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Abstract 

Mohsen Marami 

Generation and Evaluation of Dynamic Compact Thermal Model of 

Electronic Packages 

Master of Applied Science, electrical and Computer Engineering 

Ryerson University, Toronto, 2007 

The goal of this research is to develop a Dynamic Compact Thermal Model (DCTM) 

of electronic packages. The general objectives of thermal modeling are to increase the 

accuracy of electrical analysis by taking the effect of temperature variation into 

consideration, predicting the reliability of the product, and acquiring the information 

which is necessary to design the cooling system in order to enhance the performance of 

the electronic systems. The project is focused on generating the dynamic compact thermal 

model of electronic packages so that the transient thermal behaviors of the package could 

be predicted fast and accurately. The approach proposed by DELPHI consortium (a 

collaborative European project) for static compact thermal model generation is extended 

in this work to generate the dynamic compact model of a BGA package represented by a 

RC network or admittance matrix. 

Two steps performed as the methodology of dynamic compact model generation in 

this work are: 1- A static compact thermal model of BGA package is generated and 

validated from the static thermal simulation and 2- A RC network is proposed as the 

contribution of this work and calculated by optimization as the dynamic compact thermal 

model of the package using the data of transient simulation. The size of the proposed RC 

network then is optimized by eliminating some capacitors from the original RC network 

and validated by comparing its output to the output of finite element simulation. 

COMSOL©, a Finite element analysis tool is used for thermal simulation and detailed 

steady state and transient model generation. The optimization algorithm implemented for 

both static and dynamic compact model generation is NeIder-Mead multidimensional 

optimization which is realized by MATLAB© programming. The obtained results from 

the compact models for both static and dynamic analysis of the BGA package are in 

agreement with the detailed thermal model results and with the available results in 

literature. 
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Chapter 1 

Introduction 

1.1 Motivation 

Due to the continuous increase of component density and speed of VLSI circuits, it's 

possible to design high performance, small and fast electronic circuits. This achievement 

comes however with the price of power dissipation increase. The amount of dissipated 

power by the chip has direct relation with its temperature which is a crucial parameter in 

electrical behavior of electronic components, circuit performance, and reliability of the 

electronic system [1]. Thermal analysis is an important part of modern electronic design 

thus that enables the designer to calculate the critical thermal variables as key factors in 

electrical analysis and accurate performance estimation. 

There are three levels of macroscopic thermal analysis and depending on the level of 

the design an electronic designer is engaged, one of these analyzing levels must be 

chosen that gives out only the sufficient and not unnecessary information about the 

thermal behavior of the subject of the thermal analysis. These levels are as following: 

1.1.1 Component Level of Thermal Analysis 

In component level a single component or some specific components of the electronic 

circuit are the subjects of thermal analysis. It's desirable for the designer to study the 

effect of thermal behavior of components on their own electrical behaviors and the 

mutual effects of the thermal behaviors of components on the electrical behaviors and 

operating points of their adjacent components. This level of analysis is usually used in 

electro-thermal analysis of the electronic circuit [2, 3]. When there are some components 

which play key rules in the circuit and it's very important for the designer to predict their 

electrical and thermal operating points in order to design a stable, predictable, and 

reliable circuit, electro-thermal analysis of the circuit is necessary. Unlike ordinary 

electrical analysis by which the electrical operating point of the circuit is calculated for a 

fixed and predetermined temperature (usually room temperature), electro-thermal 

analysis performs both electrical and thermal analyses concurrently. It has well known 
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that electrical current flowing through the materials causes heat dissipation and 

temperature elevation. This phenomenon is called Joule heating and in most cases 

changes the electrical operating point of the component and the circuit in which it is 

operating. Electrical analysis with fixed temperature thus is not sufficient for an accurate 

analysis and electro-thermal analysis should be performed so the mutual effects of 

temperature variation and electrical operating point variation are taken into the 

consideration. 

1.1.2 Package Level of Thermal Analysis 

This level of thermal analysis is useful when the electronic designer needs to 

calculate the temperature profile and inward/outward heat fluxes of an electronic package 

working as a part of an electronic system. A package can be analyzed thermally using a 

simulation software or by its compact thermal model as explained later in this chapter and 

the rest of this work. Detailed analysis of package is expensive in terms of money and 

simulation time but it gives a relatively accurate temperature profile for every location 

inside or on the surface of package. Compact thermal model of package on the other hand 

is fast, almost free, and easy to use but it calculates the average temperature and heat 

flows for predetermined volumes inside or areas on the surface of the package with 

acceptable accuracy. The subject of this project is thermal analysis in package level and 

in future chapters detail and compact modeling of electronic packages will be explained 

thoroughly. 

