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ABSTRACT 

Robot joints could be damaged by impulsive forces due to impact when the robot 

performs hammering operations. This thesis presents the development of a strategy that 

allows a modular reconfigurable robot to safely perform nail hammering. To do this, a 

multiple working mode approach is applied to switch the selected joint(s) to passive mode 

with friction compensation to allow free rotation during impact. Analytic impulse models are 

used to predict joint impulses which can be computed offline or online and serve as criteria 

for mode switching. Joint impulses are constrained in case the hammer collides with such an 

object of infinite effective mass. Advantages of the proposed approach may include savings 

on space, weight, costs, and complexity for a limited range of nail/board environments. An 

experimental study validates analytic models of hammering and effectiveness of multiple 

working mode approach. 
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1 INTRODUCTION 

The following section is aimed at providing the necessary background information to 

place the thesis within the context of research being conducted in the field of robot collision 

and impacts. The objective and contributions are presented at the end of the chapter along 

with the outline of the thesis.  

1.1 Literature Review 

1.1.1 Robot Collision 

The application of robot manipulators in environments such as an industrial, space, and 

households quickly revealed the need to deal with a variety of collision related problems. 

One of the integral parts of a robot’s capabilities relates to path planning and collision 

avoidance. While some of these applications are best solved by artificial intelligence and 

computer vision [1], many researchers agree that prevention is not enough and a study of the 

dynamics problems that arise during collision is necessary [2] [3] [4] [5] [6].  

Going from household to space applications, however, presents a large spectrum of 

requirements and constraints for a fully generalized approach, so, generally, the methods 

have been tailored around a specific task for a given robot and available infrastructure. Vogel 

et al. [7] classified collision and impact tasks into two broad categories to distinguish their 

work from what is usually conceived of when discussing collision: 
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1. Avoidance of collision or impact, and attenuation of energy transfer to or from the 

environment during unavoidable collisions and interactions (PRTs) 

2. Hitting tasks for purposeful collisions and maximization of energy transfer (CSTs) 

To avoid calling them “type 1” or “type 2” tasks, these categories are named in this 

work based on their distinctive feature – the intent behind the action. The first category is 

named “Prevention and Response Tasks” or PRTs while the second will be “Coordinated 

Striking Tasks” or CSTs.  

As noted earlier, when thinking about collisions, most will consider the study of PRTs 

which includes research into object detumbling in space, humanoid robots in a home 

environment, as well as detection, handling, and reaction of industrial robots due to an 

accident [2] [3] [5] [6] [8] [9]. The study of CSTs, on the other hand, includes tasks such as 

kicking, hammering, and batting with humanoid or industrial robot arms [7] [10] [11] [12] 

[13] [14].  

A different branch of research on impedance control [15] and on Series Elastic 

Actuators (SEAs) [16] emerged in over a decade ago [4] [14] [17] [18] [19]. Conventionally, 

mechanical impedance parameters of a joint are adjusted using a controller, but this concept 

introduced an elastic element with constant stiffness between the gear and the actuator output 

[19]. The concept was augmented in different ways towards Variable Impedance Actuators 

(VIAs) which included variable stiffness and damping elements; a subcategory of VIAs is 

called Variable Stiffness Actuators (VSAs) with only a stiffness element [19].  
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The successful application of VSAs to some collision problems [19] marks the 

question of whether it is valuable to investigate task-specific approaches. There is also the 

question of whether VSAs are mutually exclusive to that kind of research. To provide 

answers, a more detailed view into the kinds of problems these methods are aimed to solve, 

their advantages, disadvantages, and effectiveness is further studied.  

1.1.2 Prevention and Response Tasks (PRTs) 

The following section aims to highlight the key assumptions and features of a robot 

intended for a PRT in various environments and to narrow in on the direction of PRT 

research. 

Consider the task of capturing a free-floating object in space by a robot arm mounted 

on a flexible structure or satellite like in [8]. The task can be split into three phases which 

include the pre-impact, impact, and post-impact phase with each phase having different 

challenges depending on the kind of assumptions made about the robot, the supporting 

structure, and the nature of the impact. Some of these important assumptions include: 

• Serial, rigid-body system dynamics 

• End-effector synchronization with the tumbling object is not possible even with 

visual sensing 

• Conservation of momentum in the post-impact phase due to external force generated 

by collision 
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Because of these assumptions, it is possible to take advantage of the fact that the 

partial momenta of the base and arm are dependent on the pre-impact configuration of the 

robot. Thus, there will be a configuration which minimizes the change of the base’s partial 

momentum, but conversely maximizes it for the arm. High amplitude vibration of the flexible 

support structure may be induced due to momentum transfer to the base. The goal is to 

minimize the changes in the base momentum because any changes in velocity (especially 

angular velocity) of the base are much more difficult to handle than for the arm in space. This 

finding is important because it shows that pre-impact reconfiguration can be exploited for 

other collision tasks like hammering where the configuration before impact is determined by 

the user.   

 The work reported in [3] provides a glimpse into the direction of most PRT research. 

Some important aspects that were cited are safety issues in the operation of manipulators in 

unstructured workspace environments shared in close proximity with humans. Just as in [8], 

the authors investigate the challenges related to the three phases of an impact (pre-impact, 

impact, post-impact). Obviously, the intent is to avoid impact, so in the analysis of the pre-

impact phase there is an emphasis on avoidance.  

The focus, however, is in developing strategies in the post-impact phase which 

include detection and reaction of the impact. An additional criterion of consideration was the 

cost effectiveness of proposed approaches. If possible, collision detection should be achieved 

without additional sensors to minimize cost. The main idea for sensor-less detection of 

collision is from [20], where collisions are viewed as faulty behaviours of the robot actuating 
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system while the design of a detector takes advantage of the decoupling property of robot 

generalized momentum [3]. Further development is preceded by an analysis of the dynamics, 

energy, and momentum equations of an open kinematic chain, rigid-link, rigid-joint robot 

with an extension to variable-stiffness joint dynamics.  

 The work discussed thus far looked at collisions which are relatively tame in terms of 

speeds and severity. The sensing and processing apparatuses involved, such as encoders, 

torque sensors, visual sensors, and microprocessors, are not so highly stressed. [9] researched 

the capabilities of a DLR-LWR-III arm in the task of ball-catching, demanding a tight 

interplay of skills in mechanics, control, planning, and visual sensing. An active vision 

system for ball catching was used in the pioneering work on the 4-DOF WAM arm by [21], 

where a ball travelling at a velocity of 3-6 m/s was to be grasped by an arm within a 0.5 

second window of time. The catching success rate was between 75-80%. It was reported that 

the visual sensor accuracy was responsible for much of the failed trials [21]. 

While the parameters of the experiment in [21] have remained as a standard, only a 

>80% success chance of catching a ball is reported in [9]. Due to the scaling of 

computational power, however, new strategies have been developed allowing even dextrous 

multi-finger hands to achieve these results. The hand can also make decisions, within such a 

short timeframe, between the types of grasp that would be most efficient. The speed required 

to achieve those results is a function of the design of the system architecture responsible for 

the computational resources of the robot. The DLR is equipped with two PCs running Linux, 

a cluster of 32 CPU cores (responsible for motion generation), and a QNX real-time Robot 
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Control operating system. Put together, this architecture can guarantee certain key speeds to 

perform inverse kinematics, trajectory generation, buffering, sending, and receiving of data 

[9]. The significance of this work is that it demonstrates the amount of computational power 

and hardware required to perform the ball-catching task with a multi-fingered hand. The cost 

is a potential drawback and it should not be ignored in future research projects.  

 Another popular path of research [6] [22] [23] [24] studies flexible robot structures 

using a finite element approach. In [6] , the aim is to address issues during impact of 

lightweight flexible multibody operations which affect the vibrational characteristics of the 

mechanical system. Accurate models of flexible link-joint dynamics with impact are rarely 

studied because of their high complexity. The proposed method considers flexible links 

modelled as Euler-Bernoulli beams with high-order approximation coupling terms and 

flexible joints as a linearly elastic torsional spring with a mass. A simulation of a 2-DOF 

planar manipulator impact aimed to illustrate the method shows the significance of joint 

flexibility and high-order geometric nonlinearity of link deformational on end-effector 

motion [6].  

Unlike with variable stiffness actuators that have an embedded spring element, the 

joint flexibility here is an outcome of flexibility in shafts, bearings, transmission, and other 

soft components. The importance of this branch is that it demonstrates some interest in more 

complex modelling of impact dynamics, but what is notable is the type of complexity being 

explored. Instead of adding simple components to the robot which increase the total system 

complexity, the inherent complex characteristics of the materials and structures is the focus. 
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The issue is that there exists a trade-off between the complexity of analysis and complexity 

of a system being analyzed which creates a bottleneck for this line of work, which is why it 

hasn’t found many applications. 

 Several important branches which aim to address the ability of manipulators to handle 

impacts in the sense of prevention and response have been discussed in this section. Some 

key assumptions and focus points of each branch and their effectiveness were summarized to 

give an insight on the direction of PRT research. 

1.1.3 Coordinated Striking Tasks (CSTs) 

The study of Prevention and Response Tasks has clear applications due to the 

unavoidable nature of collisions in various circumstances, so it attracted a lot of attention 

from different research groups around the globe with several pioneering works and inception 

points for different lines of research. The same cannot be said for the study of Coordinated 

Striking Tasks such as batting, hammering, and kicking which has become more popular 

only in recent years due to the development of VSAs and the desire for robots to work 

closely next to humans in a safe manner. There are, however, a few papers concentrating on 

very specific tasks like batting a baseball, kicking a soccer ball, tapping a shoulder with a 

small hammer, and humanoid robots striking objects with a rubber stick [7] [10] [11] [25] 

[26]. They share some similar features, but most are somewhat obscure in their reach.  

Impacts of beam structures have been an interest for various structural engineers, but 

only a few groups have looked specifically into impact dynamics of robot links, much less 
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intentional strikes and impacts [27] [28] [29] [30]. The initial work of [28] used a finite-

element model for impact analysis of a single-link flexible robotic arm and was incorporated 

into a variety of papers featuring flexible robotics.  

A flexible link hammer for shoulder tapping, driving nails into boards at different 

angles, and control of a hammer using a neural network were proposed in [11] [25] [31]. 

Their main contribution was the development of a method to strike an object normal to its 

surface with a specific end-effector velocity. One issue that was found in the process is the 

fact that a flexible hammer will vibrate in the pre-impact and post-impact phase. The first 

mode of vibration may be utilized in the pre-impact phase, but the second and higher order 

terms need to be supressed since they can’t be controlled. In the post-impact phase, all the 

modes of vibration must be supressed to prepare for the next strike. Not compensating 

vibrations successfully may result in diminishing the robot’s ability to hit an object with a 

specified velocity in a given plane. Moreover, if the plane of motion includes gravitational 

forces, then the effect of vibrations is even larger. The proposed solution to suppress high 

order vibrations was an optimal regulator with a low-pass property, which was implemented 

and tested experimentally with success by driving multiple nails into a wooden board at 

different incidence angles [11]. 

 An independent path of research funded by Adidas AG, the sports equipment 

company, studied and developed a humanoid robot leg for testing of soccer shoe and ball 

designs [10]. The action of kicking a ball during a professional soccer game produces a large 

impact on the leg which means that simulating the kick with a robot would stress the machine 
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to its limits. Since several experiments were conducted where a ball would reach a takeoff 

speed of 40 m/sec, the study presents some interesting insights into the kind of design that 

would be selected for stressful striking tasks. After consideration of the limited data related 

to the biomechanics of kicking, the design converged to a passive energy-storage and free-

kick release system [10]. The dynamic analysis of a human leg kicking a ball was based on a 

simplified model of a translating double-pendulum system, which concentrated link-masses 

and lengths in proportion with that of a human leg [10]. The thigh rotation was actuated 

using a spring-loaded rotational actuator for a powerful swing, and a linear spring-loaded 

actuator was used to power the shank, which together could produce forces as high as 1000N. 

The experimental results demonstrate some failure of gear-meshes and overheating of motors 

during the initial phase of testing, but after some material hardening and motor re-winding 

the robot was able to perform 75 accurate kicks. After the delivery of the robot to the 

customer, the researchers proposed a maintenance contract for further development [10].  

An important line of thinking starting with [32] built on top of very basic rigid body 

dynamics and collision theory in [33] to introduce methods of evaluation for serial and multi-

arm collisions. A number of measures, namely the dynamic impact ellipsoid and generalized 

impact ellipsoid, were developed as a means of finding optimal impact configurations based 

on an external impulse model of a robot end-effector during a collision with another rigid 

body. The dynamic impact ellipsoid corresponding to changes in external impulse with 

respect to changes in end-effector velocities can be used to evaluate potential damage to the 

end-effector in case of a collision. The generalized impact ellipsoid, on the other hand, was 

aimed at analyzing changes in external impulse with respect to changes in kinetic energy of 
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the robot joints. Both measures are useful in cases where end-effector and environment 

damage and design are of importance [34]. However, by mapping the external impulse onto 

the internal impulses at robot joints, [34] was able to develop an internal impact measure that 

evaluated changes in internal impulse with respect to external impulse experienced at the 

end-effector. At the same time, [34] expanded the dynamics of a rigid serial and dual-arm 

robots to collisions with non-rigid surfaces through an effective mass model of the surface the 

robot end-effector would contact. The hardness of the surface is reflected in its effective 

mass such that a harder surface would cause a larger external force. The effective mass is 

estimated through testing by measuring the duration of impact and depth that a nail is driven 

into a board. This data provides the velocity at which the nail travels due to impact and 

combined with measurement of impulsive force magnitude using a F/T sensor, the effective 

mass of the nail/board system can be calculated. The effectiveness of the impulse models and 

impact measures was confirmed using simulation of various manipulator types and 

experiment using a closed-chain manipulator performing sawing and hammering tasks [32] 

[34] [35] [36]. A piezoresistive F/T sensor with a less than 5 microsecond response time was 

used for fast measurement of external impulsive forces/torques, but the internal impulsive 

forces were calculated using a model as a function of external impulse [35]. Joint torque 

sensors could potentially be used to corroborate the internal impulsive model further. 

