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Master of Science 2010

Yevgeniy Davletshin
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Ryerson University

Recent studies have shown that gold nanorods are highly effective agents for conversion

of visible and near infrared (NIR) light into heat. Thermal therapy that utilizes this

effect is called Plasmonic Photothermal Therapy (PPTT), where light absorption by

photothermal agents (plasmon-resonant gold nanorods) causes kinetic energy to increase,

resulting in heating of the area surrounding the agent. A primary understanding of optical

and thermal properties of gold particles at nanoscale level is still unclear. Due to the

limitations of current equipment for nanoparticle characterization, numerical methods

and computational models are widely used to understand the physics at the nanoscale.

In this thesis finite element analysis and spatial modulation spectroscopy were used to

develop and test a computational model to characterize optical properties of a single gold

nanorod.
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Notations

A Scalar quantity.

ã Complex quantity.

A Vector quantity.

â Basis/unit vector.

Operators

Ã∗ Complex conjugate of Ã.

∇A Gradient of A.

∇ ·A Divergence of A.

∇×A Curl of A.

|A| Magnitude of A.

< (a) Real part of a.

= (a) Imaginary part of a.

Symbols

E,Einc,Esca Total, incident and scattered electric field (V ·m−1).

H,Hsca Total and scattered magnetic field (A ·m−1).

B Magnetic induction (T).

D Electric induction (C ·m−2).

J Current density (A ·m−2).

S,Sav Poynting and time-averaged Poynting vector (W ·m−2).

P Polarization (C ·m−2).

i Imaginary number defined as
√
−1.

κ Wavenumber (m−1).

κ0 Wavenumber of free space (m−1).
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λ Wavelength of light (m).

ω Wave’s angular frequency (rad · s−1).

c0 Speed of light in vacuum (m).

ρ Total charge density (C ·m−3).

ε Electrical permittivity (F ·m−1).

ε̃r Complex relative permittivity (1).

ε0 Electrical permittivity of free space (F ·m−1).

χ Electric susceptibility (1).

σ Electrical conductivity (S ·m−1).

µ Magnetic permeability (H ·m−1).

µ̃r Complex relative permeability (1).

µ0 Magnetic permeability of free space(H ·m−1).

χm Magnetic susceptibility (1).

ñ Complex index of refraction (1).

n Real part of the complex index of refraction (1).

k Extinction coefficient (1).

σext Extinction cross-section (m2).

σabs Absorption cross-section (m2).

σsca Scattering cross-section (m2).

ρn Number density (m−3).

I0 Intensity of incident light (W).

µa Absorption coefficient (m−1).

µs Scattering coefficient (m−1).

me Free electron’s mass (kg).

e Electron’s charge (C).

Γ Phenomenological damping constant (s−1).

ωp Plasma frequency of electron gas (rad · s−1).

χIB Interband susceptibility (1).

χD Drude (free electrons) susceptibility (1).

γ0 Bulk damping constant (s−1).

vF Fermi velocity (m·s−1).

l∞ Bulk mean free path (m).
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Leff Effective mean free path length (m).

A Broadening parameter (1).

η Radiation damping constant (fs−1 · nm−3).

Abbreviations

ABC Absorbing boundary conditions.

AR Aspect ratio.

DDA Discrete dipole approximation.

FDTD Finite difference time domain.

FEM Finite element method.

FWHM Full width half maximum.

GNR Gold nanorod.

NIR Near infrared.

PDE Partial differential equations.

PEC Perfect electric conductor.

PMC Perfect magnetic conductor.

PML Perfect matched layer.

PPTT Plasmonic photothermal therapy.

SMS Spatial modulation spectroscopy.
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Chapter 1

Introduction

The history of thermal therapy starts more than 3000 years ago. At that time warm baths

were used to cure different diseases. In present times thermal therapy is used primarily

as a cancer treatment [1] during which tissue is exposed to high temperatures (45-60 ◦C)

inducing cell damage and cell death. It can also be combined with other modalities of

cancer therapy to increase the sensitivity of cancer cells to these therapies, enhancing

their overall treatment effect.

For localized thermal therapy, energy can be delivered to the target region using

ultrasound [2], radiofrequency electrical currents [3], microwaves [4] or laser [5]. Recent

studies of optical properties of gold nanoparticles have provided motivation for new type

of targeted thermal therapy. The tunable optical resonance and strong absorbance of

light in the visible and infrared spectrum by gold nanoparticles [6, 7, 8] makes them

suitable for heat dose delivery to a tumor region [9, 10, 11, 12, 13]. The process of light

absorption by gold nanoparticles and the subsequent heating of the region around them

have been called Plasmonic Photothermal Therapy (PPTT) [14].

Optical properties of gold nanoparticles that are used during PPTT will affect the

amount of heating produced. Gold nanoshells [15], nanospheres [16] and nanorods [17]

are the key nanoparticles that have been used in initial investigations of the PPTT

feasibility. Among them gold nanorods are the ones that could be easily tuned to near

infrared (NIR) wavelengths of the laser and produce more heating [18, 19] when the same

amount of gold per volume is used.
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CHAPTER 1. INTRODUCTION

1.1 Gold nanorods

A gold nanorod (GNR), due to its elongation in one direction, has two distinct plasmon

resonances, called the transverse and longitudinal peaks (see Figure 1.1). The later one,

is of more interest for the medical applications since it has higher absorption cross-section

and can be tuned to NIR wavelengths where the biological tissue are more transparent to

NIR light. There are several parameters that correspond to the location and amplitude

of the longitudinal plasmon resonance peak [20, 21]: the dielectric function of the gold,

end-tip shape, aspect ratio and concentration of the rods and dielectric properties of the

medium. It is important to account and optimize these parameters when choosing gold

nanorods for a specific medical application. Due to difficulties in gold nanorod exper-

imental characterization on a single particle level it is vital to have a numerical model

that will accurately predict optical response of a single gold nanorod. Ungureanu et. al.

[22] emphasized the importance of input parameters such as the dielectric function and

the shape of gold nanorod for numerical modeling, and showed discrepancy in the results

of experimental and theoretical spectra comparison, due to choice of these parameters.

Figure 1.1: (A) Surface plasmon absorption spectra of gold nanorods of different aspect ratios,
showing the sensitivity of the strong longitudinal band to the aspect ratios of the nanorods.
(B) TEM image of nanorods of aspect ratio of 3.9, the absorption spectrum of which is shown
as the orange curve in panel A. Reprinted from ref. [23].
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CHAPTER 1. INTRODUCTION

1.2 Computational electromagnetics

Computational electromagnetic methods [24] are numerical techniques to model interac-

tion of physical matter with electromagnetic fields. It typically involves a modeling of

the light propagation, scattering and attenuation, through the medium or object. In this

thesis the light scattered and absorbed by a gold nanorod is of main interest. Since an

analytical solution for scattering problem exists only for simple geometries like a spherical

object and an infinitely long cylinder, a numerical technique was used to find an approx-

imate solution. Some of the widely used computational electromagnetic methods are the

discrete dipole approximation (DDA), finite difference time domain (FDTD) method and

finite element method (FEM).

1.2.1 Discrete dipole approximation

The Discrete Dipole Approximation method [25] is an integral equation method, where

object that is scattering the electromagnetic wave is approximated by a number of dipoles.

Each dipole is a polarizable point directly related to the local value of the polarization

vector and located on a cubic lattice with interdipole distance d. This distance d is

determined by the number of dipoles N used and volume V of the particle, and defined

as V = Nd3. The number of dipoles N needs to be chosen so it satisfies the accuracy

criterion |ñ|κd < 0.5, where ñ is the complex refractive index of the target material

and κ = 2π/λ is the wavenumber for light with wavelength λ. The DDA is less precise

with large values of the refractive index. To overcome this limitation, a larger number of

dipoles needs to be needed, that consequently will lead to increase in the computational

time. In addition, the ”staircase” (Figure 1.2) representation of the curved geometry can

affect the DDA accuracy. DDSCAT 7.1 [26] is one of the freely available open-source

Fortran-90 codes that is widely used today to calculate an approximate solution for

scattering and absorption of electromagnetic waves by targets with arbitrary geometries

[22, 27] and complex refractive index.

1.2.2 Finite-difference time-domain method

The finite-difference time-domain method is a direct method to solve Maxwell’s curl

equations [28] in differential form. It was first developed by Yee [29], and currently

3



CHAPTER 1. INTRODUCTION

Figure 1.2: Examples of mesh generation with DDA, FDTD and FE methods

widely used for the analysis of electromagnetic wave interaction with nanostructures

[30, 31]. In the FDTD method, Maxwell’s equations are descritized in both the space

and time domains in order to find the electric and magnetic fields as a function of space

and time. The FDTD method is one of the simplest methods to implement and can be

applied to inhomogeneous, anisotropic and arbitrary shaped geometries. Like the DDA,

the FDTD method employs ”staircase” meshing grid (Figure 1.2) that will require very

fine refinement to obtain an appropriate solution at the edges of curved surfaces.