1.1.3 System Level of Thermal Analysis 

Accurate thermal analysis of a complex electronic system including several packages, 

discrete elements, printed circuit boards, connectors and mechanical parts, heat sinks and 

cooling mechanism, and covering case is almost impossible with currently available 

thermal simulation softwares, because of its complexity and the large number of thermal 

characteristics affecting the thermal behavior of the system and the output of the analysis 

includes large amount of unnecessary information. The alternative solution is to generate 

the compact model of packages, boards, and other parts of the system separately and use 

them as the building blocks of the thermal model of the system. This system level model 

then generates the thermal variables of the desired locations within the system. 
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1.2 Detailed Thermal Modeling 

The temperature profile (temperature at any desirable location of a solid object) and 

inward/outward heat flux from the surfaces of the solid object obey the heat transfer 

equation by conduction (This will be explained in chapter 2 in more detail). However, if 

an object with a complex geometry such as a modern electronic package with several 

layers of materials is the subject of the thermal analysis problem, it's impossible to find 

an analytical solution for this equation. 

The very first alternative to overcome this problem is employing numerical methods 

developed for solving the heat transfer equation with specified boundary and initial 

conditions and obtain the temperature profile and outward/inward heat fluxes. Some of 

the most well known and highly developed numerical methods are Boundary Elements 

Method (BEM), Finite Difference Method (FDM), and Finite Elements Method (FEM). 

Detail discussion and explanation on these methods are available in [7, 8] and other 

numerical analysis and heat transfer text books. The first issue rises immediately is the 

cost of analysis in terms of tools and time. Unless the object has a very simple geometry, 

a high price software package such as ANSYS© or COMSOL© Multiphysics specially 

designed for numerical calculation of partial differential equations is needed to be 

installed and available on a powerful machine and the computation time is also 

considerably long. This makes the use of numerical method expensive and inefficient for 

the customer of the electronic package, the second issue is the confidentiality of the 

electronic packages. In order to perform the detail thermal analysis of an electronic 

package, exact information about the internal structure the package, dimensions and 

physical properties such as thermal conductivities, thermal capacities, and densities of the 

different layers of the package is necessary. Package producers however usually consider 

these specifications as classified information and don't publish theme to public domain. 

This makes the detail thermal analysis impossible for the package customer. The solution 

to overcome this situation is Compact Thermal Modeling (CTM) of packages. 

1.3 Compact Thermal Modeling (CTM) 

In many cases of thermal analysis most of the information provided as the detailed 

model is unnecessary for the consumer because it includes the thermal characteristics of 

undesired locations. A smaller model that is capable of calculating only the hot spots, the 

3 



temperatures and heat fluxes at some desired locations can help the designer to perform 

the thermal analysis much more easily and quickly with the required accuracy. Such 

model is called Compact Thermal Model (CTM). CTM can be generated from the 

detailed model. However, the detailed model must be boundary condition independent 

(BCI) because the package may be used in different boundary conditions. 

There are two types of CTM: static and dynamic. Static models are capable to 

calculate the thermal behavior and operating point under steady state conditions [9, 10]. 

Dynamic models on the other hand are more complex and capable to calculate the 

temperature profile and heat flows during transition times in which the temperature has 

not reached to its final value yet or the electrical and environmental conditions are not 

stable [11, 12]. 

1.4 Thesis Objectives 

The goal of this research is to develop a capability for the dynamic compact thermal 

modeling of packages. The objective of the dynamic compact thermal modeling process 

is to create a simplified model that represents the thermal behavior of the package to 

perform a quick transient thermal analysis with the required accuracy in system design 

process. This research project aims to create methodology to enable rapid assessment of 

thermal behaviour of package in electronic equipment. This methodology is applied then 

to predict the transient thermal behavior of the Ball Grid Array (BGA) package. 

Boundary condition independent static compact thermal model generation 

methodology based on the resistor network for a typical BGA package is discussed. This 

model is generated and optimized by MATLAB© [33] for various boundary conditions. 

