phase speed decreases with K, while if filtration is present
the phase speed is a non-monotonic function attaining a maximum value on the range of unstable
wavenumbers. It appears that the wavenumber corresponding to the maximum phase speed does not
coincide with the one where the maximum growth rate is attained. In fact, the maximum phase speed

decreases with Re, as does the K value at which it is attained.
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Figure 3.9: The temporal growth rate and phase speed as functions of K for the impermeable bottom
case (Da = 0), with cotd = 1, Ka = 100. In this case Reqriz = 5/6.
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Figure 3.10: The temporal growth rate and phase speed as functions of K for Da = 0.3, cotd =1, ¢ =
0.01,d=1, agy =2, Ka = 100. In this case Re..;; ~ 1.286.
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Chapter 4

Nonlinear Effects

Our goal in this chapter is to include nonlinear effects into solutions obtained for our governing equations.
To accomplish this we employ certain appropriate approximations that simplify the equations. We first
obtain what is referred to as the long-wave equations by discarding terms based on the assumed smallness
of the length to thickness aspect ratio, §. These equations can be further simplified by applying a
weighted-residual method. Numerical solutions can be effectively obtained for the resulting “reduced

model”.

4.1 Long-wave equations

As it is detailed in chapter 2, the results from the full equations indicated that instability is related to
infinitely long perturbations or perturbations that have a finite wavelength but are still long relative to
the thickness of the film. We thus expect to obtain an accurate approximation of the stability analysis by
implementing a simplified model based on the smallness of the aspect ratio §. We proceed by considering
the asymptotic limit § — 0 and deem O(§?) terms as negligible. We assume all the parameters of the
problem to be O(1) with the exception of Ka which is assumed to be large enough so that Kad® is not
negligible, and discard the O(4?) terms in the full equations (2.14) - (2.26). This allows us to eliminate

the pressure from the system as follows. The z-momentum equation, (2.16) becomes

op 1 O%w

Integrating this equation with respect to z results in

=l — 2[5O
P = Pla=h. = R 0z

_sow
o—h. 0z

— 3cotf(hs — z)) . (4.1)
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We get p|.—p. from the normal force condition (2.20)

2 ow Oh Ou
p|z:hS =19 a.

Re \ 0z . - Or 92 0x?

2
) _pweh )
z=hg

The expression for p is introduced into the z-momentum equation, (2.15). Similarly, we can eliminate

the filtration pressure. Specifically, we integrate (2.19) to obtain
Pp = Ppl,_o — 3 cotbz. (4.3)

The expression for py|,_, is obtained from condition (2.23) which, in our asymptotic limit, is given by
pp = 0Rep at z = 0. The expression for p, is then introduced into equation (2.18).

The complete set of long-wave equations is given by

ou Ow
T 4.4
or " 92 0, (44)
ou Ou ou oh O3h 0%u

— tu— — | =- t0— + 0° — — 4.

6Re<8t+u8x+w8z> 3d co 6:1:+ R6W68m3+3+8z2’ (4.5)
Ou, Ow,

s Wi 4.

oz 0z 0, (46)
Da?Red Ou,, oh 4 O3h

2L b AL 4.

5 5t 30 cotf o + 6°ReWe 98 W +3, (4.7)
subjected to the conditions
% =0 atz=h(z,t), (4.8)
Oh oh
w—a—i—u% at z = h(z,t), (4.9)
w= Da*w, at z=0, (4.10)
ou o apJg 2 -

pyol E(u Da*uy,) at z=0, (4.11)
wp =0 at z=—d. (4.12)

For the purpose of gauging the accuracy of this long-wave model, we perform a linear stability
analysis and compare the results with those from the full equations. We perturb the primitive variables
and linearize the governing equations. We then convert to the stream function formulation and introduce

normal modes thus obtaining
D*V — [iK Re(us — ¢)] DV + iK ReDu,¥ — K1 =0, (4.13)

where U(z) is the amplitude of the stream function perturbation, 7 is the amplitude of the perturbation
added to the thickness of the fluid film and K; = 3iK cotf + iK3ReWe. The associated boundary
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conditions are

D0 —3n=0 at z=h,, (4.14)
U—(c—us)n=0 at z=hy, (4.15)
(1—Ky)¥+dDa’Kin=0 at z=0, (4.16)

(1 — K2¢)D¥ + Da*Kqn — QD—;](l — Kye)D*U =0 at z2=0, (4.17)

where Ky = iK Da?Re/¢.