1.2.3 Finite element method

The finite element method was first introduced in the 1940’s [32], when there was a

need of solving complex elasticity and structural mechanics problems. In the late 1960’s

with the papers by Silvester [33] and Arlett et. al. [34] the finite element method was

introduced to electrical engineering addressing applications related to waveguide and

cavity analysis. It is a numerical technique that finds an approximate solution of the

partial differential equations (PDE) by discretization of the computational domain into

smaller finite triangular elements (Figure 1.2) to produce a system of ordinary differential

equations. In the past decades the FEM was widely used in electromagnetic problems

[35, 36, 37], primarily to solve set of Maxwell’s equations with appropriate boundary

4



CHAPTER 1. INTRODUCTION

conditions.

There are several advantages of the FEM over other methods in computational elec-

tromagnetics. The FEM as well as DDA and FDTD methods can be applied to inho-

mogeneous, anisotropic and arbitrary shaped objects [36]. Furthermore, since the FEM

can use unstructured meshes, it produces higher resolution for arbitrary shaped objects

where a rapid variation of the solution can exist. Another distinct feature of the FEM,

compared to the DDA, is it’s applicability to solve different PDEs for the same geometry

and couple several physical problems together with the same method. More detailed

explanation of the FEM will be given in the methods chapter along with the description

of the computational model.

1.3 Hypothesis, aims and outline of the thesis

For biomedical applications of the gold nanorods, it is important to tailor the nanorod’s

optical properties to satisfy specific requirements e.g. imaging, sensing or therapy. Mod-

eling of the nanorod’s optical properties [22] will require initial input parameters such as

the size and shape of the nanorod and a dielectric function of gold.

With the advances in nanoscale chemistry, the best size and shape of the nanorod

for specific applications, can be determined by the numerical model predictions for the

following chemical synthesis. On the other hand the dielectric function of gold is a static

input parameter that can not be altered to produce new properties of the particle. As

will be discussed in the following chapter, the dielectric function of gold at the nanoscale

is different from the experimentally obtained bulk values and is changing as a function

of nanoparticle’s size. This fact introduces an unknown into the modeling of the gold

nanoparticle optical properties. However, it can be solved as an inverse problem, when

optical properties of the nanoparticle obtained experimentally are then fitted with the

numerical model to deduce the size-corrected dielectric function of gold.

Scatter-based spectroscopic techniques [38, 39] can yield precise spectral informa-

tion of a nanorod, but often lack quantitative information of single nanorod absorption.

The methods also have a limited access for performing electron microscopy on the same

imaged particle. Recently, an absorption-based technique called spatial modulation spec-

troscopy (SMS) [40, 41] has shown promissing results in detecting, imaging and obtaining

5



CHAPTER 1. INTRODUCTION

quantitative extinction spectra of a single nanoparticle. Muskens et. al. [41] were able

to determine the absolute value of the extinction cross-section of a single nanorod and

were able to fit experimental data with results of numerical modeling. Modeling was

done by placing gold nanorod in a homogeneous environment with an averaged value

of the refractive index between air and a substrate, and dimensions (size and shape of

GNRs tip-end) chosen to fit experimental data. Lack of experimental size determination

of the SMS imaged GNR, introduced many fitting parameters into modeling that can be

reduced by the use of TEM grid and follow up electron microscopy of the same GNR.

Therefore, it is hypothesized that SMS combined with TEM can be used to build and

validate an accurate finite element model of the optical behavior of a single GNR. There

are two specific aims that were pursued in this thesis:

1. To build a FEM model for single gold nanorod characterization and validate this

model against a single gold nanorod SMS measurement.

2. To determine the size corrections for the dielectric function of gold for a single gold

nanorod.

The following steps were taken in the thesis to achieve these aims:

• Development of the finite element model of the experimental (SMS) setup.

• Validation of the numerical model against analytical solution and experimental

data.

• Quantitative characterization of the optical properties of a single gold nanorod

using the SMS technique.

• Size and shape evaluation of the imaged gold nanorod using electron microscopy.

• Evaluation of the size corrections to the bulk dielectric constant of gold, by modeling

the optical response of a single nanorod measured with SMS and correlated with

TEM techniques.

The remainder of this thesis presents work carried out to model and characterize

optical response of a single gold nanorod with numerical and experimental methods.

6



CHAPTER 1. INTRODUCTION

Chapter 2 presents the basic electrodynamic and solid-state physics theory required to

understand the interaction of an electromagnetic field with matter and the properties

of colloidal metal particles. The experimental and numerical methods are presented in

chapter 3. The validation of the numerical model along with results of size correction to

the bulk dielectric function evaluation is presented in chapter 4. Chapter 5 provides a

summary of the results with the future work plan.

7



Chapter 2

Theoretical background

The understanding of the single nanoparticle optical response to the incident light re-

quires and understanding of the physics of surface plasmon resonance and the properties

of colloidal gold particles. The basic concepts of these disciplines will be introduced in

this chapter. It will include Maxwell’s equations and classical electrodynamics for the de-

scription of the optical properties of nanoparticles, and an overview of solid-state theory

for the explanation of the material properties.

2.1 Theory of surface plasmon resonance

For more than several centuries, optical properties of noble nanoparticles attracted minds

of the human race. One of the famous examples of the noble nanoparticles application is

the Lycurgus cup (Figure 2.1). Dichroic glass of this cup was made with the use of the

gold and silver nanoparticles that gives different bright colors to the cup under different

light illumination. If the light shone through the glass, the cup appears red, but if the cup

is illuminated with the reflected light, then it appears green. The color of the Lycurgus

cup is determined by the embedded gold and silver nanoparticles and localized surface

plasmon resonance (SPR) of these particles.

Electron microscopy of the dichroic glass revealed that most of the gold and silver

nanoparticles embedded into the glass have spherical shape with diameters ranging from

5 to 60 nm. The shape and size of these nanoparticles will determine its localized sur-

face plasmon resonance in the 400-600 nm range of the electromagnetic wavelengths

8



CHAPTER 2. THEORETICAL BACKGROUND

Figure 2.1: The Lycurgus cup. Late Roman empire 4th Century AD. (British Museum,
London)

which correspond to the color from violet to green of the visible spectrum (Figure 2.2).

Furthermore, when the light shines through the Lycurgus cup, one will see only the red

component of the spectrum since green and blue light is absorbed or scattered by the gold

and silver nanoparticles. On the other hand if the light is reflected by the dichroic glass,

the cup will appear green since the green light will be back scattered by the nanoparticles

and red light will travel through the glass unperturbed.

As was shown above, the color of the cup is determined by the light interaction with

plasmonic nanoparticles. When a metal particle undergos excitation due to interactions

with the light, incident photons will be scattered and absorbed by the electrons of the

particle lattice and will cause an enhancement of the local electromagnetic field. The

collective dipolar oscillations of the free conduction electrons (plasmons) due to this

excitation are called surface plasmons [42]. The photo excitation of the surface plasmons

in the particles with a diameter less than the wavelength of light is denoted as a localized

surface plasmon resonance [42].

The phenomena of SPR can be described via classical electrodynamics where the

9



CHAPTER 2. THEORETICAL BACKGROUND

Figure 2.2: The electromagnetic spectrum. Adopted from http://blog.widen.com.

behavior of the electromagnetic field is governed by the macroscopic Maxwell’s equa-

tions (2.1-2.4) [28]. The four main Maxwell’s equations that define the fields which are

generated by currents and charges in matter, and equation of charge conservation are

Faraday’s law

∇× E = −∂B

∂t
(2.1)

Maxwell-Ampere law

∇×H =
∂D

∂t
+ J (2.2)

Gauss’s law

∇ ·D = ρ (2.3)

Gauss’s law for magnetism

∇ ·B = 0 (2.4)

equation of charge conservation

10



CHAPTER 2. THEORETICAL BACKGROUND

∇ · J = −∂ρ
∂t
. (2.5)

In these set of equations four macroscopic fields: the dielectric displacement D, the

electric field E, the magnetic field H, the magnetic induction B, and the external charge ρ

and current density J are linked together. In order to describe the behavior of matter

under the influence of the external fields, the so-called constitutive relations need to be

used:

D = ε0ε̃rE, (2.6)

B = µ0µ̃rH, (2.7)

and

J = σE, (2.8)

where constants ε0 ≈ 8.854 × 10−12 F/m and µ0 ≈ 1.257 × 10−6 H/m are the electric

permittivity and magnetic permeability of free space, respectively, and ε̃r, µ̃r, J and σ

are complex relative permittivity1 and complex relative permeability2 of the medium,

conduction current density and dielectric conductivity, respectively. The conductivity

σ can be also rewritten in more general form as a complex quantity3 σ̃ = σ1 + iσ2 to

include the phase shift of the conduction and the bound currents, due to the fact that the

response of the medium can have a time delay with respect to the applied field; where σ1

describes an energy loss and σ2 describe a change in phase of the electromagnetic wave.

As it is seen from (2.6 - 2.7) the electric and magnetic flux densities depend on

material properties (ε̃r and µ̃r) where electric and magnetic fields exists. The complex

relative permittivity ε̃r and complex relative permeability µ̃r related to the electric and

magnetic polarization properties of the material through

ε̃r = 1 + χ̃, (2.9)

and

µ̃r = 1 + χ̃m, (2.10)

where χ̃ and χ̃m are complex electric and complex magnetic susceptibilities, respectively.