The results obtained from this model is validated and compared to the finite element 

detailed model. 

We also present a methodology to create boundary condition independent dynamic 

compact thermal model by which, compact models of electronic packages based on 

transient detailed finite element analysis results are generated. This methodology is 

applied to calculate a proposed RC network compact model of the BGA package. The 

proposed model is optimized so that the cost function representing the distance between 

the detailed and compact model is minimized. The performance of compact model is 

4 
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investigated for various boundary conditions such as free convection, forced convection, 

heat sink free convection, heat sink forced convection, cold plate, and fluid bath types of 

boundary conditions. 

1.5 Thesis Outline 

In this research we attempt to provide coverage of important subjects required for 

generation and validation of boundary condition independent static and dynamic compact 

thermal modeling of packages. 

The first two chapters are designed to present the fundamental building blocks in 

generation of a compact thermal model. Chapter 2 discusses a general introduction to 

heat transfer and the governing equations for electronic components. The available 

methodologies to solve the heat transfer governing equations are also elaborated in this 

chapter. 

In chapter 3, some of the currently popular electronic packages are introduced 

briefly. The emphasis is given 0 the BGA technology and packages because this type of 

package is selected to be thermally modeled in this project. In addition a detailed finite 

element model of BGA package generated using COMSOL© [31] is discussed in detail. 

Moreover, the desired temperatures and heat fluxes are obtained for various boundary 

conditions. 

Chapter 4 concentrates on the presentation and validation of a boundary condition 

independent static compact thermal model based on the resistor network for a typical 

BGApackage 

Chapter 5 addresses a methodology to create boundary condition independent 

dynamic compact thermal model. This method is applied to predict the transient thermal 

behavior of the BGA package. The optimization of the dynamic model is also described. 

Finally, the conclusions and suggested future works are summarized in chapter 6. 
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Chapter 2 

Governing Heat Transfer Equations and Finite Element 

Method of Analysis 

2.1 Introduction 

In this chapter we briefly review the theory of heat transfer and mathematical 

background needed to understand the rest of thesis and the work done in this project. First 

different methods of heat transfer are explained. Then accepting the energy conservation 

law or the first thermodynamics law as assumption, the heat transfer equation which is 

the governing equation of thermal analysis will be formulated. Note that the heat transfers 

equation is also called diffusion equation in some text books or papers. Finial section of 

this chapter is a brief explanation of Finite Element Analysis as a numerical method to 

solve the derived heat transfer equation. This method will be used in next chapters by the 

COMSOL finite element software for thermal simulation of a typical Ball Grid Array 

(BGA) package. 

2.2 Different Methods of Heat Transfer 

There are three methods of heat energy transfer: conduction, convection, and 

radiation. 

2.2.1 Conduction 

Thermal conductivity is a thermodynamic property of materials and in this method of 

energy transfer the heat energy transports through materials without any macroscopic 

mass motion. In source point or region heat energy causes the increase of atoms 

vibration. This vibration transfers to the neighbor atoms and heat energy is transferred. 

The rate of energy transfer is described by the following equation: 

where: 

aT 
q=-kA-ax 
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(2.1) 



q = aQ (W) is the rate of heat energy transporting in x direction by conduction, at 

k (W/m.K) is the thermal conductivity of medium material, 

A (m2) is the area through which heat energy flows and is normal to the transfer 

direction x, 

T (K) is the temperature of material at location x, and 

x (m) is the location variable. 

Equation (2.1) is also called Fourier rate equation. 

2.2.2 Convection 

Heat transfer by convection is the method of energy transportation happens in fluid 

materials including gases and liquids. Because of very high mobility of molecules in fluid 

materials these molecules start moving because of the heat energy applied to them. When 

a fluid is in contact with a solid the energy transfer rate between solid and fluid by 

convection is calculated by the following equation: 

q =hA(Tw -TJ 
where: 

q = aQ (W) is the rate of heat transfer by convection method, at 
h (W/m2K) is the heat transfer coefficient, 

A (m2) is the surface area through which heat energy transfer from solid to fluid, 

T~ (K) is the ambient or room temperature, and 

T w (K) is the wall temperature or temperature of solid at its boundary surface. 

(2.2) 

The reader is referred to [13, 14] for more detailed discussion on heat transfer 

mechanism. 