As it is exemplified by the results in Figures 4.1 and 4.2, the predictions made by the long-wave
equations are in good agreement with those from the full equations. Most notably, the long-wave
equations capture the instability of moderately long perturbations associated with the onset of instability
of the flow.

4.2 The weighted-residual method

To study nonlinear effects on the stability of the flow we effectuate a further simplification of the long-
wave equations by eliminating the explicit dependence on the vertical coordinate. Now, the equation
for the horizontal filtration velocity, equation (4.7), is free of z derivatives, so we assume that wu, is z-
independent, i.e. u, = u,(x,t). Then, upon integrating the continuity equation in the porous medium,

(4.6), we obtain the vertical filtration velocity

Ouy

wpz—dax.

Integrating the continuity equation for the fluid film, (4.4), with respect to z yields

oh 0 )
o T g (a+dDa’u,) =0, (4.18)

where

h(z,t)
q(z,t) = / u(z, z,t)dz . (4.19)
0

In order to eliminate the z dependence from equation (4.5) we resort to a weighted-residual method.

We introduce the function )

b(x,z,t) = 2hz — 22 + 2Darh + 3

Da2up ,

Da
apy’

approximation in Da of the boundary condition (4.11). We thus employ it as a base function and

where Da; =

This function satisfies the boundary condition for u (4.8), as well as the linear

consider u expressed as
3q

= b
"= 2(h3 + 3Dash? + Da2hu,)

(4.20)

The coeflicient of b in this expansion is such that ¢ is introduced as a new dependent variable and is
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0.16 T T T T T T
----- full equations
——long-wave equations
0.14f - - -reduced model i
¢ nonlinear simulations
0.12F i
STABLE
0.1F o i
¢
K0.08 - i
0.06F i
UNSTABLE
0.04F i
0.02F i
0 L L L
1 1.1 1.2 1.3 1.4 1.5 1.6
Re

Figure 4.1: Neutral stability obtained by the different methods with Da = 0.3, cotd = 1, Ka = 100, ¢ =
0.01, apjg — ]., d=1.

connected to u through the relation (4.19).

In accordance with the Galerkin approach we introduce expression (4.20) into equation (4.5), multiply
by b and integrate with respect to z from 0 to h. It should be pointed out that the assumed expression
for u does not in fact satisfy the boundary condition (4.11). We rectify this by applying integration by
parts to the last term in (4.5) and substituting the correct boundary condition into the boundary terms.

More specifically, we use

ob ou ou b 92p
D e D - e e
/ pl Y [9 ( ai + aup) b ZL 0+ ; zzudz,

into which we then substitute expression (4.20) for u. Setting the residual of equation (4.5) to zero gives

9  OF _ 2y, O
5 + D = 81 + 820 We8 5+
2
q Ooh Ouy, q Bh Ouy, O Oh ou,,
—_— _ — — 4.21
140202 (s"a T oz * Re©10, 5 ts6 g, oz + Re®, 57 b + s ox )’ (4.21)
where

CI= Da2up +h?+3hDay,
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Figure 4.2: The critical Reynolds number obtained by the different methods with cotd = 1, ¢ =
0.01, apy =2, Ka=100 and d = 1.

0y = 5 Da*u,? + 30 Day u, h Da”® + 10w, h? Da® + 30 h3Day + 45h?Da,? + 6 h* .