1For a vacuum ε̃r = 1
2In nonmagnetic medium µ̃r = 1.
3Subscripts 1 and 2 in complex quantities are used to indicate real and imaginary part, respectively.
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The complex electric permittivity ε̃ and complex permeability µ̃ are defined by

ε̃ = ε0ε̃r = ε0(1 + χ̃), (2.11)

and

µ̃ = µ0µ̃r = µ0(1 + χ̃m), (2.12)

where complex electric susceptibility χ̃ defines the response of bound charges to a driving

electric field and result in an electric polarization; and complex magnetic susceptibility

define the degree of magnetization of a material in response to an applied magnetic field.

Furthermore, with the use of complex dielectric susceptibility χ̃, a linear relationship

between polarization the P and the electric field E can be described by

P = ε0χ̃E, (2.13)

where polarization P can be denoted as the volume density of electric dipole moments

and represents the dielectric polarization of the material.

To show the relationship between the dielectric function and the conductivity, equa-

tion (2.2) in the absense of external currents and with the use of Ohm’s law (2.8) and

equation (2.6) can be rewritten as

∇×H = σ1E− iωεrε0E = −iωε̃E, (2.14)

where the displacement term is assumed to have a harmonic time dependence ∂D/∂t =

−iωD, and the relative permittivity4 have linear relationship with conductivity through

ε̃ = ε0εr + i
σ

ω
= ε1 + iε2. (2.15)

The complex index of refraction ñ can be related to complex dielectric function ε̃ [43]

through:

ñ = n− ik =
√
ε̃, (2.16)

where k is an extinction coefficient and determines the optical absorption of an electro-

magnetic wave. As stated earlier, real part σ1 of the complex conductivity describes the

4εr is a real part of relative permittivity.
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energy loss and can be related to the power absorbed for a given amplitude of electric

field through Pa = σ1 |E|2.

In nonmagnetic medium and with the absence of external charges and current densi-

ties, the combination of the curl equations (2.1-2.2) with the constitutive relations (2.6 -

2.8) yield

∇
(

1

ε̃
E · ∇ε̃

)
+∇×∇× E = µ0ε0ε̃

∂2E

∂t2
. (2.17)

Assuming that the electric field is time harmonic E(r, t) = E (r) e−iωt, and that spatial

variation of the ε̃ is negligible, so that (2.17) takes the form of the Helmholtz wave

equation,

∇×∇× E− κ2
0ε̃E = 0, (2.18)

where κ0 = ω
√
ε0µ0 is a wave number in vacuum. Solution of the Helmholtz wave

equation (2.18) with appropriate boundary conditions will help to derive the spatial

evolution of the electromagnetic field in the presence of matter. Thereby, with the use

of classical electrodynamics (2.18), propagation of the electromagnetic excitations at the

metal-dielectric interface can be described.

2.1.1 Boundary conditions

For a full mathematical description of the metal-dielectric interface with the Helmholtz

wave equation (2.18), a set of boundary conditions should be imposed to account for the

discontinuity of the electrical and magnetic fields at the boundary between medium 1

and medium 2

n̂× (H1 −H2) = J, (2.19)

n̂× (E1 − E2) = 0, (2.20)

n̂ · (D1 −D2) = ρ, (2.21)

n̂ · (B1 −B2) = 0, (2.22)

where n̂ is the unit normal vector on the boundary.

To truncate the computational domain a perfect electric conductor (PEC) equation

(2.23), a perfect magnetic conductor (PMC) equation (2.24) and an absorbing boundary

13
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(ABC) equation (2.25), conditions are used:

n̂× E = 0, (2.23)

n̂×H = 0, (2.24)

and

n̂×H =
1

√
µ0ε0

× n̂× n̂× E + n̂×Hinc −
1

√
µ0ε0

× n̂× n̂× Einc, (2.25)

where Einc and Hinc are the incident electric and magnetic fields, respectively.

2.1.2 Poynting vector and optical response of a single nanopar-

ticle

The Poynting vector S represents the amount of power per unit area that a wave carries

in the direction of its propagation. The time-averaged Poynting vector Sav (units of

W/m2), is given by

Sav =
1

2
<(E×H∗). (2.26)

When light propagates in a medium it dissipates its energy by interaction with charged

particles (electrons and atomic nuclei) of the matter. The optical response of a single gold

nanorod to incident light is characterized by its absorption and scattering cross-section

or the amount of energy absorbed by the nanorod (due to ohmic losses) and scattering

per unit area. The absorption cross-section σabs of a single gold nanorod can be given as

a fraction of integrated resistive heating over nanorod’s volume V divided by the incident

power density:

σabs =
2

c0ε0nE2
inc

∫
V

<(σE · E∗ − iωE ·D∗)dV, (2.27)

where c0, n and Einc are speed of light in the vacuum, refractive index of the medium

and magnitude of the incident electric field, respectively. The scattering cross-section

σsca, on the other hand is a fraction of the outgoing electromagnetic energy flux over an

14
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arbitrary boundary S surrounding the gold nanorod per the incident power density

σsca =
2

c0ε0nE2
inc

∫
S

<(Esca ×H∗sca)dS. (2.28)

Experimentalists usually describe optical properties of nanoparticles by its extinction

cross-section σext, that combines effects of absorption and scattering:

σext = σabs + σsca. (2.29)

For biomedical applications of gold nanorods, such as PPTT, the main interest lies

in determining the scattering µs and absorption µa coefficients of a medium consisting

of GNRs. These are directly related to the scattering, absorption and extinction cross-

sections of a single GNR through

µs = ρnσsca, (2.30)

and

µa = ρnσabs. (2.31)

where ρn is the number density of the particles. The equations 2.30 and 2.31 are valid only

for concentration of particles where coupling effects between two neighboring particles

are insignificant and can be neglected. The extinction coefficient, µe = µa + µs (1− g) =

ρnσext,
5 can be related to the intensity loss, Iext(z), of a parallel beam propagating through

the medium via Beer-Lambert’s law,

Iext(z) = I0eµez, (2.32)

where I0 is the intensity of incident light.

2.2 The electrical properties of metal nanoparticles

The size of the nanoparticles plays an important role in their optical properties. Two

regimes can be distinguished that differentiate size effects of the nanoparticles on fre-

quency dependent dielectric function ε̃(ω). The extrinsic size effect applies to the large

5The g is an anisotropy factor.

15



CHAPTER 2. THEORETICAL BACKGROUND

Figure 2.3: Dielectric constants for gold as a function of photon energy. The width of the
curves is representative of the instrumental error. Reprinted from ref. [44]

nanoparticles, when dielectric function ε̃ become a bulk dielectric function and indepen-

dent of particle size, i.e. ε̃(ω) = ε̃bulk(ω). When the size of a nanoparticle becomes very

small, the intrinsic size effects become dominant and the dielectric function varies as

a function of particle radius R, i.e. ε̃(ω) = ε̃(ω,R). In the following sections the bulk

dielectric properties of metals and corrections to the bulk dielectric function due to the

size of a nanoparticle are described.

2.2.1 Experimental values of bulk dielectric function

Over the past four decades the experimental data of Johnson and Christy [44] (Figure 2.3)

has become a standard for the optical constants of noble metals. The experimental values

of the complex refractive index, ñ = n−ik, were obtained from reflection and transmission

measurements on vacuum-evaporated thin films. In case of the gold, three thicknesses

of the thin film were used 18.6 nm, 34.3 nm and 45.6 nm. Comparison of the optical

constants values from experiments with 34.3 nm and 45.6 nm thin films revealed no

16



CHAPTER 2. THEORETICAL BACKGROUND

thickness dependency (or intrinsic size effects) and agreed well within the estimation

within experimental error. On the other hand, the values for the complex dielectric

function ε̃ in the measurements of 18.6 nm thick film were outside of the error estimates,

compared to 34.3 nm and 45.6 nm film measurements. From these findings, it can be

concluded that the empirical data of the complex dielectric function only accurately

represent the bulk properties of the noble metals. Therefore, the bulk dielectric function

will not be satisfactory for the description of optical properties of noble nanoparticles,

where in general the nanoparticles are comparatively small with respect to the continuous

thin films in the Johnson and Christy experiments. In the following sections a theoretical

background will be given for the analytical representation of the size-dependent dielectric

function.

2.2.2 Drude model and bulk dielectric function

The frequency dependent dielectric function ε̃(ω) of a metal describes metal’s response

to incident electromagnetic waves. The dielectric function of noble metals is governed

by interband and conduction band transitions. To some extent, the optical properties of

noble nanoparticles can be described as a free electron metal using the Drude-Lorentz-

Sommerfeld model [42, 45, 46]. It is assumed that the response of a free electron of mass

me and charge e to an external electric field E = E0e−iωt is given by simple equation of

motion

me
d2r

dt2
+meΓ

dr

dt
= eE0e−iωt, (2.33)

where Γ is a phenomenological damping constant, and r is an electron’s displacement.