2.2.3 Radiation 

In this method the heat energy is transferred by electromagnetic radiations. The 

energy transfer rate from a solid to infinite is calculated by the following equation: 
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where: 

q = aQ (W) is the rate of heat transfer from solid material to space by radiation, at 

(]' = 5.6686xlO-6 (W/m2K4) is Stefan-Boltzmann constant, 

EO is the emissivity of the surface, 

A (m2)is the surface area through which heat energy transmitted, 

Tw (K) is the absolute surface temperature, and 

T~ (K) is the absolute ambient temperature. 

2.3 Heat Transfer Equation by Conduction 

(2-3) 

The process of deriving the heat transfer equation starts from energy conservation law 

or the first thermodynamics law which states the total amount of energy within a system 

perfectly isolated from other systems is constant but may change from one form to 

another form. For a typical system consist of a solid material and its surrounding space 

shown in figure 2.1 this law can be expressed as following: 

Transferred heat energy from surrounding space into the solid + Heat energy generated 

inside the solid = Transferred heat energy from solid into the surrounding space + Heat 

energy stored inside the solid 

(2.4) 

Qoul 

QS;f 

Surrounding Space 

/ 
Qg solid 

Qin 

Figure 2.1: Typical isolated system consisting of a solid and its surrounding space and 

energy elements existed in the system. 
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deriving equation (2.4) with respect to time: 

dQin dQg _ dQout dQs --+-----+--
dt dt dt dt 

(2.5) 

Equations (2.4) and (2.5) are also called energy balance and show the energy balance 

in a thermal system and are always valid. Assuming conduction is the only method of 

heat transfer inside solid materials, the energy balance equation (2.5) for a small piece of 

the object shown in figure (2.2) is rewritten as following: 

z 

=~=~> dQX+dX 

dx 

dQY+dY dQ, 

x 

y 

Figure 2.2: Small piece of a solid object and heat energy elements affecting its thermal 

balance. 

( dQx + dQy + dQz J + dQg = (dQX+dx + dQy+dy + dQz+dz J + dQs 
dt dt dt dt dt dt dt dt 

(2.6) 

A solid material is non-isotropic if its thermal conductivity depends on the direction in 

which it is measured: 

and non-homogeneous if its thermal conductivity depends on the location: 
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and non-linear if its thermal conductivity depends on the temperature: 

k. = k .(T) 
J J 

Applying equation 2-1 (Fourier law) to figure 2.2: 

(2.7) 

Equation (2.7) is the amount of heat energy going into the cell by conduction. According 

to Taylor Series [15]: 

j(x+dx,T)~ j(x,T)+ aj(x,T).dx 
ax 

and applying it to equation (2.7): 

(2.8) 

Equation (2.8) is the amount of heat energy going out of the cell at x+dx by conduction. 

The net heat flux in the x direction thus is calculated by subtracting equation 2-8 from 

equation (2.7). 

a ( aT] dQ -dQ =- k - ·dx·dy·dz·dt 
x x+dx ax x· ax (2.9) 

and for two other directions: 

a ( aT) dQ -dQ =- k - ·dx·dy·dz·dt 
Y y+dy ay y' ay (2.10) 

a ( aT] dQ -dQ =- k - ·dx·dy·dz·dt 
z z+dz az z· az (2.11) 

The stored heat energy can be expressed as: 

Qs = m· C . dT = P . dx· dy . dz . C . dT 

and the heat storage rate is: 
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where: 

dT 
dQ = p·dx·dy·dz·C·-

S dt 

C (J/K) is the specific heat capacity of solid material, and 

p (Kg/m3) is the density of material. 

Replacing equations (2.9), (2.10), (2.11), and (2.12) in equation (2.6): 

aQg +~(k aT)+~(k aT)+~(k aT)=p.c. aT 
at ax x ax ay Y ay az z az at 

(2.12) 

(2.13) 

Equation (2.13) is the general form of heat transfer equation by conduction or diffusion 

equation. The more compact form of this equation is: 

where: 

aT 
q + v . (kVT) = p . C .-

g at 

n a -: a -: a k-' h f d' v = -1 + - J + - IS t e vector 0 Ivergence operator. 
ax ay az 

(2.14) 

For most electronic component, heat conduction is the most important heat transfer 

phenomenon; therefore most researchers consider a component that has thermal 

conduction as its only mode of internal heat transfer. Therefore, heat conduction equation 

described by equation 2-14 will be used for thermal modeling of electronic component in 

this research work. 