 After the first prototypes of variable stiffness actuators in 2003 and a number of 

humanoid robot technologies [18], most of the research into Coordinated Striking tasks has 

been in the form of conference papers that aimed to apply these technologies and express 

their applicability to a wide range of tasks which included hammering and batting [7] [13] 
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[26] [37] [38] [39]. The approaches which include VSAs and humanoid robots are discussed 

separately. 

1.1.3.1 Humanoid Robots 

The HOAP-2, HRP-2 and Hiro are humanoid robots that have some striking 

capabilities like performing the karate chop, hitting a nail into a wall, and playing the 

glockenspiel [26] [37] [38]. While the development of these capabilities remained in the form 

of single conference papers, each study has an experiment associated with it, which means it 

requires some attention and unpacking.  

The authors of [37] had the HOAP-2 perform a karate chop with the intent of testing 

their method of performing an impact task while keeping the humanoid robot physically 

stable on its two feet. They tried to address several issues which included optimization of 

working postures, motion synthesis, stability analysis, and control of the robot in post-

impact. The analysis of the karate chop postures and motions was inspired by the way a man 

would try to exert a large force in some motions which means it was designed heuristically 

by the authors [37]. To keep stability during the karate-chop motions, the authors used a 

ZMP (zero moment point) compensation control to track a desired ZMP by adjusting the 

horizontal motion of the torso combined with an inverted pendulum control method for 

dynamic balance of the torso [37]. Numerous experiments on three different materials 

(mainly balsa wood) were conducted to confirm the applicability of the method which 

resulted in an estimated average momentum required to break the board of 0.29 Ns (newton-

seconds). The measurements were done by analyzing total force on the feet of the robot. A 
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maximum velocity at the end-effector was estimated to be 1.77 m/s. The experiments also 

show small improvement in the convergence of the ZMP back to equilibrium point in post-

impact due to the control methods [37]. The experiment opened some doors but left many 

questions unanswered - questions relating to optimal posture methodologies and automatic 

motion generation that isn’t based on intuition as well as more in-depth analysis of post-

impact control dynamics.  

In 2008, [38], which included researchers from the HOAP-2 experiment, set out to 

develop a motion generation method in the HRP-2 humanoid robot that did not rely on 

intuition for driving a nail into balsa wood. The main idea behind the motion generation 

scheme is to maximize the nail driving depth through a choice of a proper objective function. 

It was shown experimentally that the magnitude of the integral of force history (related to 

impulse) is positively correlated to the nail driving depth. Therefore, if they can use the 

function to predict the impulse exerted during the movement, it should be possible to predict 

the driving depth as well. The prediction of impulse is done using the concept of virtual mass 

from [40]. As part of their three-step motion generation method (in pre-impact, impact, and 

post-impact motion), the joint positions and velocities that minimize the objective function 

under a set of constrain factors are solved using SQP (Sequential Quadratic Programming) 

method [38]. Given these positions and velocities, the joint trajectories are interpolated by 

quintic interpolation [38]. While the experiments show the successful performance of the 

hammering task, the model predictions were off from the actual penetration of the nail into 

the board (2mm vs 11mm, respectively). The authors attribute this error to the fact that the 
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dynamic model does not consider joint torques and equivalent inertias of the motor and 

reduction gears [38].  

In recent years, the use of humanoid robots has broadened, and their application to 

entertainment and human cooperation purposes has begun to penetrate daily life [26]. A few 

robots that could perform drum beating performances using force or sound as feedback have 

been attempted in the past [26] [37]. The authors of [26] saw this as an opportunity to give 

Hiro, The Humanoid Robot the ability to perform on a glockenspiel, a percussion instrument 

composed of a set of tuned keys arranged like a keyboard, using a flexible rubber stick (RS) 

and stereo cameras (in his eyes) for visual and audio feedback. To make the robot both useful 

in entertainment and possibly industry, he is equipped with low-power servo motors and 

constrained to a limited work space. The impact task is controlled through a method called 

Input Shaping whereby an input command controls the object vibration by considering the 

natural frequency of vibration and its phase [26]. The method amplifies certain modes of 

vibration and reduces the ones that are harmful for the task by sending inputs from the robot 

arm that are in or out of phase with the vibration of the stick. Humans tend to use the wrist 

while playing the glockenspiel for snap motions, but snap motions in a robot could be quite 

damaging. The idea is to make the RS vibrate using the robot arm as an input and hit the keys 

of the instrument when the stick is at the bottom of its vibration cycle. Side-to-side motion 

also causes vibrations – these are undesirable and thus need to be reduced. Experiments 

where the robot performs key-to-key movements and strikes them with different input 

patterns were successful in demonstrating that the keys can be consistently pressed in a 
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desired location within fractions of a second (0.23 sec) while reducing the side-to-side 

vibrations amplitudes to values below 3mm [26].  

 The current state of research into coordinated striking tasks of humanoid robot shows 

that there are no major branches of research at the spear of the field, but rather that certain 

robots are getting better at doing specific tasks using interesting methodologies all the while 

ensuring that the methods fit into the current interest trends surrounding robots such as safe 

collaboration with humans and industrial applications. 

1.1.3.2 Variable Impedance Actuators 

The broadened landscapes of robotic applications to environments where they are 

interacting or cooperating with humans has led to a huge interest of studying robot safety. In 

a 2004 paper, [41] discuss important factors and trade-offs between safety and performance 

in robot arm design and controls. That year, the same authors filed a patent for the concept of 

Variable Impedance Actuators (VIAs) based on a prototype which uses two independently 

controlled brushless DC motors connected to the joint shaft by a timing belt, where the belt 

itself is tensioned by three idle pulleys and connected to the casing by passive elastic 

elements [42]. The DC motor positions can thus be used to control the joint stiffness during 

execution. This was only the first concept of VIAs which has since been overshadowed by 

other technologies such as the Floating Spring Joint (FSJ) [17] and the Bidirectional 

Antagonistic Variable Stiffness Joint (BAVS) [43] used in the extremely popular DLR Hand 

Arm System [4].  
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In general, the relationship between collision research and VSAs is that of 

application. In other words, collision-related tasks are viewed simply as a possible area to 

which VSAs can be applied. The VSA hammer, the hugging robot Probo, a one-legged 

hopping machine, a bipedal robot, and many other projects have been reviewed by Wolf et 

al. [19] in their 2016 study which is also a guide to the design and selection of VSA 

components based on a desired task. Because of this top-down approach, the research tends 

to be focused in developing solutions to problems related to the VSAs rather than problems 

related to the overall task. Consider the VSA hammer study where the problem that was 

being addressed is maximization of link speed for both constant and variable stiffness 

actuators through optimal control theory [13]. Based off the problem statement, the 

hammering task is merely an application which makes this a top-down approach toward a 

coordinated striking task. Instead of talking about the specific studies that mentioned 

VIAs/VSAs in relation to a CST, it is therefore easier to simply discuss the generic 

advantages and disadvantages that they bring to the table when equipped on a robot. The 

following are the most common use-cases of VSAs [19]: 

1) Shock absorption; 

2) Stiffness variation with constant load; 

3) Stiffness variation at constant position; 

4) Cycling movements; and 

5) Explosive movements. 
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Out of those five cases, a striking task by its nature of short duration would not require 

capabilities in 2) and 3) which are meant for interactions which require prolonged contact 

and friction. Shock absorption, cyclical movements, and explosive movements (high 

acceleration), however, are applicable to certain striking tasks.  

The shock absorption capabilities of VIA come from the intrinsic passive flexibility 

which can react to fast and hard loads without any need for computation and control from the 

computer. A rigid link is connected directly to the gearbox (e.g. harmonic drive), but in a 

VIA the two are decoupled by a spring/damper unit which reduces the peak torques seen by 

the drive train and cushion the actuator from overload [19]. Industrial applications tend be 

very cyclical in the sense of repetition of the same task throughout the work day. This is not 

quite the same sense that [19] describes the advantages of VSA to cyclical movements. Here, 

cyclical movements are described as repetitive accelerations and decelerations of the robot 

where the VSA is modelled as a two-mass system with the link-mass being excited by a 

motor (the second mass) such that it oscillates [19]. In the deceleration phase of the 

oscillatory movement, the kinetic energy can be stored in the spring as elastic potential 

energy and once the maximum amplitude is reached, the stored energy can be released to 

accelerate the spring without the motor doing extra work [19]. This can be energy saving 

depending on how it’s applied since the motor doesn’t have to perform as much motion. An 

explosive movement is simply one in which the robot accelerates to a high velocity over a 

short period of time. To achieve a higher output peak velocity, the VSA spring can be 

preloaded by blocking the actuator output and abruptly released like when flicking a finger 

[19] [44]. Another possible way to increase the velocity is to use a strategy that was describe 
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in the cyclic movements where by a spring is loaded for a half-cycle and with additional help 

of the motor can result in a similar wind-up [19].  

  The advantages of VSAs do not come without their disadvantages and there are 

considerable trade-offs that need weighing before making the choice of using VSA. The 

following is pointed out in [19]: 

VSA are usually intended to be used in robotic arms and legs, where the possible size 

and weight are very limited. The units have to be very compact to fit in such a system, 

especially if it is intended to be a mobile system like a humanoid of adult or even smaller 

size. The weight of the VSA units is a dominant factor in these systems. So, the weight of the 

VSA directly affects the system performance because it statically reduces the payload in an 

environment with gravity and increases the inertia of the links, which reduces the active and 

passive bandwidth of the system. Compared to a common rigid robotic actuator, a VSA is a 

much more complex system. To be able to change the stiffness, each actuator has to consist 

of at least two motor units, usually with two corresponding gears, and a spring mechanism 

(see [45]). A rigid robotic joint has typically only one motor unit, one gear, and possibly a 

torque sensor. In VSA with no passive damping, usually the torque sensor can be omitted by 

using a good model of the spring characteristic. Nevertheless, a robotic joint equipped with a 

VSA is more expensive than a common robotic joint. The costs of a high performance 

commercial robot with VSA built in are likely to be more. Depending on the budget, the 

VSA has to be composed of cheaper and in most cases inferior parts. This will limit the 

capabilities of the whole robot. In total there are at least three characteristics of VSA which 
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are added to the system and then traded against each other, depending on the constraints and 

task of the system – cost, weight, and size. Moreover, VSAs add complexity to the robot, so 

it is no wonder that so much research effort is being poured into the field when there is a 

diverse set of issue and applications which need to be addressed and optimized. However, as 

shown before, the types of issues being addressed are often related to the performance of the 

VSA itself.  

 Analyzing the history, applications, advantages, and disadvantages of VSAs shows 

that they are not treated as necessary components of a robot system, but rather like modules 

that can be used to boost and enhance some system capabilities if there is enough advantage 

to using the VSA for some generalized attribute of the robot. Obviously, there will be cases 

where applying VSA would be advantageous to the overall task execution, but the monetary 

costs or available space (physical or computational) is simply not enough which is why 

research into task-specific approaches with rigid robot dynamics is still valuable and 

complementary to VSA research. There will be newly developed ways to augment the robot 

in the future when funds or space become available with increasing developments in other 

fields like motor capacity and computation, so the multiple branches of research can easily 

run parallel to each other.  

1.1.4 Modular Reconfigurable Robots 

VIAs provide many advantages to a robot, but one must sacrifice in terms of weight, 

size, cost, and complexity. Depending on the application, these factors tend to be more 

pronounced. For example, space applications which use Modular Reconfigurable Robots 
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(MRR) tend to require compact and simple to assemble robot equipment such that it’s easier 

to transport to space and to maintain/operate during a mission [45]. Industrial applications 

may not respect weight and size as much, but reductions in cost and complexity tend to be 

favored especially for scalability. This presents a special opportunity to develop a striking 

method for MRRs without the use of VIAs which would also make it the only method 

available specifically optimized for striking applications in space. If there is already a robot 

being used for space missions, the new method could also be crafted such that it does not 

require any extra changes to the hardware – a clever impact strategy combined with a 

software update with no hardware modifications needed.  

The main idea behind VIAs can be split into two components: passivity and 

compliance. Recent work by Ahmad et al. [46] uses a multiple working mode approach 

(MWMA) for door-opening where each joint of a modular reconfigurable robot on a mobile 

platform can switch freely between active and passive modes. The rigid-link serial robot 

opens the door while preventing build-up of internal forces by setting some of the joints into 

passive mode during the door-opening [46]. Experiments have shown the method to be 

effective in reducing internal forces, comparable to other methods which apply complicated 

compliance techniques [46]. The MWMA [47] can be an invaluable tool since it brings the 

passivity portion of VIAs and allows the joints to switch between active and passive modes 

seamlessly.  
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1.2 Objectives and Contributions 

The objective of this research is to develop a method of striking a small object, or 

surface, with a hammer-like end-effector using a mobile Modular Reconfigurable Robot. A 

problem occurs when joints in position control experience impact. The motor does not have 

time to react and compensate the impulsive torques but even so, it attempts to bring the joint 

back to the reference position requested by the controller causing a joint torque build-up. 

This problem is the focus of this thesis.  One requirement for this method is that it should not 

make changes to the robot hardware such that its dynamics are affected other than simply 

switching the end-effector. Because solid body impact dynamics is an extremely complex 

topic, beyond the aim of this research, a literature review was conducted to determine if 

current methods of impact mechanics are able to provide a working solution for the 

robot/environment interaction. The contributions of this work include: 

• Integration of analytic impact models with the Multiple Working Mode Framework in 

a Modular and Reconfigurable Robot 

• Joint selection criteria and criteria for real-time mode-switching 

o Impulse models calculate potential damage through offline or online 

simulation, joints are selected based on the hardware limits 

o Encoder measurements to time the switching from active to passive mode 

• Procedure for conducting safe hammering operations that integrates the criteria 

o Includes optimal striking configurations and velocities 

• Experimental testing of impulse models and effectiveness of passive mode 
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1.3 Thesis Outline 

Details about impact and shock in harmonic drives are discussed in Chapter 2 with a 

focus on the interpretation of the mathematical models of impact and how they relate to body 

flexibility. Chapters 3 and 4 go through the derivation and integration of MRR dynamics and 

controls using multiple working mode framework with the external and internal impulse 

models. Chapter 5 is a primary contribution which presents the step-by-step strategy for 

hammering which includes the joint selection criteria and method of timing the mode 

switching. An experimental study of the strategy is also presented to see whether the joint 

torque sensors are able to measure impulsive forces due to collision to verify the impulse 

models. Chapter 6 concludes the thesis with a short summary, a list of advantages and 

limitations, and future work. 
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2 IMPACT MECHANICS 

An impact (or collision) between two solid bodies is characterized by its short time 

frame. What happens in this short time frame is an extremely complicated problem involving 

solid bodies and elasticity with a small set of currently applied solutions [33] [48] and very 

few upcoming alternatives [49]. This section of the thesis outlines the ideas and assumptions 

at the core of rigid body impacts by analyzing an interaction between two simple particles. It 

starts off by explaining how this theory is relevant to impacts experienced by a harmonic 

drive and hardware limitations. Shock theory and testing methods are presented with a 

discussion about why it is not a good alternative when applied to harmonic drives.  