The polarization in this case can be given by P = ρep, where ρe is electron density

and p = er0 is a dipole moment. The polarization P, with assumption of the isotropic

medium (P ||E) [45], related to dielectric function ε̃(ω) by the definition (substitution of

2.13 into 2.11) ε̃ = 1 + P/(ε0E). Thus, the frequency-dependent dielectric function ε̃(ω)

of a system of ρe free electrons can be deduced from these equations,

ε̃(ω) = 1−
ω2
p

ω2 + iΓω
= 1−

ω2
p

ω2 + iΓ2
+ i

ω2
pΓ

ω(ω2 + Γ2)
, (2.34)
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Figure 2.4: Dielectric function ε̃(ω) (2.34) of the free electron gas (solid line) fitted to the
literature values of the dielectric data for gold [44] (dots). Interband transitions limit the
validity of this model at visible and higher frequencies. Reprinted from ref. [42]

where ωp =
√

ρee2

ε0me
is the plasma frequency6 of the free electron gas. In this classical

model (2.34) the damping constant Γ occurs due to the scattering of the electrons with

phonons, electrons, lattice defects and impurities and can be related to mean free path l∞

of the electron between collisions and the Fermi velocity vF = 1.41 nm/fs by Γ = vF/l∞

[45].

2.2.3 Interband transitions

In real metals, the validity of free-electron model is limited due to the contribution of both

free electrons and interband transitions. In case of the alkali metals, the contribution

from the interband transitions can be neglected up to the ultraviolet frequency range.

However, interband transitions of the noble metals start to occur in the visible frequency

range (λ = 1.77− 3.1 eV) and can be seen on the example of the gold dielectric function

(Figure 2.4). To incorporate the contribution of interband transitions in the noble metals,

the complex dielectric function can be rewritten as a sum of susceptibilities χ̃IB and χ̃D,

due to interband and free electrons respectively as

ε̃(ω) = 1 + χ̃IB + χ̃D = 1−
ω2
p

ω2 + iΓω
+ χ̃IB. (2.35)

6For gold ωp = 1.38 · 1016 1/s [45]
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Figure 2.5: Interband and free electron contribution to dielectric function ε̃(ω) of bulk gold
and experimental values from [44]. Reprinted from ref. [47]

The interband susceptibility χ̃IB leads to a red shift of the resonance frequency, bigger

contribution of χ̃IB to overall dielectric function in the visible range (Figure 2.5). It can

be seen by decomposition, with the use of (2.35), of the experimental bulk dielectric

function of the gold [44] to Drude and interband transition part (see Figure 2.5), where

the imaginary part of the interband susceptibility =(χIB) related to direct energy dissi-

pation and becomes dominant in the region of interband transitions and the real part of

the interband susceptibility <(χIB) also plays an important role in contributions to the

dielectric function at smaller frequencies.

2.2.4 Surface scattering - limited mean free path effect

The analytical expression for the bulk dielectric function has been based on solid-state

theory. The expression (2.35) is only valid for big clusters (nanoparticles with radius more

than 10 nm [45]), where the damping constant (Γbulk = vF/l∞) is a sum of contributions

due to electron interactions with phonons, electrons, lattice defects and impurities. When

the cluster size becomes comparable or smaller than the bulk mean free path l∞ of the

electrons between collisions, additional scattering of the conduction electrons from the

cluster surface occur. The addition of this scattering will shorten the mean free path

between collisions, and will increase the damping constant. To introduce corrections for

the intrinsic effects, due to the bulk dielectric function, the damping constant can be

19



CHAPTER 2. THEORETICAL BACKGROUND

written as [45],

Γ = Γbulk + Γsurf = γ0 +
AvF

Leff

. (2.36)

where A is a dimensionless constant (”broadening” parameter) on the order of unity, Leff

is the reduced effective mean free path length and γ0 is the bulk relaxation frequency7.

For the case of the spherical particles Leff equals to the radius of the sphere with an

equivalent volume (Leff = R = 3

√
3V
4π

). In the case of the arbitrary shaped object,

Coronado et. al. [48], in their calculations of the effective electron mean free path, in

comparison of the classical approach (2.36) against quantum box models, obtained better

results with Leff = 4V
S

, where V is the volume and S is the surface area of the object.

2.2.5 Radiation damping

Radiation damping Γrad is another dephasing process that can contribute to the overall

intrinsic retardation effects. As it was shown by Sönnichsen [49, 50, 38] (Figure 2.6), the

radiation damping is sensitive to the particle volume, and rapidly increases the damping

constant Γ for gold spheres wider than 40 nm in diameter. In his calculations Sönnichsen

[49] used an empirical equation to compute the non-radiative damping:

Γnonrad = 77 + e(Eres−1.334)/0.171, (2.37)

where Γnonrad is given in the units of meV and Eres is a resonance energy of the measured

particle is in the units of eV. Radiative damping Γrad was calculated as a difference

between total measured damping Γ and the combination of non-radiative dampings

Γrad = Γ− Γnonrad. (2.38)

The Figure 2.6 shows that the radiative damping plays important role for gold nanospheres

with diameters between 40 and 150 nm and shouldn’t be neglected in size corrections to

bulk dielectric function.

Novo et. al. [39] investigated longitudinal resonance broadening and significance of

radiation damping for gold nanorods of different aspect ratio and size. In their ex-

periments (Figure 2.7), Novo et. al. [39] compared contributions of all retardation ef-

7For gold γ0 = 1.094 · 1014 1/s [44]
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Figure 2.6: Dephasing rates in gold nanospheres as function of diameter. Γtot: measured,
Γnonrad: calculated by Eqn. 2.37, Γrad: calculated by subtracting the two. Reprinted from ref.
[49].

fects to the damping constant Γ where, based on the dipole approximation, radiation

damping was proportional to the particle volume and was given by Γrad = ~ηV
π

, with

η = (5.5 ± 1, 5) × 10−7 fs−1nm−3 (averaged based on several experimental data of Novo

et. al. [39] and Sönnichsen et. al. [38]).

Γ = Γbulk + Γsurf + Γrad. (2.39)

As it can be seen from Figure 2.7 (red line, where Γ = Γbulk + Γsurf + Γrad), the

contribution of all three damping processes (2.39) gives satisfactory agreement with ex-

perimental data of Novo et. al. Figure 2.7 (dotted line, where Γ = Γbulk + Γrad) also

shows that radiation damping starts to play a significant role for gold nanorods wider

than ∼ 20 nm in effective mean free path Leff . For narrower nanorods the broadening of

the resonance comes from the surface scattering ( dashed line in the Figure 2.7, where

Γ = Γbulk + Γsurf).

In this thesis, the optical properties of gold nanorods with an effective mean free
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Figure 2.7: Damping constant Γ versus 1/Leff for gold nanorods with aspect ratios between 2
and 4. The error bars indicate the standard deviations. The lines show calculated dampings
from bulk scattering (Γbulk, horizontal line), bulk plus surface scattering (Γbulk + Γsurf , dashed
line), and bulk plus radiation damping (Γbulk + Γrad, dotted line). The solid red line shows the
total damping Γ. Reprinted from ref. [39].

path length Leff ranging from 7.5 to 8.2 nm were considered, which corresponds to the

inverse effective path length (1/Leff) of 0.12 - 0.13 nm−1 (Figure 2.7). For these nanorods,

radiation damping is negligible and can be omitted from retardation effects, leaving (2.36)

as an appropriate representation of the damping in size dependent dielectric function of

gold.

2.3 Dielectric function: summary

For gold nanoparticles with a diameter less than 40 nm nonradiative damping dominates.

The complex dielectric is than given by

ε̃(ω, Leff) = ε̃bulk +
ω2
p

ω2 + iωγ0

−
ω2
p

ω2 + iω
(
γ0 + AvF

Leff

) , (2.40)
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where ε̃bulk accounts for the interband transitions and AvF

Leff
includes the limited mean free

path effect to the bulk dielectric function. For gold nanoparticles with diameters ranging

from 40 to 150 nm, radiative damping dominates. In this case, the complex dielectric

function of gold is

ε̃(ω, Leff) = ε̃bulk +
ω2
p

ω2 + iωγ0

−
ω2
p

ω2 + iω
(
γ0 + AvF

Leff
+ ηV

π

) . (2.41)

For gold nanoparticles with bigger diameters, the dielectric function will take a form of

a bulk dielectric function (ε̃(ω,R) = ε̃bulk) and can be represented by experimental data

of Johnson and Christy [44].