For a homogeneous and isotropic solid material where thermal conductivity is a scalar 

parameter independent of direction and location, equation 2-13 is simplified to the 

following equation: 

(2.15) 

where: 

a = _k_ is the thermal diffusitivity of the solid material. 
C·p 
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If there is no heat generation within the solid object, Equation 2-15 is simplified to: 

aZT aZT aZT 1 aT 
--+--+--=--axz ayZ az z a at 

Equation (2.16) is called Fourier partial differential equation. 

In steady state condition equation (2.15) is rewritten as following: 

Equation (2.17) is called Poisson partial differential equation. 

If there is no heat generation, steady state thermal equation is: 

Equation (2.18) is called Laplace partial differential equation. 

2.4 Boundary and Initial Conditions 

(2.16) 

(2.17) 

(2.18) 

Equation (2.14) describes the spatial and time domain behavior of temperature 

variable within a solid object specified by a computational domain n limited by an 
which represents the boundaries of object. Like any other differential equations in order 

to solve equation (2.14) boundary and initial conditions are necessary. The temperature 

profile at t=O for every point of object is called the initial condition. 

\f rE n, t = 0 T(r,t) = Ta(r) (2.19) 

where r is the arbitrary position vector in the computational domain n . 

The temperature profile of an for the total desired period of time is called the boundary 

condition. There are different types of boundary conditions for a partial differential 

equation. If boundary temperature is assumed to be a constant value, the boundary 

condition is called Dirichlet boundary condition and described as following: 

\f rE an, T(r) = Tag(t) (2.20) 
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If the boundary condition determines the normal inward/outward heat flux through the 

boundary of object, it is called Neumann boundary condition and expressed as 

following: 

'v' r E an, q1- (r) = qan (t) (2.21) 

The normal heat flux mentioned in equation (2.21) may be calculated by equation (2.2) or 

equation (2.3) if the method of heat transfer from solid object to surrounding space is 

convection or radiation respectively. More explanation on these boundary conditions and 

other types of boundary conditions such as Robin and Cauchy can be found in [16] or 

other advanced engineering mathematics text books. 

2.5 Numerical Methods and Finite Element Analysis 

Solving heat conduction equation (2.14) is very difficult and in fact there is no 

analytical solution for most real cases of thermal analysis problems, unless for the object 

that has a simple geometry,. Numerical methods thus are necessary to solve the heat 

transfer equation. 

There are different methods to solve heat conduction equations such as, Fourier 

series, Finite element method (FEM), Finite difference method (FDM), Boundary 

element method (BEM), and Extraction approximation approaches. However, two best 

known numerical methods which are well developed to be realized by computer 

programming are Finite Differences Method and Finite Elements Method. The FDM tries 

to solve the partial differential equation by approximating the derivatives by fractions of 

differences. The subject of analysis (solid object) thus must be divided into small square 

shape cells in 2Dimesnional problems and cubic shape cells in 3Dimesional problems. 

FEM on the other hand tries to convert the differential equation into an integral and solve 

the Integral by means of numerical approximation. The main advantage of FEM to FDM 

is that to solve the problem by FEM we are not limited to square and cubic cells but using 

triangular cells in 2Dimesnsonal problems and tetrahedron cells in 3D problems are 

also possible which can discretize the object with higher accuracy specially when the 

object has a complex geometry. Figure 2.3 illustrates some typical generic elements for 

I Dimensional, 2Dimensional, and 3Dimensional geometries. 
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Figure 2.3: Some typical generic elements for IDimensional, 2Dimensional, and 

3Dimesnional geometries. 

For a detail explanation on Finite Differences Method, Finite Elements Methods, and 

their advantages and disadvantages reader is referred to [8]. 

Finite element method is chosen in this research as the numerical thermal simulation 

method. This is one of the most popular numerical methods used by design engineers in 

today's product design process in industry. A brief description of this method is presented 

in the next section. For more detail, reader may refer to [17] 

2.5.1 Finite Element Method 

Finite element method was first developed for problems in stress analysis of solids 

and structural systems. However, its power and wide applicably can be fully recognized 

when it is applied on nonstructural problems such as heat transfer and fluid flow [17]. 