2
q 3 3
=_———(1890h°D
1= The.e, | et
1890 * Da;? + 1890 huy, Da;* Da® + 714 h° Da; + 1260w, h*Da; Da®

+ 630 hupy? Day Da* + 102 h® 4 231 Da*u, h* + 210 Da*u,?h? + 70 Da’u,®)

1
s1 = B00,643 (30 Daﬁup3h + 225 Da4up2h2Da1 + 75 Da4up2h3 — 30 Da'q u,? — ¢ qhtu,
+ 540 Da*uy, h®Da;* 4 360 Da*u, h* Da; — 45 Da*qu, h* — 135 Da*u, g h Da;+
60 Da*u, h® + 3¢ qh* —90qh®Da; — 135¢h*Das >+
135 h8Da; + 405 h®Day? + 405 h* Da;® + 1507 — 15¢h?),
52 (5 Da%u,® + 45 hu,?Da; Da* + 15 Da*u,?h? + 135 h*u, Da;* Da*+

~ 9,0,
90 u, h*Day Da® + 15 Da*u, h* + ¢ qh® +5h® + 135 h*Da;? + 135 h3Da;® + 45 h° Day ),
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s3 = —h?(1260 Da’u,h Da; + 2835 Da*u,”h* Da;* — 360 Da*u,’h Da; — 3105 Da*u, h* Da; >+
1890 Da*u, h* Da;® — 1908 Da*u, h° Da; + 175 DaPu,* + 105 Da®u,h? — 282 Da*u,?h* —
282 Da*uy, h® — 36 h® — 504 h" Da; — 2178 h®Da;? — 3240 h° Da;?)

s4 = —h?(—=135h°Da;*Da® — 945 up2h2Da1 Da® — 720 uy, h*Da; Da*—
1890 h3u, Da; % Da* — 72 Da*u, h® — 140 h Da®u,®
225 Da%u,?h® — 945 h* Da;® Da® + 120 Da*h® Da; + 30 Da®h")

s5 = —3 ¢ hicotd ,

D 2
56 = %(20 Da*u,?h Red — 120 Da*u,?Re d Da; + 57 Da*u, h® Re d—

720 Da*u, h Red Da;® +147h*Red Da; + 21 h°Red — 180 h®*Red Da;* — 1080 h* Re d Da; ),

s7=—5H (3 hcotf u, Da? + 3h3cotd + 9 h2coth Dal) ,
ss = =5 (Redu,®Da’® + 3h Red Da; uy, Da®) .

Equations (4.18), (4.21) and (4.7) constitute our reduced model and govern the dependent variables
h(z,t), q(z,t) and u,(x,t), which are the thickness of the fluid film, the flow rate of the film and the
filtration velocity in the substrate, respectively. If we set Da = 0 then equations (4.18) and (4.21) reduce
to the modified integrated-boundary-layer equations proposed by Ruyer-Quil and Manneville [23] for flow
over an impermeable surface. These equations predict the correct threshold for the onset of instability
and it has been demonstrated [24] that they constitute the optimal weighted-residual approximation.
For the permeable substrate case such an analysis of equations (4.18), (4.21) and (4.7) would be quite
complicated. Therefore, to gauge the accuracy of our reduced model we determine the effect of the
weighted-residual approximation on the linear stability results.

Adding normal-mode perturbations to the equilibrium solution gives
h= hs + ]':Lemteik:w7 q= 1+ qveateikw’ u, = 3+ dpeateika:.

Substituting the perturbed equilibrium solution into our reduced model and linearizing with respect
to the amplitudes iz, ¢ and 1y, leads to a dispersion relation. This equation was obtained with the aid
of the Maple Computer Algebra System, however its formulation is quite lengthy and it is pointless to
present it here. Suffice it to say that it is cubic in ¢ and for fixed values of the other parameters the
solutions were obtained by means of the Matlab polynomial root finder. The real part of ¢ measures
the temporal growth rate of the perturbation, so we are able to determine neutral stability. As it is
illustrate in Figures 4.1 and 4.2, the results are in excellent agreement with those from the long-wave

equations for a wide range of permeability values. There is thus strong evidence that the reduced model
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is accurate, and we carry out a nonlinear stability analysis on it.