2.1 Harmonic Drive Impact 

The conventional harmonic drive transmissions consist of three basic components 

including the Wave Generator (WG), Flexspline (FS), and Circular Spline (CS) seen in 

Figure 1. In robotic applications, harmonic drives are used as speed reducers that allow a 

small motor to drive the joint as compared to a direct drive joint where a large motor is 

necessary. In standard configuration for a robot joint, both the motor and the link act on a 

shaft running through the center of the wave generator where the flexspline is fixed. When 

the end-effector collides with the environment, its respective link twists the shaft and thus it 

also twists the wave generator. The flexspline and the wave generator bearing are very 

sensitive components of the harmonic drive. The life of the harmonic drive is determined by 

the life of the wave generator bearing under normal working condition which is labelled in 
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the figure below, but because of the repeated deflection of the flexspline during collision, the 

torque capacity of the gear, determined by the strength of the flexspline, is the limiting factor 

[50]. If an excessive torque is applied to the gear, the teeth could disengage and cause 

Ratcheting. The impact torque (or impulsive torque, defined rigorously in the next sub-

chapter) must be below the Momentary Peak Torque limit to ensure long-term gear integrity, 

but this exposure must be minimized since it reduces the overall life of the gear [50]. 

 

FIGURE 1 HARMONIC DRIVE COMPONENTS [50] 

For safe repetitive action, the threshold below the Momentary Peak Torque, the 

Repeated Peak Torque, can be used as a limit to ensure the gear goes through its average 

fatigue life. If torque input from the link-side is below the Rated Torque values, the harmonic 

drive assembly will be operating safely. The three limit values can be seen in Figure 2 which 

is the S-N curve (Stress-Number of cycles) of the harmonic drive components normalized to 

the rated torque. The infinite fatigue life of a component is defined as 107 input rotations, but 
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if the aim is to operate more than that number, the wave generator curve shows a decrease in 

strength, but the flexspline stagnates.  

 

FIGURE 2 HARMONIC DRIVE S-N CURVE [50] 

2.2 Impact and Shock 

The aim of this chapter is to introduce the basics of impact modelling by the example 

of two particles with mass m and negligible size and shape colliding. The same idea 

illustrated with this linear collision can be applied to a variety of impacts including 

hammering. To start the analysis,  the terms relevant to the interaction between two solid 

bodies moving at some velocity as in Figure 3 and Figure 4 below are defined. 

1. The integral ∑ ∫ 𝑭𝒋𝑑𝑡
𝑡2

𝑡1
𝑗  is an impulse; 
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2. A force, 𝑭𝒋 , causing a negligible impulse is called non-impulsive force, and large 

forces acting over short time that change the particle’s momentum significantly are 

called impulsive forces;  

3. External forces change the velocity of a particle and are included in system 

momentum equations as an external impulse, while internal forces get cancelled out 

by their opposite and equal collinear counterpart and are not included; 

4. To determine the internal impulses on a particle, the particle must be isolated from 

the rest of the system and the force must be treated as external.  

The particle is assumed to be rigid throughout the application of impulse to its surface. 

 

FIGURE 3 ILLUSTRATION OF PRINCIPLE OF IMPULSE AND MOMENTUM ON A PARTICLE [48] 

Connecting these ideas closer to the hammering task, the impulsive force acting 

between the hammer and nail impact may be considered external (like in this work) to 

determine the effect on the hammer. Then, if the interest is in ensuring the integrity of the 

hammer tool, this force can be minimized. Internal impulses on each robot joint connected to 

the hammer may also be isolated in a similar fashion and their corresponding impulsive force 
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must be resisted by the link and joint structural components. Susceptible components of a 

harmonic drive transmission must be accounted for as explained in Chapter 2.1.  

 

FIGURE 4 TWO PARTICLES WITH INITIAL MOMENTA BEFORE IMPACT [48] 

The concept of the coefficient of restitution is the most common way to solve for the 

post-impact velocities of a multi-body collision. It is very important to understand the 

difference between the modelling and the physical reality of what happens when two 

particles like in Figure 4 collide. First, logic behind the classical development of impacts in 

[48] is presented and later its underlying assumptions are broken down further to get to the 

core of what the equations are saying about the interaction.  

 

FIGURE 5 COLLISION MODEL OF TWO PARTICLES [48] 
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Figure 5 depicts two particles with initial velocities moving along a line such that 

eventually a collision will occur. During the first part of the interaction, the particles are 

treated as nonrigid and their surface is deformable. The bodies experience a linear 

deformation impulse, ∫𝑷𝑑𝑡, as in Figure 5(a) until the maximum possible deformation is 

reached at which point the relative velocity of both particles is exactly zero and they are 

moving at the same velocity with respect to another frame of reference placed in the world. 

Next, the bodies experience a period of restitution where a linear restitution impulse, ∫𝑹𝑑𝑡, 

as in Figure 5(c) acts on the bodies to push them apart. Finally, the interaction is complete 

when the two particles have the momenta defined by their post-impact velocities. The 

coefficient of restitution, 𝑒 =
∫𝑹𝑑𝑡

∫𝑷𝑑𝑡
, is defined as the ratio between the restitution impulse and 

deformation impulse. Clearly, if the restitution impulse is zero then the two bodies are stuck 

together (plastic collision) and if the restitution impulse is equal to the deformation impulse, 

then the two bodies go their separate ways (elastic collision).  

 Now, while it sounds like the interaction is modelled in a way that accounts for the 

elasticity of the bodies and the rigid-body assumption is violated within this model, that is 

not the case. Consider the system comprising of just one rigid particle moving at some initial 

velocity which experiences two external forces, 𝑷 and 𝑹, over a short time like in Figure 3. 

The impulse due to 𝑷 and R can be modelled as ∫𝐹(𝑚𝐵, 𝑣𝐵) 𝑑𝑡, where B is an imaginary 

particle. Equation (1) is the conservation of momentum for the collision of two particles, A 

and B.  
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 𝑚𝐴(𝑣𝐴)1 +𝑚𝐵(𝑣𝐵)1 = 𝑚𝐴(𝑣𝐴)2 +𝑚𝐵(𝑣𝐵)2 (1) 

Equation (2) is simply the linear momentum of particle A with two external impulses. 

Impulse ∫𝑹 𝑑𝑡 in (2) is eliminated from the equation by the relationship defined through the 

coefficient of restitution in (3). 

 𝑚𝐴(𝑣𝐴)1 −∫𝑃 𝑑𝑡 − ∫𝑅 𝑑𝑡 = 𝑚𝐴(𝑣𝐴)2 (2) 

 ∫𝑅 𝑑𝑡 = 𝑒 ∙ ∫𝑃 𝑑𝑡 (3) 

Then, by substituting (3) into (2) and rearranging (1) as seen in equation (4), ∫𝐹(𝑚𝐵, 𝑣𝐵) 𝑑𝑡 

can be defined: 

 
𝑚𝐴(𝑣𝐴)1 + 𝑚𝐵(𝑣𝐵1 − 𝑣𝐵2)⏟          

∫𝐹(𝑚𝐵,𝑣𝐵)𝑑𝑡 = −(1+𝑒)∫𝑃 𝑑𝑡=𝑚𝐵(𝑣𝐵1−𝑣𝐵2)

= 𝑚𝐴(𝑣𝐴)2 
(4) 

The solution to this problem is simply that of applying the principle of linear momentum by 

doing a summation about an external frame of reference. The concept of coefficient of 

restitution thus represents a sort of black box based around the human intuition of what 

happens in such an interaction between spring-like particles. However, attempts at modelling 

what happens inside this black box within such a time frame have yet to be successfully 

applied to various engineering applications [49] due to complexity and the relative fidelity of 
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this model. In most applications, simply testing the ability of the device to withstand impact 

force or shocks experimentally is enough since they are abnormal conditions. Harmonic 

drives and other transmission systems are most commonly tested for their impact strength; 

however, the following section discusses why shock theory and shock testing is not 

performed on harmonic drives. 

Within the realm of harmonic drives, shocks and shock testing is not as common as 

with joint actuators and other small mounted devices. In relevant literature [51], a shock is 

defined as a vibratory excitation with a duration between one and two times the natural 

period of the excited mechanical system. More precisely, the excitation and sudden changes 

in acceleration of the system is what is most commonly considered when talking about 

shocks. The same term may less commonly refer to changes in force, velocity, or position, 

which is where the term shock impulse is derived. Note that while during an impact a body 

also experiences a shock, but when a body experiences a shock, it is not necessarily due to an 

impact (impacts require two colliding bodies in this terminology).  

TABLE 1 SERVO SHOCK RATINGS [50] 

Model Vibration Resistance (𝒎/𝒔𝟐) Shock Resistance (𝒎/𝒔𝟐) 

FHA-C mini Series 25 (frequency: 10 to 400Hz) 300 

FHA-C Series 24.5 (frequency: 10 to 400Hz) 294 

HA series Servo 

Driver 

4.9 (frequency: 0 to 55Hz) 98 
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FIGURE 6 SHOCK RESISTANCE SPECIFICATION TEST [51] 

In robot servo actuators specification manuals and catalogues [52] there tends to be a 

specified vibration resistance and a shock resistance in 𝑚/𝑠2 as in Table 1. These values are 

the environment conditions of the shaker machine under which the servo passed the shock 

test. Figure 6 shows an expected response to a simple shock produced by a shaker. Vibration 

resistance, on the other hand, are the shaker machine conditions used for the development of 

a Shock Response Spectrum (SRS) and under given conditions, the device is not likely to 

receive a response with a peak higher than created by the shaker machine. An example SRS 

is given in  Figure 7 where the x-axis represents the frequency of the input and the y-axis are 

the magnitudes of the shock.  
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FIGURE 7 ENVIRONMENT SRS (POSITIVE AND NEGATIVE SPECTRA) [51] 

 

FIGURE 8  DIMENSIONLESS TERMINAL PEAK SAWTOOTH SRS SCALED WITH THE 

AMPLITUDE AND FREQUENCY OF THE SRS [51] 
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A dimensionless (normalized) version of the SRS in Figure 8 is also developed and 

then compared to simulated unit input models to determine a better approximation for the 

damping factor, 𝜁, of the system and duration of the shock under various shock shapes. The 

frequencies corresponding to the first amplitude in Figure 8 having a unit amplitude for 

different shapes including the half-sine, TPS, and square shocks are compared against the 

reference shocks in Figure 9. 

 

FIGURE 9 VALUES OF DIMENSIONLESS FREQUENCY CORRESPONDING TO THE FIRST 

PASSAGE OF THE SRS BY THE AMPLITUDE UNIT [51] 

There are several technical reasons as to why shock testing is not popular for devices 

like the Harmonic Drive. Firstly, computer simulations of shocks have been shown to not 

resemble the real environment conditions accurately [51]. This means that experimental 
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evaluations become necessary which is where the second issue comes into play - the fact that 

accurate measurements of changes in acceleration are still relatively difficult to gather 

experimentally. 

 

FIGURE 10 SIMPLE (1) AND COMPLEX (2) SHOCK TRANSFORMATIONS USING THE SAME 

TRANSFORMATION METHOD [51] 

Lastly, a complex shock with many oscillations is much more common than a simple 

shock.  Transforming complex shocks using the simple shock models and shapes is not 

necessarily valid and can lead to false assumptions about the device. Figure 10 compares the 

difficulties in both cases of a simple and complex shock. There are no empirical rules, 

however, on ensuring the quality of the shock in a simulated laboratory experiment [51], so 

the skill and judgement of the operator play a big role in ensuring integrity of the data.  

Harmonic drives must be certified according to certain standards (e.g. MIL-STD, 

ISO9001, AS9100, etc.) depending on the area of application. While it is unclear why 
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harmonic drive transmissions, specifically, are not tested using shaker machines, some 

quality assurance boards specify their overall goal when defining such standards which can 

provide a likely explanation. According to AS9100, the standard under which Harmonic 

Drive LLC is certified [53], the intended goal is for an organization to [54] 

a) demonstrate its ability to consistently provide product that meets customer and 

applicable statutory and regulatory requirements, and  

b) aims to enhance customer satisfaction through the effective application of the 

system, including processes for continual improvement of the system and the assurance of 

conformity to customer and applicable statutory and regulatory requirements. 

From these statements, it is reasonable to assume that there was no technical 

justification found to conduct shock and vibration testing of harmonic drives by customers 

and users which likely includes reasons provided in the analysis of relevant literature 

provided in this chapter.  

2.3 Concluding Remarks 

Chapter 2 aims to introduce the reader to the very important and basic ideas of how 

impulse modelling and predictions are performed mathematically. The ideas of perfectly 

elastic and perfectly inelastic collisions are dispelled in this chapter to show that the rigid 

body assumption is not violated in such models and it remains consistent with the modelling 

of impulses performed later in this chapter.  The rest of the chapter is an exploration into the 

field of shock theory and testing. There are many misconceptions and misnomers 
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surrounding terms like collision, impact, shock, and impulse which have been defined and 

clarified to be used throughout the rest of this thesis.  
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3 MULTIPLE WORKING MODE APPROACH 

The development of the multiple working mode framework in a modular reconfigurable 

robot in [47] began due to an interest in having the robot perform tasks like door opening in 

uncontrolled environments. Any MRR module is able to switch online between active and 

passive modes as well as reconfigure to adapt to whatever task is being performed [47]. The 

following section outlines the MRR module design, dynamics with impulse, and 

active/passive modes unification under the selection matrix.  