Following is a brief description of the theory behind this powerful method. 

The calculus of variations provides a method of transforming a differential equation into 

an integral. According to the variational calculus, it can be proved that the integral I 

expressed by equation (2.22): 
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n ( aU(X») 1= F x,u(x),-- dx 
=0 ax 

where: 

X E R and x E [0, L] is an independent variable, 

u is an arbitrary function of x, and 

F is an arbitrary function of x, u, and derivative of u with respect to x. 

will be minimized if the function u(x) satisfies equation 2.23. 

where u' = au(x) 
ax 

aF _~(aF)=o 
au dx au' 

(2.22) 

(2.23) 

Equation (2.23) IS called Euler-Lagrange equation. Detail explanations about 

variation calculus may be found in [18]. If we can rewrite the differential equation (to be 

solved) in a form that is similar to equation 2.23, instead of solving the differential 

equation directly we can find the function F by minimizing the integral I (equation 2.22) 

with respect to u(x). 

Example: Figure 2.4 shows a thin rod with the length equal to 2L, perimeter equal to P, 

and cross section area equal to A. The two ends of the rod are thermally isolated and their 

temperatures are equal to To. The ambient temperature is Tamb. The steady state heat 

transfer equation for this system is: 

- kA- -hP(T-Tamb)=O d ( dT) 
dx dx 

(2.24) 

T(O) = To and dTI -0 
dx x=L 

where: 

k is the thermal conductivity of thin rod, and 

h is the thermal coefficient of surrounding fluid. 
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Equation (2.24) can be easily extracted from equation (2.14) or directly calculated by 

writing the energy balance equation. 

Tamb 
; Isolation 

Thin rod 

To 
2L 

p~A 

t 
o x 

Figure 2.4: Thermal system consisting of a thin rod and, isolations and surrounding fluid. 

We can rewrite the equation (2.24) as following: 

where: 

aF _~(aF)=o 
aT dx aT' 

(2.25) 

(2.26) 

Equation (2.25) is similar to equation (2.23). An equivalent solution of this equation is 

minimizing the following integral as explained earlier. 

(2.27) 

In order to minimize equation (2.27) its derivative with respect to T(x) must be set equal 

to zero: 

(2.28) 
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To make sure the solution of equation (2.28) gives the minimum (and not the maximum) 

of I, second derivative of integral should be calculated. If it has a positive value, equation 

(2.28) calculates the minimum. 

The concept of finite element analysis is based on solving Equation (2.28) numerically. 

The numerical approximation of the integral inside the bracket is performed by breaking 

the domain of the integration into several sub domains and approximating the integral of 

each sub domain by calculating the area under the function curve. This has been 

illustrated in figure 2.5. 

iI 
In: .- Elemenl 
I I number 

I 

Figure 2.5: Thin rod divided into finite elements. 

According to figure 2.5 the integral I can be rewritten as following: 

and equation (2.28) becomes the following set of equations: 

m=l .. ·n+l 

(2.29) 

(2.30) 

After solving the set of n+ 1 equations and calculating the nodal temperatures, the 

temperature inside each elements will be calculated by the following equation: 
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(2.31) 

Equation (2.31) is the result of the following assumption: 

T(m) =a +h x 
m m (2.32) 

According to equation (2.32), the temperature inside each element has been approximated 

by a linear function. FEM software tools however have the capability of providing higher 

degrees of polynomials for approximation. A thorough discussion on the Finite Elements 

Method for 2D and 3D problems may be found in [17, 19]. This method will be used in 

next chapters by the COMSOL finite element software for thermal simulation of a typical 

Ball Grid Array (BOA) package. 

2.6 Summary 

Heat transfer mechanisms (Conduction, Convection, and Radiation) and governing 

equations are discussed. For most electronic component, heat conduction is the most 

important heat transfer phenomenon; therefore most researchers consider a component 

that has thermal conduction as its only mode of internal heat transfer. The thermal 

boundary conditions and the initial temperature condition are described. 

Numerical methods such as finite element method and finite difference method can be 

applied to various kinds of heat conduction problems (e.g. isotropic, non-isotropic, linear, 

non-linear, homogeneous, and non-homogeneous) for thermal analysis of electronic 

system. 