The reduced model is amenable to a very effective numerical method. The equations constitute a
system of nonlinear hyperbolic conservation laws with source terms. Terms which cannot be expressed as
total derivatives, and thus cannot be included in the flux, appear as source terms involving the derivatives
of the state variables. We deal with these terms by following a fractional-step approach. Such a method
was applied in previous investigations of inclined film flow [13,25,26]. With this procedure, in order to
advance the solution from one time level to the next, we apply a two-step process. In the first step we

discard the derivative source terms and consider the system

oh 0

o 9 2, _
at+8$(q+dDaup) 0,
9q  Of _
54‘%—51,
Da?Red Ou,, oh
Tﬁ—i—?)dcot@%—?)—up,
which is of the general form
ov. 0
— + —F(V)=B(V
-+ S B(V) = B(V),

where V, F and B are column vectors with V containing the dependent variables of the system. We
solved this system using the extension to MacCormack’s scheme made by LeVeque and Yee [27] to include

source terms via the scheme

At

V=V o [F(V7.,) —F(V]H)] + At B(V]),
n 1 n * At * x At :
Vit = 2 (Vi +Vj) - oAz [F(VI) - F(Vi-] + 3BV

where the notation Vi = V(zj,ty) is utilized with Az denoting the uniform grid spacing and At is the
time increment.
In the second step we focus on the derivative-dependent source terms disregarded in the first step

and consider the system

3 2
@—5252Wea—h+ g ((9];+s48%>+

at 923 T 146202 \ 3 dz
a Oh | O, O ([ Oh . Ou
Re©,0, <S5 o V5% ) Y Reoy \Tar T )0 )
Da”Re Oy _ 2 oy 00 (4.23)
5 5% e 6813. .

This system is to be solved over a time increment using the results from the first step as the initial
conditions. We point out that h remains constant for the second step. Therefore, the equations are

decoupled, and furthermore, if equation (4.23) is solved first, then in both equations the z derivatives
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are only applied to know quantities. So at a given spatial grid point u, is linear in time and equation
(4.22) can be discretised in time by a simple second-order accurate predictor-corrector scheme.
The numerical method for solving the reduced model can be used to calculate the evolution of a

perturbed equilibrium flow. Specifically, as the initial condition we take
2
h = hg + esin <L7Tm>, qg=1, up,=3,

where € is the amplitude of the imposed perturbation and L is the length of the computational spatial
domain to which we apply periodic boundary conditions. We can thus determine whether or not the
solution tends to equilibrium and conclude the stability of perturbations with wavenumber 27/L. We
considered a range of small values of the initial amplitude, 107!% < ¢ < 1073, We are thus confident that
our analysis applies to naturally occurring infinitesimal perturbations and is effective in determining the
stability of the equilibrium flow.

By iterating over the flow parameters we can pinpoint under what conditions a particular perturbation
mode is neutrally stable. We can thus generate the neutral stability curves and compare with those from
the linear analysis. Such a comparison is presented in Figure 4.1. Here, for a given value of K and
thus L = 27/ K, we incremented the Reynolds number by small increases of 0.005. For each Re value
we ran the simulation until the amplitude of the perturbation become steady. As Re was increased, at
a particular point we found this amplitude to change from values less than 10~ to values of the same
order of magnitude as 1072, We used this threshold as the condition for instability. As it can be seen
in Figure 4.1, there is some disagreement between the nonlinear results and the prediction of the linear
theory. More precisely, the band of moderately long modes that are linearly unstable for Re < Rej are
predicted to be unstable only for Re > Reg. As it is well know, linear instability only indicates that
infinitesimal perturbations are amplified. However, as the perturbations grow, nonlinear terms become
significant and can act to arrest the growth. The perturbation magnitudes necessary for the nonlinearity
to take effect can still be very small, and if these levels are not exceeded the flow is practically stable. Our
solutions with deviation from equilibrium of magnitude 10~ could be caused by an initial growth that
is then counteracted by nonlinearity. It must also be pointed out, however, that because the variations
in these solutions are much smaller than the truncation error of our numerical method, we can not be
entirely certain of their accuracy. Nevertheless, in either case we can conclude that the perturbation does
not significantly alter the equilibrium solution for Reynolds numbers less than the threshold indicated
above.