3.1 Module Design 

The schematic in Figure 11 shows the MRR module equipped with a brushless DC 

motor, harmonic drive, a torque sensor (with an amplifier), encoder, brake, and homing and 

limit sensors. The described hardware architecture can also be seen in Figure 12. 
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FIGURE 11 MRR MODULE SCHEMATIC [47] 

 

FIGURE 12 HARDWARE ARCHITECTURE [47] 

The standard centralized control architecture cannot satisfy the self-containment 

requirement needed to create a modular unit, so some of the controls are distributed between 

the supervisory controller and a DSP-based module controller. To do this, the controls 

architecture is split into multiple layers as in Figure 13 which include the communication 

layer under the CAN Bus protocol and a decision layer that interprets commands from the 

supervisory controller. Next, the action layer performs tasks like homing, limiting, and 

calibration with a pre-set priority arbitrator determining what the user would have to do to 

activate such pre-programmed sub-routines. Driving electronics sit in the execution layer 

which uses PWM signal to drive the motor; the sensing layer consisting of a torque sensor, 

encoder, current sensor, homing and limit sensor provide feedback to both the module and 

supervisor controllers through the communication layer for on-line planning [47]. On-line 

trajectory planning and coordination is performed by centralized processing (supervisor) 
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while module position control and friction compensation are performed by the module 

controller. Working modes for each module are also set by the supervisor.  

 

FIGURE 13 CONTROL ARCHITECTURE 

LAYERING [47] 

 

FIGURE 14 CONTROLS ARCHITECTURE [47] 

What results is called a federated control architecture which can be seen in Figure 14. 

Performing the hammering task with such an architecture can be done in several ways which 

are discussed in the following chapters after a thorough analysis of the impact dynamics. 

The problem in implementing a passive mode in a joint is to compensate friction that 

prevents it from moving freely in the presence of an external force or a constraint. To do this, 

[47] proposes using a friction model based on the motion trend of the joint to estimate the 

amount of feedforward torque required to move the joint freely without additional 

mechanism or clutch systems. The joint can switch back and forth between active and 

passive modes seamlessly because the actuation chain is never interrupted.  
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Friction modelling is an extensively studied topic [55], but because the friction 

compensation requirements for a joint working in passive mode is simply that the external 

force applied must be much larger than the friction, a relatively simple friction model can be 

used for the implementation of passive mode [47]. For a joint used in both high and low 

speed applications, the following model can be used to predict joint friction: 

 𝜏𝑓 = [𝑓𝑐 + (𝑓𝑠 − 𝑓𝑐)𝑒
−𝑓𝜏�̇�

2
]𝑠𝑔𝑛(�̇�) + 𝑏�̇� (5) 

Where 𝑓𝑐, 𝑏, 𝑓𝑠, and 𝑓𝜏 are the Coulomb, Viscous, Stribeck, and Static friction coefficients, 

respectively, �̇�  is the relative velocity of contact surfaces, and the sign function, 𝑠𝑔𝑛 , is 

defined as 

 𝑠𝑔𝑛(�̇�) = {

1 𝑓𝑜𝑟 �̇� > 0
0 𝑓𝑜𝑟 �̇� = 0
−1 𝑓𝑜𝑟 �̇� < 0

 (6) 

Equation (5) can be split into two components, a constant part and a variable part with the 

constant part usually dominating the total magnitude of the friction as seen in Figure 15. 
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FIGURE 15 FRICTION MODEL ILLUSTRATION [47] 

If the motion trend for a task is assumed to be known or can be measured using a 

sensor like an encoder or torque sensor then a feedforward torque based on this trend can be 

applied to compensate the constant part: 

 �̌�𝑓 = 𝑓𝑚𝑠𝑔𝑛(�̇�) (7) 

where 𝑓𝑚  is the coefficient of the constant part which is less than 𝑓𝑠 , representing static 

friction. The approach was tested experimentally on a single base module based on the 

direction of rotation by pre-setting compensation currents in the motor to -1.2A for negative 

direction and +1.5A for positive direction. The joints were rotated with and without passive 

mode by applying an external torque, the results are tabulated below which show a 

substantial reduction in external torque needed to rotate the joint. 
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TABLE 2 EXTERNAL TORQUE FOR MRR MODULE IN PASSIVE MODE [47] 

Rotate Direction Positive (0 to 360 deg) Negative (0 to -360 deg) 

Torque w/o compensation 

(a) 

36.3 Nm 36.2Nm 

Torque with compensation 

(b) 

7.6Nm 5.7Nm 

Ratio (b/a) 21% 16% 

 

The addition of friction compensation into the passive mode means the joint is not 

fully, but partially passive. However, because the added input for the friction compensation is 

always less than the real joint friction, any energy added to the system is quickly dissipated. 

The aim of this friction compensation is only to reduce the effort required to move it, but not 

to eliminate that effort.  

 

3.2 Dynamics and Controls 

The Euler-Lagrange formulation of the robot dynamic equations with an external force 

applied at the end-effector are assumed to be given as 

 𝑀(𝑞)�̈� + ℎ(�̇�, 𝑞) + 𝜏𝑓 = 𝜏 + 𝐽𝐻
𝑇𝐹𝑒𝑥𝑡 (8) 

where 𝑀(𝑞) ∈ ℝ𝑛×𝑛 is the inertia matrix, ℎ(�̇�, 𝑞) ∈ ℝ𝑛 is a vector containing gravity terms 

and non-inertial terms, 𝜏𝑓 ∈ ℝ
𝑛  is a vector of joint friction, 𝜏 ∈ ℝ𝑛  is a vector of joint 
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torques, 𝐽𝐻 ∈ ℝ
𝑚×𝑛  is the geometric Jacobian at the collision point, 𝐹𝑒𝑥𝑡 ∈ ℝ

𝑚  is a force 

applied at the collision point, 𝑞 ∈ ℝ𝑛 is the set of joint variables on the link-side, and �̇�, �̈� are 

its time derivatives.  

Assuming joint torque estimates or measurements, 𝜏𝑠 ∈ ℝ
𝑛 , are available either 

through joint torque sensors or other estimation methods, the link and motor dynamics can be 

separated and rewritten: 

 𝑀𝑙(𝑞𝑙)𝑞�̈� + ℎ𝑙(𝑞�̇�, 𝑞𝑙) − 𝐽𝐻
𝑇𝐹𝑒𝑥𝑡 = 𝜏𝑠 (9) 

 𝐼𝑚(𝑞𝑚)�̈�𝑚 + ℎ𝑚(�̇�𝑚, 𝑞𝑚) + 𝜏𝑓 + 𝜏𝑠 = Γ𝜏𝑚 (10) 

The subscript 𝑙 and 𝑚 represent link-side and motor-side dynamics terms, 𝐼𝑚 ∈ ℝ
𝑛×𝑛 is the 

motor inertia matrix and ℎ𝑚 ∈ ℝ
𝑛 are motor non-linear and Coriolis terms vector as in [56], 

Γ = diag(γ1, … , 𝛾𝑛) ∈ ℝ
𝑛×𝑛  is a diagonal matrix of motor gear ratios, and 𝜏𝑚 ∈ ℝ

𝑛  is a 

vector of motor input torques.  

The formulation of the motor dynamics follows that of [56] and the joint modules are 

shown in Figure 11. The model includes the following three assumptions and set of 

notations: 

A1. Each rotor is symmetric with respect to the axis of rotation. 

A2. The torsion at each joint due to the flexibility of the torque sensor is small enough 

that it can be ignored, so the joint axis is regarded as a rigid one. 
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A3. The transmitted force does not fail at the speed reducer, and the inertia between the 

torque sensor and the speed reducer is negligible. 

𝐼𝑚𝑖 Rotor moment of inertia about its axis of rotation 

𝛾𝑖 Reduction ratio of speed reducer 

𝑞𝑖 Joint angle (link-side) 

𝜏𝑠𝑖 Coupling torque at torque sensor location 

𝜏𝑖 Rotor output torque 

𝑧𝑚𝑖 Unit vector along axis of rotation for the ith rotor 

𝑧𝑖 Unit vector along axis of rotation for the ith joint 

For the first module, 𝑖 = 1 

 𝐼𝑚1𝛾1
2�̈�𝑚1 + 𝛾1𝜏𝑓1 + 𝜏𝑠1 = 𝛾1𝜏𝑚1 (11) 

For the second module, 𝑖 = 2 

 𝐼𝑚2𝛾2(𝛾2�̈�𝑚2 + 𝑧𝑚2
𝑇 𝑧1�̈�𝑚1) + 𝛾2𝜏𝑓2 + 𝜏𝑠2 = 𝛾2𝜏𝑚2 (12) 

For modules 𝑖 ≥ 3, 

 𝐼𝑚𝑖𝛾𝑖 (𝛾𝑖�̈�𝑚𝑖 +∑ 𝑧𝑚𝑖
𝑇 𝑧𝑗�̈�𝑚𝑗

𝑖−1

𝑗=1
+ ∑ ∑ 𝑧𝑚𝑖

𝑇 (𝑧𝑘 × 𝑧𝑗)�̇�𝑘�̇�𝑘
𝑗−1

𝑘=1

𝑖−1

𝑗=2
) + 𝛾𝑖𝜏𝑓𝑖 + 𝜏𝑠𝑖 = 𝛾𝑖𝜏𝑚𝑖 (13) 

Equations (11) and (12) can be considered special cases of (13) where for 𝑖 = 2, the double 

summation term (Coriolis) gets excluded, and for 𝑖 = 1, both summation terms (Coriolis and 
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inertial) are excluded. Note that for the remainder of the thesis, the subscript on 𝑞𝑙 is dropped 

in accordance with equation (8). 

3.2.1 Active Mode 

The Multiple Working Mode Approach consists of two working modes – active and 

passive. Active mode is used for position and torque control and is based on the distributed 

control scheme with torque sensing in [56]. Considering the system in (9) and (10), define 

the control law as 

 Γ𝜏𝑚 = 𝜏𝑚
𝑎 = �̂�𝑠 + �̂�𝑓 + ℎ̂𝑚 + 𝑢 (14) 

And the control input, 𝑢, as 

 𝑢 = 𝐼𝑚�̈�𝑑 − 𝐾𝐷�̇� − 𝐾𝑃𝑒 − 𝑢𝑦 (15) 

�̂�𝑠 ∈ ℝ
𝑛  is the joint torque estimate (from sensor or computational method), �̂�𝑓  represents 

friction models like in (5), 𝐼𝑚, ℎ̂𝑚  are dynamic model parameters. The diagonal matrices 

𝐾𝐷 , 𝐾𝑃 ∈ ℝ
𝑛×𝑛  are positive definite control gains. The input 𝑢𝑦  is a parametric robust 

compensator as derived in [56] which compensates friction and manipulator configuration 

uncertainties; the derivation is omitted here. The following system errors are defined as.  
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 𝑒 = 𝑞 − 𝑞𝑑 (16) 

 𝑟 = �̇� + 𝜆𝑒 (17) 

 𝑎 = �̈�𝑑 − 2𝜆�̇� − 𝜆
2𝑒 (18) 

where 𝑒 ∈ ℝ𝑛 is the link-side joint position error, 𝑞𝑑 ∈ ℝ
𝑛 is the desired joint position, 𝑟 ∈

ℝ𝑛  and 𝑎 ∈ ℝ𝑛  are mixed errors with �̇� ∈ ℝ𝑛  being the time derivative of 𝑒  and �̈�𝑑 ∈ ℝ
𝑛 

being the desired joint acceleration, while 𝜆 is any positive constant. 

The resulting dynamics reduce to 

 �̈� + 𝐼𝑚
−1𝐾𝐷�̇� + 𝐼𝑚

−1𝐾𝑃𝑒 = 𝑑 (19) 

The term 𝑑 ∈ ℝ𝑛 represents the collection of uncompensated components due to unmodeled 

dynamics. Because the internal impulse on active joints is small, it is treated by the controller 

simply as part of 𝑑, otherwise, if internal impulses are predicted to be larger than a threshold 

value, then the joint is set into passive mode which is formulated next. 

3.2.2 Passive Mode 

The passive mode control law is defined as 
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 Γτm = 𝜏𝑚
𝑝 = �̌�𝑓 + ℎ̂𝑚 (20) 

The term �̌�𝑓 is a static friction term so that |�̌�𝑓| < |𝜏𝑓| according to (7). Setting 𝑞𝑑 ≡ 𝑞, �̇�𝑑 ≡

�̇�, and �̈�𝑑 ≡ 0 results in 𝑒 ≡ 0. The �̂�𝑠 term is excluded because the real joint torque is what 

actually drives the system and it is needed to be uncompensated. 

Letting �̃�𝑓(�̇�𝑠) = 𝜏𝑓 − �̌�𝑓 reduces the dynamics in (10) to  

 𝐼𝑚�̈�𝑚 + �̃�𝑓(�̇�𝑠) + 𝜏𝑠 = 0 (21) 

The relation between equation (18) and external force at the end-effector is explained 

after the unification of the active and passive modes. Define 𝑒𝑠 = 𝑞 −
𝑞𝑚

𝛾
 which leads to 

 �̈�𝑠 + 𝐼𝑚
−1�̃�𝑓(�̇�𝑠) + 𝐼𝑚

−1𝜏𝑠 = 0 (22) 

where 𝑒𝑠 ∈ ℝ
𝑛 is the twist on the shaft on the link side. The last term, 𝐼𝑚

−1𝜏𝑠, includes link-

side inertia and dynamics forces which means the time constant for the passive mode is much 

larger than in (16), so the error 𝑒𝑠 → 0 as 𝑡 → ∞ very quickly. 

3.2.3 Selection Matrix 

A selection matrix, 𝑆 ∈ ℝ𝑛×𝑛, is employed to switch each joint independently 



47 

 

 𝑆 = 𝑑𝑖𝑎𝑔(𝑠𝑖) (23) 

where each column is a unit vector in ℝ𝑛  for a joint working in active mode. The final 

control law is thus 

 Γ𝜏𝑚 = 𝑆𝜏𝑚
𝑎 + (𝐼 − 𝑆)𝜏𝑚

𝑝
 (24) 

Here, 𝐼 ∈ ℝ𝑛×𝑛 is an identity matrix. To switch the k-th joint from active to passive mode is 

to flip the k-th column from a unit vector to a zero vector in the 𝑆-matrix. Substituting (14) 

and (25) into (10), the dynamics reduce to: 

 𝑆(�̈� + 𝐼𝑚
−1𝐾𝐷�̇� + 𝐼𝑚

−1𝐾𝑃𝑒) + (𝐼 − 𝑆)(�̈�𝑠 + 𝐼𝑚
−1�̃�𝑓(�̇�𝑠) + 𝐼𝑚

−1𝜏𝑠) = 0 (26) 

This result is only possible if negligible error in the parameter estimates such that 𝑑 =

0  is assumed. The combination of the two controllers remain asymptotically stable, 

nevertheless, as per the specifications of both controllers. 