2.4 The finite element method

As mentioned in the previous chapter the finite element method is a numerical technique

that finds an approximate solution to a partial differential equation by decomposing

it into a system of simpler equations. This method is widely used today to describe

the behavior of an electromagnetic wave incident on an object with dielectric properties

different from a surrounding medium. In FEM it is realized by solving the Maxwell’s

equations (2.1-2.4) as a system with complex boundary conditions. To demonstrate the

method, consider a homogeneous spatial domain Ω, where time-harmonic electric field

defined by the Helmholtz wave equation (2.18). This is a typical boundary-value problem

that has a form

Lφ = f = 0, (2.42)

where L = (∇×∇×−κ2
0ε̃) is a differential operator, φ = E is an unknown function to be

computed in the region Ω and f is a forcing term(or excitation). Boundary conditions that

enclose domain Ω can be as simple as Neumann (n · ∇φ = S, where n is a normal vector

and S is a scalar function) or Dirichlet conditions (φ = S), or more complex impedance

and radiation conditions. The computational domain Ω is divided into smaller elements,

Ωe, size of which depends on expected variations of the unknown function. The solution

for the unknown function φ within each element, is approximated by an expansion with a

finite number of basis functions, φ́ ≈
∑N

i=1 civi , where ci are unknown coefficients of the
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basis functions vi . The solution in this system of N equations, produces φ́ that is a best

fit to the unknown function φ. Variational formulation and weighted residual formulation

are two well known methods to solve this problem and find coefficients.

The variational method [35, 36, 37], also known as Ritz method, is based on formulat-

ing the boundary-value problem (2.42) in terms of a functional. It can be shown that for

the case of a self-adjoint and positive-definite operator L, the functional can be written

in the form

Fe(φ́) =
1

2

∫
Ωe

φ́Lφ́dΩ−
∫

Ωe

fφ́dΩ. (2.43)

The minimization of the function Fe(φ́), produces coefficients ci so φ́ is the best approx-

imation to the solution.

The weighted residual method [35, 36, 37], is another way to find an approximate

solution to (2.42). If a trial function φ́ is an approximate solution to (2.42), then sub-

stitution of it into φ will yield a nonzero residual r = Lφ́ − f 6= 0. In order to obtain

the best approximation of φ́, residual r must be as small as possible at all locations in

Ωe. To force this condition, test or weighting functions wi (where i is the number of un-

known degrees of freedom in the approximation), need to be chosen so weighted residual

integrals Ri

Re =

∫
Ωe

wirdΩ = 0. (2.44)

The guess coefficients will determine the accuracy of found approximate solution to the

(2.42) within Ωe. To summarize FEM, in order to solve problems defined by PDEs,

the following steps should be taken: a) discretize the computational domain Ω into

smaller elements (triangle or tetrahedral for 2D and 3D space); b) define an interpolation

function; c) for the element, assemble the system of equations by the use of Ritz or

weighted residual method; d) and solve the equations.

In this thesis a commercially available finite element based software called COMSOL

Multiphysics c© 3.5a (COMSOL AB, Stockholm) was used to develop a numerical model

that will be described in the following subsections.
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Methods

In this chapter numerical and experimental methods for single gold nanoparticle charac-

terization will be given. It will start with a brief description of the finite element model

and continue with a description of an experimental validation technique that was used

for the numerical model validation.

3.1 The computational model

In electromagnetic problems, when it is needed to determine the propagation of an elec-

tromagnetic wave in anisotropic or layered media, a full field formulation for the finite

element modeling should be used. In the full field formulation the incident electric field

[35, 37] usually defined by an analytical expression for the plane wave, Einc = E0e−jκz,

where κ is a wavenumber and E0 is the amplitude of the incident electric field. The

electric field wave propagation is found by solving the Helmholtz wave equation (2.18)

for the total electric field. The scattered component of the electric field can be calculated

as a difference between the total and incident electric fields, Escat = Etotal − Einc.

The full field formulation was used to simulate the experimental setup of Spatial

Modulation Spectroscopy (SMS) [40, 41, 51, 52] technique, which was used to obtain

experimental optical properties of the single gold nanorod and validate size corrections

for bulk dielectric function of gold (see section 3.2 for a description of this technique).

A schematic illustration of the model’s geometry is shown in the Figure 3.1. The com-

putational domain was subdivided with the following regions: GNR with silica shell on
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Figure 3.1: (A) Schematic of single nanorod on top of a 40 nm thick substrate layer model. (B)
Geometry and boundary conditions of the computational model. Dimensions: a = 2.4 µm, b =
0.4 µm, c = d = 1.4 µm.

top of a silica substrate layer, air domains above and below the substrate and a perfect

matched layer (PML) at the bottom that absorbs the normal component of any incident

wave.

The incident electric field originated at the top boundary and propagates in the posi-

tive z-direction with a polarization along longitudinal axis of the nanorod (see Figure 3.1).

The top and the bottom boundaries are also defined as a absorbing boundary condition

(ABC) which is also known as Sommerfeld radiation condition [35, 37]. The ABC was

defined so that the boundary appears transparent to the incident radiation and absorbs

the scattered field in all directions. In order to truncate the size of the computation

domain on the sides, perfect electric conductor (PEC), n× E = 0, and perfect magnetic

conductor (PMC), n×H = 0, conditions were used at the boundaries parallel and per-

pendicular to the incident electric field polarization, respectively. All others internal

boundaries had the field continuity condition, given by (2.19-2.22).

The dimensions of the computational domain (see Figure 3.1) were chosen so that
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any further increase in the domain size will not affect the solution. The substrate layer

thickness was equal 40 nm which corresponds to the actual thickness of the TEM grid

film in the SMS setup.

The meshing quality of the computational domain plays an important role in FEM. In

order to obtain the correct solution, at least 10 linear elements per wavelength were used

during meshing of the geometries with even more fine refinement of the nanoparticle’s

mesh.

3.1.1 The Mie solution

The Mie solution is an analytical solution of Maxwell’s equations for the incident plane

electromagnetic waves on a spherical object with a radius on the order of a wavelength

[53].

To test finite element model against the Mie solution, the regions of the computational

domain were represented as a homogeneous medium with refractive index, n = 1.45,

(which is equal to the averaged refractive index of silica). A gold sphere with 10 nm

radius and bulk dielectric function of gold [44] was inserted into computational domain,

leaving the boundary conditions the same as described above. An additional spherical

boundary with the radius of 540 nm (see Figure 3.1) was placed around the gold sphere

for near the field calculations (2.28).

The Mie solution for the gold sphere with the same parameters as of FEM model was

obtained with the use of SigmaMie 1.05 code of P. Maioli [54].

3.2 Experimental validations

In the following sections two types of the experimental validations are presented. In the

first one the model’s sensitivity was tested against spectrophotometry measurements of

the uncoated and coated gold nanorods in the colloidal solution. In the second one an

overview of Spatial Modulation Spectroscopy with TEM correlation is given. At the end,

modeling of the single gold nanorod’s optical response is presented.
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3.2.1 Uncoated and coated colloidal GNRs

The sensitivity of the computational model to the changes in the surrounding environ-

ment was tested using the prediction of the resonance peak position shift due to the

coating of gold nanorods with silica. The test was done by a comparison of an extinc-

tion cross-section from the silica coated and uncoated gold nanorod simulations with an

experimental data of spectrophotometry on a colloidal solution of coated and uncoated

gold nanorods.

Gold nanorods were prepared and silica coated by Maria F. Cardinal (Unidad Aso-

ciada CSIC-Universidade de Vigo), as described by [55]. TEM imaging of the same

colloidal solution of GNRs, before and after silica coating, was done to obtain the statis-

tical distribution of nanorod size and silica shell thickness (see Figure 3.2). Figure 3.3

Figure 3.2: TEM image of coated GNRs.
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Figure 3.3: Histograms of GNR’s dimensions distribution.

shows the statistical distribution of gold nanorod size, measured with TEM. The sampled

population of nanorods had a mean/standard deviation for the length of 72.88/10.22 nm,

for the width of 21.93/2.0 nm and for the aspect ratio of 3.33/0.43.

The standard deviation of the length and width of the GNRs, influence the FWHM

and the magnitude of the absorption peak, while the peak position is determined solely

by the aspect ratio of the nanorods (assuming the same surrounding and the same end-tip

shape for all nanorods). The influence of the interband transitions of the gold on the

resonance peak position was accounted using the experimental values of bulk dielectric

function of gold [44].

As mentioned earlier, the absorption spectrum of a GNR has two peaks correspond-

ing to parallel and perpendicular polarization of the light with respect to the longest

axis of the rod. The GNRs were orient randomly in a colloidal solution used for spec-

trophotometer measurements. In order to mimic this random orientation of GNRs in the

computational model, the average weighted extinction cross-sections from two orienta-

tions, longitudinal and transverse was calculated (for details see [18]). As it was shown

by Cole et. al. [18], the average weighted extinction of randomly oriented nanorods is

calculated as a sum of the extinction cross-sections, 2
3
σext and 1

3
σext, associated with a

transverse and longitudinal polarization of the light with respect to the nanorod’s longest

axis, respectively. The far-field scattering cross-section calculations was done with the

use of the Stratton-Chu formulas [56, 57].

Since the main purpose of this experimental validation was to determine whether

the computational model can accurately predict the positions of the absorption peaks of

the gold nanorod solution, the mean GNR size, based on the statistical distribution (see
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Figure 3.3) was simulated with the shape of a cylinder with hemi-spherical end-tips and

embedded in homogeneous medium of water (n = 1.33).

Based on the statistics from the TEM measurements, the mean/standard deviation

of the silica thickness in the middle of the rod on average were a 18.5/1.6 nm and at the

rod end-tip it was 15.6/1.5 nm. Similar to the previous simulations, a GNR of the same

size embedded in a silica (n = 1.46) shell with an average thickness that corresponded to

TEM measurements and surrounded by homogeneous medium of water (n = 1.33) was

simulated.