For flow parameter values which lead to instability of the equilibrium flow, the numerical calculation
of the evolution can be continued until the growth of perturbations saturates and a secondary flow is
established exhibiting permanent surface waves. In the impermeable substrate case the general structure
of the waves is dictated by the degree of supercriticality of the flow conditions [28]. For supercritical
conditions close to criticality the surface of the fluid film has a small-amplitude sinusoidal shape. For
parameter values sufficiently beyond critical levels permanent solitary waves are generated on the surface
of the fluid film. These waves have large heights and are preceded by high-frequency oscillations of

significantly smaller amplitude. For flows down permeable inclines changes in the properties of the
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Figure 4.3: Permanent surface profiles for unstable flows with different Reynolds numbers and Da = 0.3,
cotd =1, »=0.01, agy =1, Ka =100 and d = 1.

substrate can affect the general form of the permanent surface profile, but this due to the direct impact
on the critical conditions for the onset of instability. As it is illustrated in Figure 4.3, the progression of
the types of waves with departure from criticality was found to be the same as the one described above

for the basic impermeable bottom case.
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Chapter 5

Conclusions

In this thesis we studied the interfacial instability of a gravity-driven film flow with significant fluid
filtration through the substrate. We considered an equilibrium flow that is steady and uniform in
the streamwise direction. We determined the development of instability by implementing a model for
the evolution of naturally occurring infinitesimal perturbations that interact with the equilibrium flow.
Our goal was to examine the effect of various aspects of the porous substrate, such as its thickness,
permeability and porosity, and how these factors combine with aspects of the film flow such as surface
tension.

As part of our investigation, we carried out a linear stability analysis. As such, we linearized the
governing equations with respect to perturbations imposed on the equilibrium solution. We obtained an
eigenvalue problem with an Orr-Sommerfeld type equation, the solution of which allowed us to predict
under what conditions different perturbations are amplified. As a result, we were able to determine
the critical conditions at the threshold to flow instability, and the wavelength of perturbations that
lead to instability at the onset. For the basic problem with an impermeable substrate, infinitely long
perturbations (with zero wavenumber) generate the instability as the threshold is crossed. As it is
well known, surface tension acts to suppress surface waves, but its effect diminishes as the wavelength
is increased. Consequently, the critical condition for the flow to be unstable is not affected by surface
tension and is expressed as Regpiy = % cot f. This condition specifies the necessary level of inertia to cause
instability for a given inclination. As the Reynolds number is increased ( and thus inertia intensified)
beyond criticality, the range of unstable perturbation wavenumbers, 0 < K < K., widens, i.e. K,
increases with Re. Of course, for a fixed supercritical Re value, K. decreases with surface tension.

In contrast to the basic problem, if the substrate is porous it is possible to have instability set in
as a result of the amplification of a finite perturbation. This phenomenon occurs for sufficiently high
permeability and sufficiently low porosity of the porous medium, and provided that the thickness of
the substrate is sufficiently large. Furthermore, the surface tension of the fluid film must be sufficiently
weak. At these levels, surface tension does in fact influence the onset of instability in the equilibrium
flow, and as expected, it plays a stabilizing role.

Another important aspect that we examined is how the critical Reynolds number for the onset of
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instability is affected by the permeability of the substrate. Previous investigations [16] have considered
small values for the permeability and the slip parameter imposed at the fluid-porous medium interface,
and concluded that increasing the permeability destabilizes the flow. In our investigation we considered
a wider range of parameter values, and found that increasing permeability can also have a stabilizing
effect for certain parameter values.

We have also explored nonlinear effects on the stability of the flow. To facilitate a nonlinear analysis
we simplified the governing equations by applying a long-wave approximation and a reduction in space
dimensionality by implementing a weighted-residual method. In order to gauge the accuracy of the
approximations a linear stability analysis was performed on the thus reduced model. The results proved
to be in good agreement with those from the full equations. To carry out the nonlinear analysis, a
numerical method was applied to the reduced model and used to calculate the evolution of sinusoidal
perturbations of given wavelength and amplitude. The results, in contrast to those of the linear analysis,
do not indicate that it is possible for a given flow to have instability of certain perturbations while longer
ones are stable. This suggests that the perturbations with positive wavenumber that are found to be
linearly unstable at the onset are in fact damped if nonlinear effects are not discarded, and the equilibrium

flow is thus subject to nonlinear stability.
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