3.3 Concluding Remarks 

Chapter 3 presents how the multiple working mode approach is implemented into a 

modular reconfigurable robot. First, the overall hardware and controls architectures of the 

MRR are laid out to give an idea about how the joint is capable of performing in active and 



48 

 

passive mode in a distributed manner. Next, the dynamics and controls of the robot are 

presented with a focus on the unification of the active and passive mode controls. 
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4 IMPULSE MODELS 

Chapter 3 laid the theoretical groundwork for the collision model of a simple particle. 

This chapter takes the expanded version of that theory as applied to a serial robot equipped 

with a hammer colliding with a nail. 

4.1 External Impulse Model 

When a robot end-effector collides with the environment as in Figure 16, it experiences 

an impulsive force (and torque) which is characterized by its short duration. If the robot and 

nail is assumed to be a system of rigid bodies, then the collision can be expressed using 

classical collision theory as in [33]: 

 (Δ𝑣1 + Δ𝑣2)
𝑇𝒏 =  −(1 + 𝑒)(𝑣1 + 𝑣2)

𝑇𝒏 (27) 

Here, 𝒏 ∈ ℝ𝑚  is a vector perpendicular to the contact surface written with respect to the 

inertial frame, 𝑣1 and 𝑣2 ∈ ℝ
𝑚 are the pre-impact velocities of bodies 1 and 2 in task space, 

Δ𝑣1 and Δ𝑣2 represent the incremental changes in velocities of both bodies after impact, and 

𝑒 is the coefficient of restitution.   
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FIGURE 16 HAMMER AND NAIL ENVIRONMENT MODEL [39] 

Since the nail is static before the collision, 𝑣2 = 0. The velocity of the end-effector, 

𝑣1, is selected by the user. The incremental change in the end-effector velocity can be found 

by considering the integral of (21) where 𝜏𝑠 is as defined in (9): 

 𝐼𝑚�̈�𝑚 + �̃�𝑓(𝑒�̇�) + 𝑀(𝑞)�̈� + ℎ(�̇�, 𝑞) − 𝐽𝐻
𝑇𝐹𝑒𝑥𝑡 = 0 (28) 

 

∫ (Γ𝐼𝑚 +𝑀)�̈� 𝑑𝑡
𝑡+Δ𝑡

𝑡

+∫ �̃�𝑓(�̇�𝑠) 𝑑𝑡
𝑡+Δ𝑡

𝑡

+∫ ℎ(�̇�, 𝑞) 𝑑𝑡
𝑡+Δ𝑡

𝑡

= ∫ 𝐽𝐻
𝑇𝐹𝑒𝑥𝑡 𝑑𝑡

𝑡+Δ𝑡

𝑡

 

(29) 

 
(Γ𝐼𝑚 +𝑀) [�̇�(𝑡 + Δ𝑡) − �̇�(𝑡)]⏟            

Δ�̇�

= 𝐽𝐻
𝑇�̂�𝑒𝑥𝑡 (30) 
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 Δ�̇� = (Γ𝐼𝑚 +𝑀)
−1𝐽𝐻

𝑇�̂�𝑒𝑥𝑡 (31) 

 Δ𝑣1 = 𝐽𝐻Δ�̇� = 𝐽𝐻(Γ𝐼𝑚 +𝑀)
−1𝐽𝐻

𝑇�̂�𝑒𝑥𝑡 (32) 

The first term in (29) is obtained using the relationship �̈�𝑚 = Γ�̈�. The integration 

occurs over a small period of time, Δ𝑡, during which all velocities remain finite, but it also 

means that the positions and orientations of all bodies have not changed much. Thus, 

integrals of any position-dependent terms like ℎ(�̇�, 𝑞) and 𝜏𝑓 are zero. 

The incremental change of the velocity of the nail can be found using the effective 

mass model from [34]: 

 
[𝑀𝑛𝑎𝑖𝑙

∗ ]Δ�̇�𝑛𝑎𝑖𝑙 = 𝐹𝑁 ∙ 𝑡𝑠⏟  
𝐽𝑛𝑎𝑖𝑙
𝑇 (−�̂�𝑒𝑥𝑡)

  
(33) 

 Δ𝑣𝑛𝑎𝑖𝑙 =
𝑑𝑖
𝑡𝑠

 (34) 

 Δ𝑣2 = Δ𝑣𝑛𝑎𝑖𝑙 = 𝐽𝑛𝑎𝑖𝑙Δ�̇�𝑛𝑎𝑖𝑙 = 𝐽𝑛𝑎𝑖𝑙[𝑀𝑛𝑎𝑖𝑙
∗ ]−1𝐽𝑛𝑎𝑖𝑙

𝑇 (−�̂�𝑒𝑥𝑡) (35) 

where [𝑀𝑛𝑎𝑖𝑙
∗ ] ∈ ℝ𝑚×𝑛𝑛𝑎𝑖𝑙  is the effective mass matrix, Δ𝑞𝑛𝑎𝑖𝑙 ∈ ℝ

𝑛𝑛𝑎𝑖𝑙  is the nail 

displacement variable, 𝐹𝑁 ∈ ℝ
𝑚  is the impulsive force acting on the nail head over the 

impact time, 𝑡𝑠 , the term Δ𝑣𝑛𝑎𝑖𝑙 ∈ ℝ
𝑚  is the nail velocity in task space, 𝑑𝑖 ∈ ℝ

𝑚  is the 
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distance the nail travels, and 𝐽𝑛𝑎𝑖𝑙 ∈ ℝ
𝑚×𝑛𝑛𝑎𝑖𝑙  is the nail Jacobian. Here, the nail is modelled 

as a prismatic joint with 𝑛𝑛𝑎𝑖𝑙 = 1 where it can slide along the z-direction of the normal 

vector, 𝒏. If the impulsive force, 𝐹𝑁, can be measured using a force sensor, then it can be 

used with (34) to calculate the effective the effective mass matrix, [𝑀𝑛𝑎𝑖𝑙
∗ ]. 

Substituting (32) and (35) into (27) and then solving for the impulse leaves: 

 �̂�𝑒𝑥𝑡 = {
−(1 + 𝑒)(𝑣1)

𝑇𝒏

𝒏𝑇{𝐽𝐻(Γ𝐼𝑚 +𝑀)−1𝐽𝐻
𝑇 + 𝐽𝑛𝑎𝑖𝑙[𝑀𝑛𝑎𝑖𝑙

∗ ]𝐽𝑛𝑎𝑖𝑙
𝑇 }𝒏

}𝒏 (36) 

The term inside the big bracket is the magnitude of the impulse. Note that the vector, 

�̂�𝑒𝑥𝑡, is an m-vector just like 𝐹𝑒𝑥𝑡 which includes both the impulse forces and torques at the 

end-effector, written w.r.t the base frame. 

4.2 Internal Impulse Model 

When the end-effector experiences an external impulsive force, the joints must react to 

keep the joint motion constrained. These reaction loads are called internal impulses. In order 

to calculate the internal impulses on each joint as a function of the external impulse, the 

internal reaction impulses have to be exposed. The Newton-Euler formulation from [57] is 

adopted here with a small change about the joint constraint. In the original formulation it is 

assumed that a revolute joint produces no impulsive torque about the z-axis and is free to 

rotate, but it is constrained here to estimate the impulsive torque in the speed reducer.  
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Consider the i-th system of modules like in Figure 11 with impulsive and non-impulsive 

forces and torques applied at the joint center as in Figure 17. 

 

FIGURE 17 FORCE/TORQUE MODEL OF A SERIAL CHAIN ROBOT [57] 

The following derivation can be applied to both 2D and 3D space, each further subdivided 

into ℝ𝑚𝑣  and ℝ𝑚𝜔 . In 2D space, 𝑚𝑣 = 2  and 𝑚𝜔 = 1  since there are two velocity 

components in the x-y place and one angular velocity about the z-axis. In 3D space, both are 

equal to three.  

 𝑚𝑖�̇�𝑐𝑖 = −𝐹𝑖 + 𝑅𝑖+1
𝑖 𝐹𝑖+1

𝑖+1 + 𝑓𝑖
Σ (37) 

 𝐼𝑐𝑖�̇�𝑖 + 𝜔𝑖 × [𝐼𝑐𝑖𝜔𝑖] =  −𝜏𝑖 + 𝑅𝑖+1
𝑖 𝜏𝑖+1

𝑖+1 − 𝑟𝑐𝑖
𝑖 × 𝐹𝑖 + 𝑟𝑐𝑖

𝑖+1 × [𝑅𝑖+1
𝑖 𝐹𝑖+1

𝑖+1] + 𝜏𝑖
Σ (38) 
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Newton-Euler equations are formulated in frame i, so for the rest of this derivation, unless 

otherwise specified, the dynamics terms are written with a subscript i and no superscript to 

mean w.r.t. frame i.  

In (37) and (38), 𝑚𝑖 and 𝐼𝑐𝑖 ∈ ℝ
𝑚𝜔  are scalar link mass and inertia matrix about the 

center of gravity, 𝑣𝑐𝑖 ∈ ℝ
𝑚𝑣  and 𝜔𝑖 ∈ ℝ

𝑚𝜔  are the velocity and angular velocity of the link 

center of gravity, 𝐹𝑖, 𝐹𝑖+1
𝑖+1 ∈ ℝ𝑚𝑣   and 𝜏𝑖, 𝜏𝑖+1

𝑖+1 ∈ ℝ𝑚𝜔are the impulsive forces and torques 

applied at the center of joint i and i+1, respectively, 𝑅𝑖+1
𝑖 ∈ ℝ𝑚𝑣  is the rotation matrix 

transforming the (i+1)th coordinate system to the ith, and 𝑓𝑖
Σ ∈ ℝ𝑚𝑣  and 𝜏𝑖

Σ ∈ ℝ𝑚𝜔 are the 

sum of all the non-impulsive forces and torques exerted at the joints. 𝑟𝑐𝑖
𝑖 ∈ ℝ𝑚𝑣  is the vector 

point from the center of gravity to the center of joint i, and 𝑟𝑐𝑖
𝑖+1 towards joint i+1.  

By integrating (37) and (38) with respect to time, the incremental changes in velocity 

and angular velocity of the link center of gravity can be obtained: 

 𝑚𝑖Δ𝑣𝑐𝑖 = −�̂�𝑖 + 𝑅𝑖+1
𝑖 �̂�𝑖+1 

𝑖+1 (39) 

 𝐼𝑐𝑖Δ𝜔𝑖 = −�̂�𝑖 + 𝑅𝑖+1
𝑖 �̂�𝑖+1

𝑖+1 − [𝑟𝑐𝑖
𝑖 ]�̂�𝑖 + [𝑟𝑐𝑖

𝑖+1][𝑅𝑖+1
𝑖 �̂�𝑖+1

𝑖+1] (40) 

The matrices [𝑟𝑐𝑖
𝑖 ] and [𝑟𝑐𝑖

𝑖+1] are skew symmetric matrices corresponding to cross products 

𝑟𝑐𝑖
𝑖 × and 𝑟𝑐𝑖

𝑖+1 ×.  
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Next, the incremental velocity and angular velocity changes are related to the vector 

of independent joint velocities, �̇�. To do this, a Jacobian matrix for the center of mass of each 

link, 𝐽𝑐𝑖 = [
𝐽𝑐𝑖
𝑣

𝐽𝑐𝑖
𝜔] ∈ ℝ

𝑚×𝑛 , is defined and then the expression for velocity of the center of 

gravity with respect to the base frame is written as follows: 

 

Δ𝑣𝑐𝑖
0 = 𝑅𝑖

0Δ𝑣𝑐𝑖
𝑖 = 𝐽𝑐𝑖

𝑣 Δ�̇� 

Δ𝜔𝑖
0 = 𝑅𝑖

0Δ𝜔𝑖
𝑖 = 𝐽𝑐𝑖

𝜔Δ�̇� 

(41) 

 

Δ𝑣𝑐𝑖
𝑖 = [𝑅𝑖

0]𝑇𝐽𝑐𝑖
𝑣 Δ�̇� 

Δ𝜔𝑖
𝑖 = [𝑅𝑖

0]𝑇𝐽𝑐𝑖
𝜔Δ�̇� 

(42) 

From (31), the relation between the incremental changes in joint velocities and the 

external impulse is already known, therefore 

 

Δ𝑣𝑐𝑖
𝑖 = [𝑅𝑖

0]𝑇𝐽𝑐𝑖
𝑣 (Γ𝐼𝑚 +𝑀)

−1𝐽𝐻
𝑇 (�̂�
�̂�
)
𝑒𝑥𝑡

 

Δ𝜔𝑖
𝑖 = [𝑅𝑖

0]𝑇𝐽𝑐𝑖
𝜔(Γ𝐼𝑚 +𝑀)

−1𝐽𝐻
𝑇 (�̂�
�̂�
)
𝑒𝑥𝑡

 

(43) 

Here, the vector �̂�𝑒𝑥𝑡  is expanded into its force and torque components to match the Newton-

Euler equations.  
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The left-hand side of (39) and (40) can be simplified as follows: 

 𝑚𝑖Δ𝑣𝑐𝑖
𝑖 = 𝑚𝑖[𝑅𝑖

0]𝑇𝐽𝑐𝑖
𝑣 (Γ𝐼𝑚 +𝑀)

−1𝐽𝐻
𝑇 (�̂�
�̂�
)
𝑒𝑥𝑡

= [𝑉𝑖] (
�̂�
�̂�
)
𝑒𝑥𝑡

 (44) 

 𝐼𝑐𝑖Δ𝜔𝑖 = 𝐼𝑐𝑖[𝑅𝑖
0]𝑇𝐽𝑐𝑖

𝜔(Γ𝐼𝑚 +𝑀)
−1𝐽𝐻

𝑇 (�̂�
�̂�
)
𝑒𝑥𝑡

= [𝑊𝑖]  (
�̂�
�̂�
)
𝑒𝑥𝑡

 (45) 

The matrices [𝑉𝑖] ∈ ℝ
(𝑛∙𝑚𝑣)×𝑚 and [𝑊𝑖] ∈ ℝ

(𝑛∙𝑚𝜔)×𝑚 are unitless and configuration 

dependent.  