3.2.2 Single GNR measurement using spatial modulation spec-

troscopy

Several spectroscopic techniques are currently available [50, 52, 58, 59] for the detec-

tion and optical characterization of individual nanoparticles. Spatial Modulation Spec-

troscopy (SMS) [40, 41, 51, 52] is a far-field technique that provides a quantitative de-

Figure 3.4: Single particle space modulation spectroscopy setup. The space modulation mi-
croscope is shown on the right part of the figure, with the two ×100 microscope objectives and
the acquisition system (a silicon photodiode (PD), lock-in amplifier, digital voltmeter (DVM)
and personal computer). The sample position is modulated along the y direction at the fre-
quency f by a piezo-electric element and displaced by a x, y piezo-scanner. The light source for
gold experiments is created by injecting femtosecond pulses in a photonic crystal fiber (PCF),
dispersing the created supercontinuum in a grating pair system (G), the part of the supercon-
tinuum selected by a slit being injected in the transmission microscope. Reprinted from ref.
[51]
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Figure 3.5: Spatial x, y dependence of the transmission change ∆T/T detected at f (A) and 2f
(B). Each structure corresponds to a single gold nanoparticle, lying in between the two-extrema
and at the peak maximum for f and 2f detection, respectively (the mean particle diameter is
D ≈ 20 nm). The laser, with wavelength λ = 532 nm and power Pi = 10µW, is focused on a d
= 0.34 µm focal spot. For all images, the sample position is scanned over the same 8×8 µm2

zone and modulated along the y axis at f = 1.5 kHz with δ ≈ 0.3 µm. Reprinted from ref. [60].

termination of the extinction cross-section of a single nanoparticle. SMS is based on

modulation of the particle’s spatial position in the focal spot of a tightly focused laser

beam. It is applicable for small nanoparticles where absorption dominates over scattering.

The changes in the transmitted power due to spatial modulation of position (Figure 3.4)

can be detected and directly related to the nanoparticle extinction cross-section.

During SMS modulation the transmitted laser power Pt is measured. From this the

extinction cross-section of the particle can be obtained,

Pt(x, y) ≈ Pi − σextI(x, y) (3.1)

where the intensity spatial profile, I(x, y), of the focal spot and incident laser power Pi are

known, while σext is the extinction cross-section of the particle in the focal spot. Scanning

the focal plane of the nanoparticle position at a modulation frequency, f , or a harmonic

frequency, 2f , will produce a profile proportional to the first or second derivative of the

laser beam intensity I(x, y) [40, 41, 51, 52], respectively (Figure 3.5). The amplitude of

the modulated signal is proportional to the extinction cross-section σext of the imaged
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particle,

∆T/T =
Pi − Pt

Pi

= −σextI(x, y)

Pi

, (3.2)

where ∆T/T is the light transmission change due to the absorption of the light by the

imaged particle.

Thus, the extinction cross-section of a single nanoparticle can be directly measured

if the laser beam profile and the amplitude of the modulation signal are known.

The SMS experimental setup is also referred as the SMS nanoscope, since it is possible

to see the position of the nanoparticle (Figure 3.5). The full details of the SMS technique

is produced elsewhere [40, 41, 51, 52].

3.2.3 TEM correlation of single GNRs

The sample preparation for single nanoparticle characterization using SMS consists of

spin coating a dilute colloidal solution of gold nanorods onto a transmission electron

microscopy (TEM) grid. The used TEM grid has 50 × 50 µm windows each supported

by a 40 nm thin silicon dioxide (SiO2) film (Figure 3.6 A).

The solution of colloidal gold nanorods needed to be sufficiently diluted to ensure

separation of 1 µm between individual nanorods to eliminate any coupling effects be-

tween them. A typical scanning signal of a single 50×50 µm window obtained with SMS

Figure 3.6: (A)TEM grid with 50× 50 µm windows, (B) an image of TEM window from SMS
nanoscope, (C) a zoom-in view (3× 3 µm window) of a gold nanorod from the SMS nanoscope.
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nanoscope is shown at Figure 3.6 (B). After locating the signal from a possible nanopar-

ticle, a higher resolution spectrum was obtained (see Figure 3.6 C) and the approximate

location of the particle was marked for the follow-up TEM characterization of the particle

geometry and dimensions.

3.3 Single GNR validation

For the experimental validation of the size corrected dielectric function of gold (using

equation (2.36)), four gold nanorods with a SiO2 shell (Figure 3.7) were imaged using

the SMS at the FemtoNanoOptics group, Université Claude Bernard Lyon 1. As it is

shown in the TEM images (Figure 3.7), two different TEM cameras (Camera 1 and

Camera 2) were used for the TEM measurements of the nanorods. Furthermore, the

size measurement of the GNR2 was done at 110k magnification, while other nanorods

were imaged at 83k magnification. There was a 12% difference in estimated size at

83k magnification between Camera 1 and Camera 2. This difference in measurement is

believed to be due to the fact that Camera 2 was not calibrated for an extended period

of time, on the other hand Camera 1 was maintained well and calibrated regularly. For

that reason gold nanorod GNR3 that was imaged with TEM Camera 2, was scaled down

by 12% of its initialy TEM measured dimensions.

Table 3.1 shows the percentage uncertainty δ in the measurements of the GNRs

length (δL), width (δW) and aspect ratio (δAR) from the TEM images (Figure 3.7). The

uncertainty was determined using

δ =
|xmin − xmax|

1
2

(xmin + xmax)
× 100%, (3.3)

where xmax and xmin are the highest and lowest value of the size parameter (length, width

aspect ratio) estimated from the TEM image.

The quality of the TEM images in Figure 3.7 result in uncertainty of up to 30%.

The GNRs in the model were placed on top of the 40 nm thick silica substrate.

The size of the GNRs was given the same as the measured dimensions in the TEM

measurements (see Table 4.1). All gold nanorods, except GNR1, in the computational

models had a cylindrical shape with a hemi-spherical end-tips. The GNR1, based on the
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Figure 3.7: TEM images of a single gold nanorods coated with silica shells
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TEM camera (magnification) GNR name δL δW δAR

Camera 1 (83k) GNR1 5.83% 33.35% 27.70%
Camera 1 (110k) GNR2 9.69% 18.85% 30.31%
Camera 2 (83k) GNR3 6.06% 4.58% 15.30%
Camera 1 (83k) GNR4 10.99% 23.3% 34.10%

Table 3.1: Measurement uncertainty. δL, δW and δAR is the percentage difference of TEM
measurements of a length, width and aspect ratio, respectively.

TEM characterization, was modeled as a cylinder with much flatter end-tips than a hemi-

sphere. The refractive index of the gold nanorod’s silica shell and the TEM substrate

were set to a constant value of n = 1.46. In the models, the bulk dielectric function of

gold was corrected to account for intrinsic size effects (see equation 2.40) with parameters

given in the Table 4.1 of the results chapter.

In modeling the optical response of a single gold nanorod an assumption was made

about the extinction cross-section. As was shown in the section above, in SMS, the

scattering from the substrate is subtracted during modulation of the particle position, and

the experimental extinction cross-section includes only absorption and far-field scattering

cross-sections from the imaged nanoparticle. For nanorods, due to its small size, the

scattering cross-section is negligible and can be omitted, so that σext ≈ σabs. To test this

assumption and determine the contribution of absorption and far-field scattering cross-

sections to extinction, the gold nanorod GNR2 was modeled in a vacuum. The result of

this simulation is given in the section 4.2.

3.4 Adjusting of the GNR’s size in a single nanorod

modeling to fit experimental data

As a first step in a single gold nanorod modeling, all nanorods were modeled with sizes

measured during TEM imaging (Table 4.1).

Due to the size uncertainties associated with TEM characterization of the imaged

nanorods (see Table 3.1), the dimensions of a single gold nanorod in the computational

model was subsequently altered to fit an experimental extinction spectrum of the SMS

measurements. The fitting was done as follows:
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1. Decrease the GNR’s volume (while maintaining its aspect ratio) until the magnitude

of the extinction peak matches the experimental peak.

2. Adjust broadening parameter A of the size-corrected dielectric function of gold until

the FWHM matches the experimental spectrum.

3. Change aspect ratio of the rod (while maintaining its volume), to fit the extinction

peak position of the experimental data.
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Results

The finite element model was tested against an analytical solution of Maxwell’s equa-

tions to validate the finite element method as an appropriate method to model plasmonic

nanoparticles. The sensitivity of the computational model to a changes in a dielectric

surrounding of a gold nanorod was validated against the spectrophotometer measure-

ments of a colloidal GNR solution. Furthermore, to validate the input parameters of the

dielectric function of gold, the finite element method predictions were compared against

experimental data.

4.1 Finite element model validation against analyti-

cal solution

A finite element model of a gold sphere with 10 nm radius and bulk dielectric constants of

gold [44] surrounded by dielectric environment with refractive index n = 1.45 (Figure 3.1),

was compared against the Mie solution with the same parameters. A comparison of the

computational model results and analytical solution is shown in Figure 4.1.