Now, the nth link experiences no impulses �̂�𝑛+1  or �̂�𝑛+1  so these will be zero vectors. 

However, the end-effector does experience external impulses �̂�𝑒𝑥𝑡 and �̂�𝑒𝑥𝑡, so the equations 

for the nth link can be written as: 

 [𝑉𝑛] (
�̂�
�̂�
)
𝑒𝑥𝑡

= −�̂�𝑛 + 𝑅0
𝑛�̂�𝑒𝑥𝑡 (46) 

 [𝑊𝑛] (
�̂�
�̂�
)
𝑒𝑥𝑡

= −�̂�𝑛 + 𝑅0
𝑛�̂�𝑒𝑥𝑡 − [𝑟𝑐𝑛

𝑛 ]�̂�𝑛 + [𝑟𝑐𝑛
𝑛+1][𝑅0

𝑛�̂�𝑒𝑥𝑡] (47) 

Finally, equations (39), (40), (46) and (47) can be written in matrix form: 

 [𝐷] (�̂�
�̂�
)
𝑒𝑥𝑡

= [𝐴] (�̂�
�̂�
) + [𝐵] (�̂�

�̂�
)
𝑒𝑥𝑡

 (48) 
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Where the vectors �̂� = ((�̂�1𝑥, �̂�1𝑦, �̂�1𝑧)
𝑇
, … , �̂�𝑛

𝑇)
𝑇

∈ ℝ𝑛∙𝑚𝑣  and �̂� =

((�̂�1𝑥, �̂�1𝑦, �̂�1𝑧)
𝑇
, … , �̂�𝑛

𝑇)
𝑇

∈ ℝ𝑛∙𝑚𝜔  are the internal joint impulses. The sub-matrix [𝐷] ∈

ℝ(𝑚∙𝑛)×𝑚 is a block matrix including [𝑉𝑖] and [𝑊𝑖] matrices, and the matrix [𝐵] ∈ ℝ(𝑚∙𝑛)×𝑚 

only has the entries in the nth and (n+n)th rows relating to the external impulse at the end-

effector in (46), (47): 

 [𝐷] =

[
 
 
 
 
 
𝑉1
⋮
𝑉𝑛
𝑊1
⋮
𝑊𝑛]
 
 
 
 
 

, [𝐵] =

[
 
 
 
 
 

0 0
⋮ ⋮
𝑅0
𝑛 0
0 0
⋮ ⋮

[𝑟𝑐𝑛
𝑛+1][𝑅0

𝑛] 𝑅0
𝑛]
 
 
 
 
 

 (49) 

The matrix [𝐴] ∈ ℝ(𝑚∙𝑛)×(𝑚∙𝑛) consists of three parts 

 𝐴 = [
[𝐴𝐹𝐹] [0]

[𝐴𝑇𝐹] [𝐴𝑇𝑇]
] (50) 

where the sub-matrices are defined as  

 𝐴𝐹𝐹 = 𝐴𝑇𝑇 =

[
 
 
 
 
 
 
−𝑰3×3 𝑅2

1 0 0 0 0
0 −𝑰3×3 ⋱ 0 0 0

0 0 ⋱ 𝑅𝑖+1
𝑖 0 0

0 0 0 −𝑰3×3 ⋱ 0

0 0 0 0 ⋱ 𝑅𝑛
𝑛−1

0 0 0 0 0 −𝑰3×3]
 
 
 
 
 
 

 (51) 
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 𝐴𝑇𝐹 =

[
 
 
 
 
 
 
[𝑟𝑐1
1 ] [𝑟𝑐1

2 ]𝑅2
1 0 0 0 0

0 [𝑟𝑐2
2 ] ⋱ 0 0 0

0 0 ⋱ [𝑟𝑐𝑖
𝑖+1]𝑅𝑖+1

𝑖 0 0

0 0 0 [𝑟𝑐𝑖
𝑖 ] ⋱ 0

0 0 0 0 ⋱ [𝑟𝑐(𝑛−1)
𝑛 ]𝑅𝑛

𝑛−1

0 0 0 0 0 [𝑟𝑐𝑛
𝑛 ] ]

 
 
 
 
 
 

 (52) 

The vector of internal impulses on the joints can thus be calculated using 

 (�̂�
�̂�
) = [𝐴]−1([𝐷] − [𝐵])⏟          

[𝐿]

(�̂�
�̂�
)
𝑒𝑥𝑡

 (53) 

where [𝐿] ∈ ℝ(𝑚∙𝑛)×𝑚 is the mapping between internal joint impulse and external impulse on 

the hammer. This model provides a solution for the magnitudes of internal impulse forces 

and torques for any n-link serial manipulator with rigid links and joints in 2D or 3D space.  

4.3 Concluding Remarks 

Chapter 4 lays out the detailed analysis of an MRR collision with an external mass. 

The theory from Chapter 2 is utilized to create analytical models for external and internal 

impulses of the robot. External impulse model generates solutions for the impulse at the tool 

with the support of the effective mass model which accounts for environmental properties 

like hardness. Internal impulse model combined with the analysis of harmonic drive structure 

in Chapter 2 can provide an effective way to determine the acceptable joint velocities and 

configurations in which the joint does not outright break during collision.  
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5 HAMMERING STRATEGY 

Performing one heavy swing that drives the nail all the way into a board may be 

dangerous depending on the board material hardness. Instead, it is assumed that multiple 

swings are performed until the nail is driven all the way into the board. Consider the 

sequence in Figure 18 where the hammer is swung over again until the nail head is only a 

small distance above the board. If the hammer were to be swung a fourth time, it would 

encounter the board. The board may be assumed to have a finite or an infinite effective mass. 

If the board material is soft like Styrofoam or balsa wood, then it’s better to consider the 

surface to have some tested finite mass, otherwise the material will likely get damaged. In the 

case of hardwood or concrete, however, damage to the surface is unlikely, so the more 

conservative assumption of infinite mass is reasonable.  

 

FIGURE 18 HAMMERING TASK [39] 

According to (36), if the end-effector collides with the board, the second term inside 

the denominator relating to the environment will be reduced to zero. This results in higher 

end-effector external impulse regardless of the configuration or velocity of the joints: 
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 �̂�𝑒𝑥𝑡 = {
−(1 + 𝑒)(𝑣1)

𝑇𝒏

𝒏𝑇{𝐽𝐻(Γ𝐼𝑚 +𝑀)−1𝐽𝐻
𝑇}𝒏

}𝒏 (54) 

The same can be reached by setting Δ𝑣2 = 0  since the wall does not have changes in 

velocity. 

Optimal configuration at the time of collision is a well-studied topic. [32] [34] [58] 

have proposed a number of measures like the dynamic impact ellipsoid, normalized impact 

geometry, and the internal impact measure. The internal impact measure from [34] is based 

off the relationship in (53): 

 𝑤𝑖𝑖 = √det(𝐿𝑇𝐿) = 𝜎1𝜎2…𝜎𝑛 (55) 

where 𝑤𝑖𝑖 is a product of 𝜎1𝜎2…𝜎𝑛 that represent magnitudes of axes of the dynamic impact 

ellipsoid. The measure in (55) represents the relative magnitudes of internal impulses 

corresponding to a unit change in external impulse.  

Each swing is separated into three common phases: pre-impact, impact, and post-

impact. In the pre-impact phase, the robot generates trajectories in active mode based on the 

internal impact measure (55), external impulse (36), and internal impulse (53). Moments 

before impact, the joints with large expected internal impulses are set into passive mode by 

their respective controllers. In the impact and post-impact phases, the passive joints simply 
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experience an impulsive input load which must be below the allowable specifications of the 

transmission.  

In the case of a harmonic drive transmission, the specifications are provided by the 

manufacturer [50] as a limit on the Momentary Peak Torque, 𝑇𝑀𝑃𝑇, duration of impact, 𝑡𝑠, 

and the motor rpm, 𝑛𝑠 . The limits are imposed on the system based on the provided 

equations: 

 𝑁𝑆 ≤
104

2 (
𝑛𝑠𝛾
60 ) 𝑡𝑠

≤ 1 × 104 (56) 

And  

 𝑇𝑆 ≤ 𝑇𝑀𝑃𝑇 (57) 

𝑁𝑆 represented the maximum number of impact occurrences for an infinite fatigue life of the 

harmonic drive, 𝑛𝑠 is the motor rpm, 𝛾 is the gear ratio, and 𝑇𝑆 is the reaction (load) torque of 

the harmonic drive at impact. 

The momentary peak torque limit should not be exceeded except in rare, emergency 

situations, so the number of occurrences the harmonic drive experiences it must be 

minimized. Instead, the Repeated Peak Torque value, 𝑇𝑅𝑃𝑇, is selected as the limit for each 

swing which is a safe limit with infinite fatigue life of the transmission as seen in Figure 19.  
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Duration of impact, 𝑡𝑠, may be determined experimentally or by using estimates from 

the specifications manual. In [35], each impact lasted approximately 50 ms according to a 

piezoresistive F/T sensor data (model FLX-201-D). The specification manual provided an 

example with a 150ms impact duration [50]. Shorter impact duration is a more conservative 

choice. 

Equation (57) is essentially the reaction torque of the harmonic drive. If it were 

measured over the impact duration, it would have a similar shape as the external impulsive 

torque. To be conservative, it is assumed that the external impulsive torque is a square 

waveform. Thus, the maximum reaction impulse, �̂�𝑛𝑧𝑚𝑎𝑥 , that the harmonic drive can exert 

before damage is the integral of the reaction torque over time: 

 �̂�𝑛𝑧𝑚𝑎𝑥 = ∫𝑇𝑅𝑃𝑇  𝑑𝑡 = 𝑇𝑅𝑃𝑇 ∙ 𝑡𝑠 (58) 

For a square waveform, the area under the curve is simply the product of the maximum 

reaction torque and impact duration. Alternatively, a sinusoidal shape of external impulsive 

force may also be assumed. 

Now, equation (56) is rearranged for the maximum input rpm, 𝑛𝑠, at impact. Then, 

pre-multiply both sides by 2𝜋/60 to convert it into radians per second. Lastly, divide by the 

gear ratio, 𝛾, to obtain the rotational speed of the output when impact occurs.  
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 |�̇�𝑖| = (
𝜋

𝑡𝑠𝛾
) (59) 

Equation (59) is the magnitude of link velocity at impact for the ith joint. An n-joint with all 

joints moving at this maximum speed will have end-effector velocity of: 

 |𝑣1| = 𝐽𝐻|�̇�| = 𝐽𝐻 (
𝜋

𝑡𝑠
) Γ−1 (60) 

Lastly, the joint velocities defined in (59) must have a direction or can also be set to zero by 

multiplying the equation by 1,0, or −1. 

The maximum internal impulse in (58) functions as an upper limit for the system that 

may not be exceeded under any circumstance. If this value is exceeded, the end-effector 

velocity must be reduced until the values are below the RPT threshold. While below the RPT 

limit, but above the Rated Torque limit, �̂�𝑛𝑧𝑅𝑇, passive mode is selected to reduce torque 

build-up. While below the limit defined by the Rated Torque, the joint may be left in active 

mode as illustrated in Figure 19. Note that the velocity is limit in (60) is a sort of lower limit 

determined by how many impact occurrences above the RPT threshold are expected. Setting 

𝑁𝑆 = 1 × 10
4  implies that many such occurrences are expected, making this a very 

conservative assumption. Reducing 𝑁𝑆  will result in higher link velocities at impact but 

increasing 𝑁𝑆 any higher will make the motion of the end-effector so slow that the collision 
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would look more like a soft touch to the surface and the robot would come to a static 

equilibrium with the environment.  

 

FIGURE 19 HARMONIC DRIVE LIMIT TORQUES AND MODE SWITCHING 

To determine when the robot should switch joints into passive mode, two items are 

tracked: links momentum and end-effector pose: 

 𝑃 = 𝑀(𝑞)�̇� ≥ 𝑀(𝑞𝑓)�̇�𝑚𝑎𝑥 (61) 

 |𝑥𝑒
0 ∙ 𝑥𝑛

0| ≤ |𝑥𝑠
0 ∙ 𝑥𝑛

0| ≤ 1 (62) 
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Tracking only the momentum, 𝑃 , can lead to false positives because there may be 

combinations of configurations and joint velocities throughout the trajectory that produce the 

final values at impact. In (62), 𝑥𝑒
0 and 𝑥𝑛

0 are the nail and end-effector pose in the inertial 

frame and (62) is their projection on each other. 𝑥𝑠
0 is the pose of the surface of the hammer 

which meets the nail before the end-effector frame which serves as a lower limit for (62). 

Using the projection is better than tracking error 𝑒𝑟 = (𝑥𝑒
0 − 𝑥𝑛

0)  because not only the 

direction but also the magnitude of every entry must be checked which isn’t as reliable and 

quick computationally. When both conditions are satisfied, joints that exceed (58) are set into 

passive mode. 

The swinging strategy may be summarized with the following steps: 

1) Find the configuration which maximizes (55) for a given end-effector constraint in 

task-space (nail location), 𝑥𝑒 = 𝑓(𝑞𝑓). 

2) Choose the end-effector velocity as its maximum value defined by (60) then estimate 

the external impulse on the end-effector and internal impulse on the joints in (36) and 

(53), respectively. 

3) If the entries in (53) corresponding to joint torques are below �̂�𝑛𝑧𝑚𝑎𝑥 , but above 

�̂�𝑛𝑧𝑅𝑇, store their indices in an array and generate smooth polynomial trajectories. 

Otherwise, reduce the end-effector velocity until the condition is satisfied. Joints that 

do not exceed the rated torque limit are left in active mode. 

4) Let the joint controllers switch their respective joints into passive mode by changing 

the selection matrix when (61) and (62) are satisfied. 
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For a non-redundant manipulator in 3D space, step 1) is completed by solving the inverse 

kinematics problem, 𝑞𝑓 = 𝑓
−1(𝑥𝑒), and selecting the solution for which the internal impact 

measure, 𝑤𝑖𝑖, is the largest. Then, assume the coefficient of restitution, 𝑒, is its maximum 

value of 1 (can be adjusted based on testing) and the velocity of the end-effector at the 

moment of impact is chosen as 𝑣𝑒 = 𝐽𝐻(𝑞𝑓)�̇�𝑚𝑎𝑥 . The external and internal impulse 

forces/torques are then estimated using their respective equations and the indices of joints 

with high impulses about the joint axis are stored in a separate array. If the estimated internal 

impulses are within the threshold, the trajectory is executed and the joints in the stored array 

are switched into passive mode.  

5.1 Hammering Experiment 

To study the efficacy of impulse models and hammering strategy proposed in this 

thesis, an experimental study of an MRR using the multiple working mode framework is 

conducted.  

An external F/T sensor is used to collect data throughout the collision to determine 

modelling accuracy and precision. Because the sensor is only able to collect impulsive force 

and torque data, that information must be integrated over the impact duration and then 

compared to the model estimate. Due to hardware limitations, only the external impulse 

model and the effective mass model can be tested in this manner. Joint torque sensor data 

would be needed to evaluate internal impulse on the joints. Instead, encoder measurements of 

joint velocities are compared against predicted changes in joint velocity for joint 2 and 3 
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using equation (31). This also allows the evaluation of the effectiveness of the passive 

working mode. By setting joint 2 into active mode and joint 3 into passive mode, the 

differences in response of each module can be exposed. The effectiveness of passive mode is 

evaluated based on potential stress on the harmonic drive bearing and flexspline during the 

collision that are not due to joint reactions, but due to the motor input. The unavailability of 

joint torque measurements also means that joint 3 is running in passive mode with no friction 

compensation. This is not a problem for the experiment or the multiple working mode 

framework because one, it is assumed that the collision is so short that the motor cannot act 

quickly enough to compensate, and two, the on-board DSP still allows the joint to rotate, just 

with more friction.  

The rest of the chapter presents the hardware parameters of the robot and environment 

as well as the results of testing. The chapter concludes with a discussion of the results.  

5.1.1 Experimental Setup 

The 3-DOF MRR with a rigidly attached hammer as its last link can be seen in Figure 

20. Kinematic and dynamic parameters are included in Table 3. Link inertias are represented 

with respect to the frame rigidly attached to joint 𝑗. Links are rectangular prisms with a 

square cross-section, making the non-diagonal terms of the link inertia matrix zero.  
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FIGURE 20 DIAGRAM OF MRR WITH HAMMER END-EFFECTOR 

TABLE 3 MRR LINK DYNAMIC PARAMETERS 

 Link 1 Link 2 Link 3 

Link Length (𝒎) 

C.G. Location (𝒎) 

0.48 

0.24 

0.38 

0.19 

0.38 

0.35 

Link mass (𝒌𝒈) 3.5 3.5 1.0 

Inertia (𝒌𝒈 𝒎𝟐) 

𝑰𝒙𝒙
𝒋

 

𝑰𝒚𝒚
𝒋

 

𝑰𝒛𝒛
𝒋

 

 

0.25 

0.017 

0.25 

 

0.017 

0.25 

0.25 

 

0.017 

0.25 

0.25 

Gear Ratio 133 101 101 

Limits for the impulse and impact velocity for the harmonic drives equipped on each 

joint are obtained from the manufacturer manual [50] and are recorded in Table 4. 
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TABLE 4 HARMONIC DRIVE LIMIT TORQUE RATINGS [50] 

 Rated 

Torque 

(𝑵𝒎) 

Repeated 

Peak Torque 

(𝑵𝒎) 

Momentary 

Peak Torque 

(𝑵𝒎) 

Safest 

Link 

RPM at 

Impact 

Avg. 

Link 

RPM 

Max. 

Link 

RPM 

SHD17 16 37 71 5.94 8.51 19.8 

SHD25 47 110 184 4.51 6.46 15.0 

The hammer was chosen to have the lowest weight and a large surface in order to 

reduce effects of position control error. A rubber head also reduces the likelihood of damage 

to the robot in case of any other emergency. The “Safe Link RPM” entry in Table 4 is the 

link RPM calculated using equation (56) by setting the left-hand side to its maximum value 

of 1 × 104, representing the number of impacts during which the Momentary Peak Torque 

value is surpassed. This is a very safe limit for the hammering task which guarantees safety 

for the robot during experimentation. The link RPM can be higher, limited by the maximum 

input speed of the motor as on the rightmost entry of the table.  

External impulsive force data is collected using the JR3 6-DOF force/torque sensor 

with analog signal collected by Quanser Q8 DAQ system as in Figure 21 where up is positive 

such that experimental data will display a negative sign. The same experiment is repeated on 

two different materials and the effective mass is calculated based on the nail penetration, 

time of impact, and the integral of the F/T signal required by equations (33) and (34).  
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FIGURE 21 NAIL/BOARD ENVIRONMENT AND F/T SENSOR SET-UP 

 The experiment procedure shown in Figure 22(a) shows the robot in its initial 

position with joint 2 acting in position control to move the hammer towards the nail as in 

Figure 22(b). The impact occurs in the “home” configuration of the robot as seen in Figure 

22(c).  

 
(a) 

 
(b) 

 
(c) 

FIGURE 22 EXPERIMENT PROCEDURE 

The first simulation of the collision was conducted offline with the assumption that 

the nail will not penetrate the material. In other words, the effective mass, [𝑀𝑛𝑎𝑖𝑙
∗ ] = ∞. The 

worst-case scenario is that the collision causes a maximum restitution impulse, therefore the 
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coefficient of restitution, 𝑒 = 1 . Although there are more efficient configurations for 

hammering, the chosen final configuration was set to its home location of zero to simplify the 

procedure. The robot works in position control and trajectories are polynomial trajectories in 

joint space. Results of the simulation are recorded in Table 5. 

TABLE 5 COLLISION SIMULATION RESULTS (UNADJUSTED) 

 
External impulse, 

�̂�𝒆𝒙𝒕, (𝑵𝒔) 
Link velocity change, 

𝚫𝒒, (𝒓𝒂𝒅/𝒔) 
Internal impulse, �̂�, 

(𝑵𝒔) 

Simulation 

Results 

[
 
 
 
 
 
 
�̂�𝑥
�̂�𝑦

�̂�𝑧
�̂�𝑥
�̂�𝑦
�̂�𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
0
0

−2.06
0
0
0 ]

 
 
 
 
 

 [

Δ�̇�1
Δ�̇�2
Δ�̇�3

] = [
0.0
−0.98
−0.72

] [

�̂�𝑦1
�̂�𝑧2
�̂�𝑧3

] = [
0.0
0.84
0.72

] 

Note that with the assumed impact duration of 𝑡𝑠 = 50 𝑚𝑠, equation (58) prescribes a 

limit of �̂� < 17 ∙ 50 × 10−3 < 0.85 𝑁𝑠, which means that all the internal impulses are below 

the rated torque limit. 

5.1.2 Results 

5.1.2.1 External Impulse and Effective Mass 

Two test runs were performed for both Styrofoam and hardwood. Each test run 

consisted of four hammer swings. The force impulse on the JR3 F/T sensor Z-direction in a 

Styrofoam and hardwood test can be seen in Figure 23 and Figure 24. Each swing profile was 
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integrated using trapezoidal approximation to determine the total external impulse during the 

collision.  

 

FIGURE 23 EXTERNAL FORCE DATA FOR A STYROFOAM  TEST 

 

FIGURE 24 EXTERNAL FORCE DATA FOR A HARDWOOD TEST 
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The initial nail height was 40 𝑚𝑚 and the penetration after each swing was recorded 

in Table 6 for the first test, and Table 7 for the second. From the data it is clear that higher 

nail penetration corresponded to longer impact duration and larger external impulse. 

However, the same effect can be explained by looking at calculated effective mass. Lower 

effective mass corresponds to more penetration, which makes sense since that implies less 

hardness of the material. As the nail went in deeper into the material, the effective mass 

increased. This is likely because of higher resistance due to friction between the material and 

nail surface. Swing 4 in Table 6 shows higher penetration because the reference position for 

joint 2 was changed for this swing mid-test particularly because the hammer was only 

marginally reaching the nail head. The data is still useful as each swing can be treated 

separately. There is a maximum limit to how much the reference position can be changed to 

produce more nail penetration. Selecting that maximum value (corresponding to the position 

of the board material surface) and performing all swings in that way is ideal.  

TABLE 6 EXTERNAL F/T SENSOR STYROFOAM TEST 1 RESULTS 

 Styrofoam Test 1 

Swing # 1 2 3 4 

Nail 

penetration 

(𝒎𝒎) 
22 4 3 11 

Impact 

duration, 

𝒕𝒔(𝒎𝒔) 
150 85 90 120 

External -1.02 -0.53 -0.49 -1.05 
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impulse, 

�̂�𝒆𝒙𝒕 (𝑵𝒔) 

Effective mass, 

[𝑴𝒏𝒂𝒊𝒍
∗ ] (𝒌𝒈) 

7.02 11.2 14.6 11.5 

TABLE 7 EXTERNAL F/T SENSOR STYROFOAM TEST 2 RESULTS 

 Styrofoam Test 2 

Swing # 1 2 3 4 

Nail 

penetration 

(𝒎𝒎) 
20 13 5 2 

Impact 

duration, 

𝒕𝒔(𝐦𝒔) 
140 130 90 90 

External 

impulse, 

�̂�𝒆𝒙𝒕 (𝑵𝒔) 
-0.95 -1.08 -0.67 -0.76 

Effective mass, 

[𝑴𝒏𝒂𝒊𝒍
∗ ] (𝒌𝒈) 

6.7 10.9 12.1 34.1 

 Because the hardwood was never penetrated, only data relating to the impact duration 

and external impulse was collected from the JR3 F/T sensor as in Table 8. The effective mass 

for each swing is thus infinity. Because each swing was performed with no difference in 

selectable parameters, duration of impact and external impulse are extremely similar through 

each test. The discrepancies in external impulse from swing to swing can be explained by 

position error of the joints. Consider the position error of joint 2 during the hardwood test as 

in Figure 25 which fluctuated slightly in each swing. Joint 3 position error was set to zero for 

each swing for the joint to remain in passive mode, but after each swing the joint slightly 
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shifted which required active position control to bring it back to the reference position of 

zero degrees. During these moments when the joint 3 was in position control, there was also 

a slight position error, so the swings were only marginally different initial position, but this 

does reflect in the force data.  

TABLE 8 EXTERNAL F/T SENSOR HARDWOOD TEST RESULTS 

 Hardwood Test 1 

Swing # 1 2 3 4 

Impact 

duration, 

𝒕𝒔(𝒎𝒔) 
75 70 80 80 

External 

impulse, 

�̂�𝒆𝒙𝒕 (𝑵𝒔) 
-1.79 -1.3 -1.29 -1.34 

 Hardwood Test 2 

Impact 

duration, 

𝒕𝒔(𝒎𝒔) 
85 75 85 80 

External 

impulse, 

�̂�𝒆𝒙𝒕 (𝑵𝒔) 
-1.41 -1.28 -1.42 -1.26 
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FIGURE 25 JOINT 2 POSITION ERROR DURING HARDWOOD TEST (ACTIVE MODE) 

To determine the accuracy and precision of the external impulse model, the same 

simulation used to produce results in Table 5 was conducted with adjusted values for the 

coefficient of restitution, 𝑒 , and effective mass, [𝑀𝑛𝑎𝑖𝑙
∗ ] . First, however, this requires 

approximating the values of the coefficient of restitution for the collision. The definition of 𝑒  

per the derivation in Chapter 2 of the thesis comes from [48] which states that: 

 𝑒 =
(𝑣𝐵)2 − (𝑣𝐴)2
(𝑣𝐴)1 − (𝑣𝐵)1

 (63) 

where Figure 5 illustrates the scenario of the two bodies colliding. If the nail mass is 

considered to be negligible compared to the board such that neither is considered to have 

developed any velocity after collision, then both (𝑣𝐵)1 and (𝑣𝐵)2  are approximately zero. 



77 

 

While this is not exactly true, it is close enough to provide a working approximation of 𝑒. 

Since it is assumed that the collision occurs over a small enough period of time that the joint 

position vector, 𝑞, has not changed very much, the end-effector velocity in the z-direction 

both before and after impact may be calculated using the geometric Jacobian, 𝑣𝐸 = 𝐽𝐻�̇� given 

the vectors �̇�1  and �̇�2  representing the respective joint velocities. The post-impact joint 

velocity was measured using an encoder on each joint as seen in Figure 27.  Figure 26 shows 

a comparison between the model predictions of external impulse for a few swings with 

values for coefficient of restitution and effective mass as shown. For the hardwood tests, the 

effective mass remained at infinity, only the value for 𝑒 was adjusted. The external force 

estimates are similar in prediction and accuracy as reported in past literature [35]. More 

importantly, the encoder data in Figure 27 can be used to evaluate the effectiveness of the 

passive mode to reduce stress on the joint. The following chapter includes a discussion on the 

topic. 



78 

 

 

FIGURE 26 TEST AND SIMULATION EXTERNAL IMPULSE COMPARISON 

 

FIGURE 27 MOTOR VELOCITY DURING HARDWOOD 2 TEST 
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5.1.2.2 Internal Impulse and Passive Mode 

As mentioned earlier, the lack of internal joint torque sensing means that it is not 

possible to do the sort of comparisons and verifications of internal impulse model as with the 

external impulse model. However, one important portion of the model can be seen in (31) 

and (41) which includes changes in joint velocities due to impact. Because the encoder 

measurements are available, they can be compared against model predictions. The same data 

also reveals the difference in behavior of the joint in active mode and in passive mode.  