The extinction cross-section from FEM solution very closely matches the analytical

solution, having the same position of the extinction peak and full width half maximum

(FWHM) of the spectrum, which corresponds to the main parameters in the characteri-

zation of the nanoparticle’s optical properties.
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Figure 4.1: Comparison of extinction cross-section from the finite element (COMSOL) model
and Mie solution for a gold sphere with radius of 10 nm and bulk dielectric function of gold.

4.2 Finite element model validation against spectropho-

tometer measurements

For experimental validation, predictions from the computational model were compared

against spectrophotometer measurements of a gold nanorod colloidal solution before and

after coating with silica.

The Figure 4.2 (A) shows a comparison of average weighted extinction spectrum (nor-

malized to the longitudinal peak height) of a GNR modeled in a homogeneous medium

with index of refraction of water (n = 1.33) and bulk dielectric function of gold [44]

against experimental measurements from spectrophotometry. As shown in the Figure 4.2

(A), the computational model accurately predicts the transverse and longitudinal reso-

nance peak position. Differences in the experimental and numerical FWHM correspond

to the size and orientation distributions of the gold nanorods in a colloidal solution (see

Figure 3.3).
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Figure 4.2: Experimental extinction spectra of a colloidal solution compared to numerical
simulated spectrum of a single GNR (dimensions 72.88 × 21.93 nm) (A) before coating and
(B) after coating with a silica thickness of 18.5 nm in the middle and 15.6 nm at the rod
tip. Simulated spectrum of a single GNR normalized to the longitudinal peak height of the
experimental spectrum.

Similar to the previous simulations, a GNR of the same size embedded in a silica

(n = 1.46) shell with an average thickness corresponded to TEM measurements and

surrounded by homogeneous medium of water (n = 1.33) was simulated. A comparison

of the normalized average weighted extinction spectra from the computational model

and experimental spectrum is shown in the Figure 4.2 (B). The finite element model

accurately predicts the shift in the longitudinal peak position due to silica coating.

4.3 Finite element model validation against single

gold nanorod measurements

The assumption that σext ≈ σabs was made when modeling the optical response of a

single gold nanorod (see section 3.3). This assumption was tested by modeling the
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Figure 4.3: Comparison of contribution to extinction cross-section from absorption (A) and
scattering cross-section (B) of GNR2 nanorod in a vacuum.

GNR2 with parameters from the Table 4.1, in the homogeneous environment of vacuum.

Calculated absorption and far-field scattering cross-sections are shown in the Figure 4.3.

Comparison of the absorption (σabs = 1645 nm2) and far-field scattering (σsca = 9.5 nm2)

cross-sections peak amplitude, shows that the scattering is negligible (adds less than 1%

to total extinction) and extinction σext ≈ σabs.

In the Table 4.1 the dimensions of a single gold nanorod used in simulations are given

with a percentage error e between the measured and fitted parameters of the nanorod.

The percent error was calculated as

eL =
Lr(fitted)− Lr(measured)

Lr(measured)
× 100%, (4.1)

eW =
Wr(fitted)−Wr(measured)

Wr(measured)
× 100%, (4.2)
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and

eAR =
ARr(fitted)− ARr(measured)

ARr(measured)
× 100%. (4.3)

Name Lr

[
m
f

]
(nm) eL Wr

[
m
f

]
(nm) eW ARr

[
m
f

]
eAR Ltip(nm) Lmid(nm)

GNR1
33.33 −8.8% 10.15 −11.5% 3.28 3.05% 11.34 15.8330.39 8.98 3.38

GNR2
33.04 0% 8.82 −1.8% 3.75 1.3% 9.49 15.6933.04 8.69 3.80

GNR3
36.98 −11.3% 9.03 −7.8% 4.10 −3.9% 14.03 13.0432.80 8.33 3.94

GNR4
33.95 −5% 8.73 −5% 3.89 0% 8.16 9.5532.25 8.29 3.89

Table 4.1: The size parameters of the gold nanorod and silica shell used in the single GNR
modeling. Lr, Wr and ARr are the length, width and aspect ratio of the nanorod, respectively.
The ”m” correspond to measured dimensions of a TEM measurements and the ”f” correspond to
fitted dimensions to the size parameters used in the computational model to fit into experimental
data. Ltip and Lmid are the silica shell thickness at the tip and in the half length of the gold
nanorod, respectively. eL, eW and eAR corresponds to the percent error between measured and
fitted dimensions.

The experimental extinction cross-sections of 4 gold nanorods (Figure 3.7) are shown

as a black circles in Figures 4.4 - 4.7. An extinction cross-section of a single gold nanorod

modeled with the dimensions measured during TEM imaging (see Table 4.1) and a size

corrections to the bulk dielectric function given in Table 4.2, are shown as a dashed lines

Name V
[

meas.
fitted

]
(·10−24 m3) S

[
meas.
fitted

]
(·10−16 m2) Leff

[
meas.
fitted

]
(nm) A

[
meas.
fitted

]
GNR1

2.61 11.5 9.03 0.9
1.98 9.67 8.19 0.46

GNR2
1.81 9.12 7.97 0.5
1.76 8.96 7.86 0.47

GNR3
2.13 10.4 8.22 0.6
1.74 8.94 7.78 0.54

GNR4
1.83 9.26 7.91 0.8
1.57 8.36 7.52 0.55

Table 4.2: Parameters used in the size corrections for bulk dielectric function of gold. V, S, Leff

and A are volume and surface area of the nanorod, effective mean free path and broadening
parameter for the measured and fitted FEM model, respectively.
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Figure 4.4: Experimental and simulated extinction cross-sections of GNR1

in the Figures 4.4 - 4.7.

Parameters used for size corrections of the bulk dielectric function of gold (equation

2.40) for measured and fitted extinction spectrum simulations (Figures 4.4 - 4.7) are

given in the Table 4.2.

GNR1

Since the simulated extinction spectrum, using the measured size parameters and size

corrected dielectric function for gold, was blue shifted and had a FWHM wider than

an experimental spectrum (dashed line, Figure 4.4), the dimensions of the GNR in the

simulation were modified as described in the section 3.4 to the size given in the Table 4.1

(fitted). The fitted extinction cross-section from the simulation with modified dimensions

of the GNR1 and size corrections to the dielectric function of gold from the Table 4.2 is

shown as a red line in Figure 4.4. As shown with the red line in Figure 4.4, using the

fitted size parameters, the simulated spectrum quantitatively fits very well with exper-

imental values of the extinction cross-section from a single gold nanorod measurement.

The difference in FWHMs of the simulated and experimental spectra is 5% (63 nm for
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Figure 4.5: Experimental and simulated extinction cross-sections of GNR2

simulated and 60 nm for experimental spectra).

GNR2

To fit extinction cross-section of GNR2 to the experimental spectrum, less modifications

were required. Again as was described above, in the example of GNR1, to align resonance

peak position, the dimensions of the GNR in the simulation were modified as described

in the section 3.4 to the size given in the Table 4.1 (fitted). Size corrected dielectric

function of gold for the GNR2 was modified according to the parameters given in the

Table 4.2. The red line in the Figure 4.5 shows the results of the fitting with difference

in FWHMs of 4.5% (69 nm for simulated and 66 nm for experimental spectra).

GNR3

Similar steps, as described in the previous two cases, were repeated to fit the simulated

extinction cross-section of the GNR3 with the experimental spectrum. The red line in the

Figure 4.6 shows the results of the fitting with a FWHMs of 75.8 nm for the simulated
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Figure 4.6: Experimental and simulated extinction cross-sections of GNR3

and 76.4 nm for the experimental spectra.

GNR4

For the model of the GNR4, only the size of the nanorod was decreased by 5% (see Table

4.1 (fitted)) leaving the same aspect ratio of the nanorod. The red line in the Figure 4.7

shows the fitted extinction spectrum from the FEM model. Both the fitted simulated

and experimental extinction cross-sections have the same FWHMs of 74 nm.

4.4 Discussion

A three-dimensional finite element model was built to mimic the experimental setup of

SMS. Although the experimental setup consisted of an unbounded domain the compu-

tational model, due to finite resources, had to be truncated with appropriate boundary

conditions. Two types of boundary conditions that can be used are an absorbed boundary

condition (ABC) with a perfectly matched layer (PML) and perfect electrical conductor

(PEC) with perfect magnetic conductor (PMC). While the absorbing boundary condi-
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Figure 4.7: Experimental and simulated extinction cross-sections of GNR4

tion and perfectly matched layers provide boundaries where electromagnetic waves will

be strongly attenuated with minimal reflections, the PEC and PMC provide periodic-

ity and hence infinity of the domain at the boundary. Initial testing of the ABC+PML

boundaries to truncate computational domain showed excellent results in the simulations

of the electromagnetic wave propagation in the homogeneous environment, but revealed

a strong scattering component of the electromagnetic wave in simulations where the sub-

strate was adjacent to the boundary. PEC/PMC conditions on the other hand produced

an excellent results for the truncation of the computational domain where the substrate

was adjacent to the boundary. The use of PEC/PMC conditions on the boundaries for

non-periodic structures must be used with care since too close positioning of the bound-

aries to the scatter can bring artifacts to the solution due to near field coupling effects

of the periodic structures.