 Consider Figure 27 where the red line (top) shows the motor velocity of joint 2. The 

motor is connected to the shaft of the harmonic drive and acts as an input. Right after the 

collision happens, the joint motor velocity reduces greatly and falls below the zero line. A 

few milliseconds later, the motor attempted to bring itself back to its reference velocity that 

was requested by the supervisory controller. For a short time, the link was moving in the 

opposite direction from the motor, causing them to twist the shaft and thus the bearing of the 

harmonic drive in opposite direction which, combined, causes a very high stress on two of 

the most sensitive components of a harmonic drive. The blue line (bottom), on the other 

hand, shows joint 3 motor velocity in passive mode which had a sudden increase and slowly 

came to a stop. Based on the reaction seen in joint 2, it is reasonable to conclude that if joint 

3 were also set into active mode the motor reaction would have been to twist the harmonic 

drive shaft until the link finds its reference position. Setting the joint into passive mode 

successfully avoids stressing the harmonic drive bearing and motor which is an important 

discovery of this experimental study. 
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 Before concluding, an analysis of the joint velocities for the same tests and simulation 

as in Figure 26 is conducted. The internal joint model assumes that the joint fully restrains 

the impact loads, but for a freely moving joint, it is assumed to almost instantaneously reach 

a finite velocity according to (31). For a given value of 𝑒, the simulation provides maximum 

values for joint velocities since free and frictionless joints, even with friction compensation, 

do not exist. Figure 28 shows simulation and experiment values.  

 

FIGURE 28 FRICTIONLESS JOINT VELOCITY AS COMPARED TO TEST VALUES 

 The green bars (left) indicating experimental results are always below the predicted 

change in joint velocities, indicating conservative estimates. The discrepancy is likely due to 

uncompensated joint friction. Because friction is a function of both position and velocity with 

a higher starting friction as in Figure 15, it is expected to see a better prediction for collision 

with hardwood that generated larger external impulse. After the initial peak of friction is 

surpassed, it is a lot easier for the joint to be driven, but in a collision with Styrofoam, that 
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barrier may not necessarily be exceeded and thus the test results show a large discrepancy 

from predicted values. It is clear from (53) that the internal joint torques are proportional to 

the magnitudes of entries in the [𝐷] matrix. Large changes in joint velocities are likely to be 

related to higher internal joint torques and since none of the experimental values have 

exceeded the predicted values, it is likely that the internal joint impulses also remained below 

the limit specified by the rated torque.  

5.2 Concluding Remarks 

Chapter 5 combines the knowledge and ideas that have been compiled in all the earlier 

chapters and presents a step-by-step strategy for any striking task including hammering that 

ensure integrity of MRR joints for the longest possible life duration. This is the main 

contribution of the thesis as well the experimental study showing the predictive capabilities 

of impulse models and effectiveness of passive mode in reducing stress on the harmonic 

drive. 
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6 CONCLUSIONS AND FUTURE WORKS 

The main work presented in this thesis is the development of a hammering strategy using 

the multiple working mode approach. The presented strategy solves the problem of joint 

torque build-up in a position controlled joint during impact. To do so, the joint is switched to 

passive mode such that the motor does not twist on the harmonic drive shaft in an attempt to 

reach a reference trajectory sent by the supervisory controller. Analytical modelling of 

external and internal joint torques function as criteria to determine whether a joint should be 

switched to passive mode. For real-time mode switching, such that the necessary joints may 

be switched quickly into passive mode, two extra criteria are proposed. Simulations and an 

experimental study show the analytic model capabilities to predict impulses and effectiveness 

of the passive mode to reduce stress on the joint.  

While robot hammering was studied in this work specifically, the approach can 

generally be applied to any collision or impact of an end-effector with an environment of 

unknown mass or hardness. The simulation of the entire collision can be performed either 

offline or online which provides versatility. Performing them online may be useful in a robot 

made specifically for striking tasks and with some optimization it can become an efficient 

striker. If the goal is to perform a variety of maintenance tasks, then the simulation may be 

performed offline to save on computational space and power.  

Some limitations of this method include the fact that it is assumed the robot is able to 

develop the desired end-effector velocities within the space that is available around it. In 



83 

 

experiments, the robot had to start its trajectory away from its home position so that it can 

accelerate to the desired final velocity. Physical space around the robot may be a factor. 

Next, the effective mass of the environment may not be estimated without performing a test 

ahead of time and specifying it in simulations. A robot would have to be equipped with some 

sort of method to estimate penetration of the nail with each hit to use the effective mass 

model online, making it difficult to optimize the strategy with a lot of unknowns about the 

environment.  

While the experiment in this work showed the effectiveness of passive mode, it was 

done so without friction compensation (and joint torque sensing). A study of the internal 

impulse model should be conducted to determine if the estimates are accurate at the same 

time. The proposed real-time mode switching criteria can also be investigated so that joints 

may stay in active mode for position control until exactly the moment when it should switch 

to passive mode.  

 

 

  



84 

 

APPENDIX 

Appendix 1 Impact Simulation Code 

%% Robot parameters 
l1=0.48; l2=0.38; l3=0.38; lc1=l1/2; lc2=l2/2; lc3=0.35; 
Im1=0.168e-4; Im2=0.168e-4; Im3=0.168e-4; 
m1=3.5; m2=3.5; m3=1; 
Ixx1=0.25; Iyy1 = 0.017; Izz1 = 0.25;  
Ixx2=0.017; Iyy2 = 0.25; Izz2 = 0.25;  
Ixx3=0.017; Iyy3 = 0.25; Izz3 = 0.25; 
y1=133; y2=101; y3=101; 

  
Mnail = inf; %these two can be adjusted based on experimental data 
e=1; 
%% Nail position and surface orientation 
xn = [0.76;0;0.48]; %desired end-effector position 
n_imp = [0;0;-1;0;0;0]; %impact normal vector 

  
x= xn(1); 
y= xn(2); 
z= xn(3); 
q1=0; q2=[0;0]; q3=[0;0]; 

  
%Inverse Kinematics 
q1 = atan2(y,x); 
D = vpa((x^2 + y^2 + (z-l1)^2 - l2^2 - l3^2)/(2*l2*l3)); 
q3(1) = atan2(sqrt(1-D^2),D); 
q3(2) = atan2(-sqrt(1-D^2),D); 

  
q2(1) = atan2(z-l1,sqrt(x^2 + y^2)) - atan2(l3*sin(q3(1)), 

l2+l3*cos(q3(1))); 
q2(2) = atan2(z-l1, sqrt(x^2 + y^2)) - atan2(l3*sin(q3(2)), 

l2+l3*cos(q3(2))); 

  
conv=pi/180; 
%pick one of the configurations, in our case it doesn't matter which one 
q1=q1; 
q2=q2(2); 
q3=q3(2); 

  
%% Generating T and R-matrices for later analysis 
%The matrices are generated separately and not in the loop for more 

control 
%and variable review in later stages of programming and calculation 
%radians 
DH=[l1 q1 0 pi/2; 0 q2 l2 0; 0 q3 l3 0]; %d theta a alpha 
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T01=[cos(DH(1,2)) -cos(DH(1,4))*sin(DH(1,2)) sin(DH(1,4))*sin(DH(1,2)) 

DH(1,3)*cos(DH(1,2)); ... 
sin(DH(1,2)) cos(DH(1,4))*cos(DH(1,2)) -sin(DH(1,4))*cos(DH(1,2)) 

DH(1,3)*sin(DH(1,2)); ... 
0 sin(DH(1,4)) cos(DH(1,4)) DH(1,1); ... 
0 0 0 1]; 
R01=T01(1:3,1:3); %this transforms a vector in frame 1 TO frame 0 (i to i-

1) or (i+1 to i) 

  
T12=[cos(DH(2,2)) -cos(DH(2,4))*sin(DH(2,2)) sin(DH(2,4))*sin(DH(2,2)) 

DH(2,3)*cos(DH(2,2)); ... 
sin(DH(2,2)) cos(DH(2,4))*cos(DH(2,2)) -sin(DH(2,4))*cos(DH(2,2)) 

DH(2,3)*sin(DH(2,2)); ... 
0 sin(DH(2,4)) cos(DH(2,4)) DH(2,1); ... 
0 0 0 1]; 
R12=T12(1:3,1:3); 

  
T23=[cos(DH(3,2)) -cos(DH(3,4))*sin(DH(3,2)) sin(DH(3,4))*sin(DH(3,2)) 

DH(3,3)*cos(DH(3,2)); ... 
sin(DH(3,2)) cos(DH(3,4))*cos(DH(3,2)) -sin(DH(3,4))*cos(DH(3,2)) 

DH(3,3)*sin(DH(3,2)); ... 
0 sin(DH(3,4)) cos(DH(3,4)) DH(3,1); ... 
0 0 0 1]; 
R23=T23(1:3,1:3); 
%% compounds 
T02=T01*T12; 
R02=T02(1:3,1:3); 

  
T03=T02*T23; 
R03=T03(1:3,1:3); 

  
T13=T12*T23; 
R13=T13(1:3,1:3); 
%% End-effector Jacobian 
z0=[0;0;1]; 
z1=T01(1:3,3); 
z2=T02(1:3,3); 
z3=T03(1:3,3); 

  
P0=[0;0;0]; %T11=ones(4,4); 
P1=T01(1:3,4); 
P2=T02(1:3,4); 
P3=T03(1:3,4); 
JH1 = [cross(z0, P3-P0);z0]; 
JH2 = [cross(z1, P3-P1);z1]; 
JH3 = [cross(z2, P3-P2);z2]; 
JH = [JH1 JH2 JH3]; 

  

  
%due to some residual calculations some entries are non-zero 
%this code just removes those residuals 
for i=1:6 
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    for j=1:3 
        if abs(JH(i,j))<0.01 
            JH(i,j)=0; 
        end 
    end 
end 

  
q_dotmax = [0; -0.6109; 0]; %This is the input velocity, selected by the 

user 
v1 = JH*q_dotmax; 
%%  
%c1 jacobian 
Oc1=[0;0;lc1]; 
Jc1 =[cross(z0,Oc1-P0) zeros(3,1) zeros(3,1); z0 zeros(3,1) zeros(3,1)]; 
Jc1v = Jc1(1:3,:); 
Jc1w = Jc1(4:6,:); 
%c2 jacobian 
Oc2=[lc2*cos(q1)*cos(q2); lc2*cos(q2)*sin(q1); l1 + lc2*sin(q2)]; 
Jc2 = [cross(z0,Oc2-P0) cross(z1,Oc2-P1) zeros(3,1); z0 z1 zeros(3,1)]; 
Jc2v = Jc2(1:3,:); 
Jc2w = Jc2(4:6,:); 
%c3 jacobian 
Oc3 = [l2*cos(q1)*cos(q2) + lc3*cos(q1)*cos(q2)*cos(q3) - 

lc3*cos(q1)*sin(q2)*sin(q3); ... 
    l2*cos(q2)*sin(q1) + lc3*cos(q2)*cos(q3)*sin(q1) - 

lc3*sin(q1)*sin(q2)*sin(q3);... 
    l1 + l2*sin(q2) + lc3*cos(q2)*sin(q3) + lc3*cos(q3)*sin(q2)]; 
Jc3 = [cross(z0,Oc3-P0) cross(z1,Oc3-P1) cross(z2,Oc3-P2); z0 z1 z2]; 
Jc3v = Jc3(1:3,:); 
Jc3w = Jc3(4:6,:); 

  
%% c.g. vectors 
r1c1 = skew([0; -lc1; 0]); 
r2c1 = skew([0; l1-lc1; 0]); 
r2c2 = skew([-lc2; 0; 0]); 
r3c2 = skew([l2-lc2; 0; 0]); 
r3c3 = skew([-lc3; 0; 0]); 
r4c3 = skew([l3-lc3; 0; 0]); 

  
%% Im matrix 
zm1=z0; 
zm2=z1; 
zm3=z2; 
Im=[Im1*y1 0 0; ... 
    Im2*transpose(zm2)*z1 Im2*y2 0; ... 
    Im3*transpose(zm3)*z1 Im3*transpose(zm3)*z2 Im3*y3]; 
%% M matrix 
Ic1=[Ixx1 0 0; 0 Iyy1 0; 0 0 Izz1]; 
Ic2=[Ixx2 0 0; 0 Iyy2 0; 0 0 Izz2]; 
Ic3=[Ixx3 0 0; 0 Iyy3 0; 0 0 Izz3]; 
Mv = m1*transpose(Jc1v)*Jc1v + m2*transpose(Jc2v)*Jc2v + 

m3*transpose(Jc3v)*Jc3v; 



87 

 

Mw = transpose(Jc1w)*R01*Ic1*transpose(R01)*Jc1w + 

transpose(Jc2w)*R02*Ic2*transpose(R02)*Jc2w + 

transpose(Jc3w)*R03*Ic3*transpose(R03)*Jc3w; 
M = Mv + Mw; 

  
%% External impulse  
G = [y1 0 0; 0 y2 0; 0 0 y3]; 
J_nail = n_imp; 
Minv=inv(G*Im+M); 
num = -(1+e)*transpose(v1)*n_imp; 
denum = transpose(n_imp)*(JH*Minv*transpose(JH) + 

J_nail*(1/Mnail)*transpose(J_nail))*n_imp; 
zero = zeros(3,3); 
Fext = (num/denum)*n_imp; 

  
%% Internal impulse 
V1=m1*transpose(R01)*Jc1v*Minv*transpose(JH); 
V2=m2*transpose(R02)*Jc2v*Minv*transpose(JH); 
V3=m3*transpose(R03)*Jc3v*Minv*transpose(JH); 

  
W1=Ic1*transpose(R01)*Jc1w*Minv*transpose(JH); 
W2=Ic2*transpose(R02)*Jc2w*Minv*transpose(JH); 
W3=Ic3*transpose(R03)*Jc3w*Minv*transpose(JH); 
D=[V1;V2;V3;W1;W2;W3]; 

  
B=[zero zero; zero zero; transpose(R03) zero; zero zero; zero zero; 

r4c3*transpose(R03) transpose(R03)]; 

  
AFF =[-eye(3,3) R12 zero; zero -eye(3,3) R23; zero zero -eye(3,3)]; 
Zero =[zero zero zero; zero zero zero; zero zero zero]; 
ATF = [r1c1 r2c1*R12 zero; zero r2c2 r3c2*R23; zero zero r3c3]; 
ATT = AFF; 
A=[AFF Zero; ATF ATT]; 
Ai = inv(A); 
%% Finally 
S = Ai*(D-B); 
Fint = S*Fext; 
tauy1 = Fint(11); 
tauz2 = Fint(15); 
tauz3 = Fint(18); 
tau = [tauy1; tauz2; tauz3]; %these are the impulses in harmonic drives 

  
%% Impact measure 
wii = sqrt(det(transpose(S)*S)); 
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