In our model, PEC/PMC boundaries were placed 700 nm away from the center of

the computational domain and were tested against an analytical solution for the sphere

(Figure 4.1). An excellent agreement of the analytical and FEM solution was achieved by

placing PEC/PMC boundaries sufficiently far so that any further increase of the domain
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size did not affect the solution. The meshing of the computational domain was done with

the use of at least 10 linear elements per wavelength where the solution did not expect

to vary rapidly and finner refinement of the plasmonic nanostructures.

The current model for a single nanoparticle characterization is limited for the use with

nanostructures, due to the assumptions made in section 3.3, where absorption dominates

over scattering. In the case of the gold nanospheres and the gold nanorods the main

contribution to the scattering coming from the radiation damping. It was shown by

Sönnichsen et. al. [49] (see Figure 2.6) that the scattering cannot be neglected for the

gold nanospheres with diameter wider than 40 nm, where radiation damping Γrad starts

to contribute to the overall damping processes. Novo et. al. [39] (see Figure 2.7) showed

that the radiation damping becomes dominant for the gold nanorods with Leff wider

than 17 nm, setting up a limitation for our model before including scattering cross-

section calculations for a single gold nanorod or radiation damping into the dielectric

function of gold.

The sensitivity of the model was tested and the experimental validation was done by

comparison of the spectrophotometry measurements of a colloidal solution before and

after coating of the GNRs with predictions of the FEM model of a single gold nanorod

with and without silica coating (Figure 4.2). A 23 nm longitudinal peak position shift was

observed experimentally due to coating of the GNRs with ≈ 20 nm silica shell thickness.

The 23 nm was observed in the FEM modeling of the average size GNR with and without

a 20 nm silica shell. The differences in the FWHMs between the experimental and FEM

spectra are due to the distribution of the GNRs dimensions (Figure 3.2), which affects

the FWHM of the extinction spectrum. To more closely represent the spectrophotometry

measurements in the FEM model, several GNR’s dimensions should be modeled and

averaged weighted into one extinction spectrum by the statistical distribution.

For validation of the FEM model against a single gold nanorod spectrum, 4 silica

coated GNRs were measured with SMS (Figures 4.4 - 4.7) and imaged with TEM (Fig-

ure 3.7). Silica coated GNRs were preferable since the silica shell provides a more con-

trollable environment than the uncertain amount of surfactant molecule on the nanorod

and surface of the substrate.

The uncertainty in the TEM characterization of the gold nanorods was up to 30%. The

percentage errors (see Table 3.1) between fit dimensions of the nanorod needed to match

the experimental spectrum and the dimensions measured during TEM measurements are
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smaller than uncertainties in the TEM characterization and lies within 11% error margin.

GNR2 needed the least alterations in the size of the gold nanorod. This may be due to

the higher magnification used during TEM of the nanorod’s dimensions. In modeling of

the GNR1, GNR3 and GNR4 just minor alterations of the dimensions were needed to

obtain good quantitative fit to the experimental data, having the same extinction peak

position and spectral shape.

One of the main aims of the single GNR model validation was evaluation of the size

corrections to the Drude-like dielectric function of gold. Experimental data obtained

during optical characterization of single gold nanorods was used to determine the broad-

ening parameter A, which corresponds to electron surface scattering due to the limited

mean free path of electrons between collisions. Comparison of the dimensions in the

Table 4.2 for the fitted FEM model also shows similar values for the obtained A, since

broadening parameter A accounts for an additional scattering of the conduction electrons

from the nanorod’s surface (see section 2.2.4) and for the similar geometry and size of

the nanoparticle assumed to be comparable.

Obtained values for A, are similar to what is reported in the literature. Quinten [61]

in his calculations deduced A = 0.6 for spherical gold clusters with the mean radius of

8 nm which is within the range of our particles size. Novo et . al . [39] determined that

A = 0.3 for single uncoated gold nanorod in solution with width ranging from 8 to 14 nm.

Sönnichsen et . al . [38] calculated A = 0.5 for gold nanorods with diameters of 15−25 nm

and having aspect ratios from 2 to 4. In their experiments extinction from a single gold

uncoated nanorod was obtained but no size correlation with imaged particles was done.

Berciaud et . al . [62] in their experiments with individual spherical nanoparticles with

diameter between 33 to 5 nm, used Mie theory to deduce that A = 0.25. Therefore, the

obtained values for A are consistent with those obtained elsewhere. Deviations can rise

from the differences in the way the data was obtained. All literature values were obtained

for uncoated gold nanorods or spheres embedded in a homogeneous environment of water

without correlation at the single gold nanoparticle level, while in our experimental setup,

gold nanorods were correlated at a single GNR level.

The broadening parameter A is an empirical value that can be used in the simulations

of uncoated/coated gold nanorods with similar dimensions.
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Summary, conclusion and future

work

5.1 Summary

In this thesis two aims were pursued and accomplished.

The first was to build a theoretical model that can predict optical response of a

single nanorod due to interaction with an electromagnetic wave. The second was the use

of SMS and TEM to experimentally characterize single gold nanorod and evaluate size

corrections to the bulk dielectric function of gold with the use of the FEM model.

To accomplish these aims a three-dimensional finite element model of an actual SMS

experimental setup was built. To test for possible numerical errors in the model, it was

tested against an analytical solution of Mie scattering which showed excellent agreement.

Furthermore, to test the model sensitivity, it was tested against spectrophotometer ex-

perimental data for a colloidal solutions of gold nanorods. The model precisely predicted

the slight shift in the resonance peak position due to the silica coating of gold nanorods.

The use of bulk dielectric function of gold is limited to very big clusters and inapplicable

at a nanoscale if good quantitative results are to be achieved. Due to the dimensions of

the gold nanorods investigated in this thesis, the dielectric function of gold becomes size-

dependent. The evaluation of the size corrections to the bulk dielectric function of gold

was showed the good quantitative agreement between the modeled and experimentally

obtained extinction cross-sections of a single nanorod with TEM size correlation. The
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obtained size-corrected dielectric function of gold can be used for further investigations

of same size gold nanorod behavior in different dielectric environments.

5.2 Conclusions

Plasmonic nanoparticles attract a large amount of interest in researchers from varying

areas. Improvements in synthesis and experimental characterization of nanoparticles mo-

tivate a deeper understanding of the theory that stands behind the optical and material

properties of particles at nanoscale. In this thesis, for the first time theory and experimen-

tal techniques were applied for the quantitative characterization of single gold nanorod

optical properties by determining the size-corrections to the bulk dielectric function of

gold.

It has been shown that the finite element method with the size dependent dielectric

function of gold is capable of accurately predicting the optical behavior of a single gold

nanorod. An experimental and theoretical characterization of a single nanoparticle with

such techniques as SMS and FEM can validate the size correction parameters for the bulk

dielectric function of gold. This finite element model is a powerful and useful tool for the

design of new plasmonic sensors and therapeutic agents for biomedical applications.

5.3 Future Work

The established model can accurately predict the scattering and absorption properties

of nanoparticles embedded in a homogeneous environment. It is also applicable to the

structures placed on top of the dielectric substrate, where absorption dominates over

scattering and scattering can be neglected in the extinction cross-section measurements.

The incorporation of scattering cross-section calculations in the model is needed to extend

applicability of this model to highly scattering nanostructures on top of a substrate.

The SMS is a far-field spectroscopy technique, where transmitted light (scattered

and absorbed) is collected by 106◦ aperture. To calculate scattering cross-section of the

nanoparticle, it is needed to account for scattered radiation in the far-field over 254◦

spherical boundary and subtract scattered far-field in the absence of the particle from

the scattered far-field due to the nanoparticles presents.
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The possible way to address this task is to use Stratton-Chu formulas with substrate

fully incorporated inside and not reaching boundaries of the integration sphere. The

possible challenge of this model is to find region where the solution stop changing with

increasing of the substrate size.

Another way to incorporate scattering cross-sections calculations is to use Stratton-

Chu formulas only at regions of a hemi-sphere above and below of the substrate, leaving

region of the substrate outside of the integration.

Since most of the individual gold nanorods that were imaged to obtain the size correc-

tion for the dielectric function had more or less the same dimensions it is very important

to experimentally image and then simulate a wide range of gold nanorods dimensions

and aspect ratios in order to build a map of broadening parameters.

As mentioned in the discussion section, the current model uses PEC/PMC as a trun-

cation boundary for the domains, which represents a periodic structure. To eliminate this

limitation the future model should be developed with optimized ABC+PML conditions.

When tested with uncoated nanorods, the current model had discrepancies between

the experimental and theoretical spectra. This may have been due to leftover surfactant

molecule and/or water on the surface of the nanorod and substrate. To overcome this

limitation in the future an additional layer that will present the effect of the surfactant

molecule should be added. Another way is to optimize the experimental technique by

placing a TEM grid after spin coating of the colloidal solution into an oven to dry out

any water content at the surface of the grid.
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