Finite element method is selected in this research work as the numerical thermal 

simulation tool. This is one of the most popular numerical methods used by design 

engineers in today's product design process in industry. 
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Chapter 3 

Electronic Packages and the Detail Thermal Analysis of a BGA 
Electronic Package 

3.1 Introduction 

This chapter is dedicated to the presentation of a three-dimensional model developed 

to study the thermal properties of a Ball Grid Array (BGA) electronic package. Different 

types of currently popular electronic packages are introduced and briefly described. A 

more detailed and thorough discussion on the BGA package is then presented. The 

process of finite element (FE) model generation including, BGA geometry, the physical 

properties, boundary conditions, and initial conditions has been discussed. Using the 

developed FE model, numerical simulation was performed. The FE simulation results in 

terms of temperature distribution and heat flux are presented. 

3.2 Electronic Packaging and BGA Packages 

Packaging is one the final steps of Integrated Circuits and semiconductor devices 

fabrication. In this step the electronic die is mounted inside a package that provides 

physical protection and electrical access to the die. The process of packaging includes 3 

major steps: Attaching, Bonding, and encapsulation. Attaching is the process of mounting 

and attaching the die inside the package. Bonding is the process of connecting the 

electronic circuit to the electrical pins of package. And encapsulation is the process of 

covering the top of the die and encapsulating it by plastic, ceramic, or other materials to 

make the physical protection. A detailed discussion on the area of electronic packaging 

may be found in [20]. For more information about the materials being used in the 

packaging process [21] is suggested. 

There are many types of electronic packages which are divided into several categories 

based on the material used for fabrication, the method they are mounted on the PCB, pin 

arrangements, and other characteristics. For example materials used in packages can be 

plastic, ceramic, or epoxy. The mounting methods include insertion, surface, chip carrier, 

socket, and ball grid array (BGA). Before a thorough explanation about BGA packaging 
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technology some of the other types of packages which are popular and produced by 

manufacturers are introduced in the following section. 

Dual Inline Parallel (DIP) package which is also called DIL is a rectangular shape 

package with two parallel rows of electrical connecting pins coming out of the two sides 

of the package. Material used in this type of packages is either plastic or ceramic. The 

method of connecting DIP package to the PCB is insertion. It means the metal pins of 

DIP are inserted from one side of the PCB to the holes already drilled in the board and 

soldered on the other side of the board. Some of the characteristics of DIP are as 

following: 

- Lead Pitch (Pin spacing): 2.54 mm or 0.1" and 1.778 mm (0.07"). 

- Row spacing (the distance between the rows): 7.62 mm (0.3") and 15.24 mm (0.6"). 

- Pin counts (number of electrical pins): 8, 14, 16, 18, 20, 22, 24, and 28 for 0.3" row 

spacing and 24, 28, 32, 36, 40, 48, and 52 for 0.6" row spacing. 

A typical 18 pins, 0.3" row spacing plastic DIP package [22] is shown in Figure 3.1. 

Figure 3.1: Typical 18 pins plastic DIP package 

Small Outline Integrated Circuit (SOIC) has also two parallel rows of electrical pins 

which are gull wing leads. Small out line package is made from plastic and mounted on 

the surface of the PCB using surface mounting technology (SMT). Some of the 

characteristics of SOIC package are: 

Lead Pitch: 1.27 mm (0.05"). 

Row spacing: 3.81 mm or 0.15" (narrow body) and 7.62 mm or 0.3" (wide body). 

Pin counts: 8, 14 and 16,20,28,44. 

A typical 16 pins, 0.15" row spacing SOIC package [23] is shown in Figure 3.2. 
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Figure 3.2: Typical 16 pins SOIC package 

J-Leaded Small Outline (SOJ) like two previous types has two parallel rows of 

electrical pins which are J-type leads. SOJ package is made from plastic and mounted on 

the board using a chip carrier. Some of the characteristics of SOJ package are: 

Lead Pitch: 1.27 mm (0.5"). 

Row spacing: 7.62 mm (0.3") and 10 mm. 

Pin counts: 20, 26, 28, 32, 40, and 42. 

A typical 32 pins, 10 mm row spacing SOJ package [24] is shown in Figure 3.3. 

Figure 3.3: SOJ package with 32 pins 

The gull wing lead and J-type lead is shown in Figure 3.4. 

pa~ 

(aj 
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Figure 3.4: (a) gull wing lead (b) J-type lead 

Plastic Leaded Chip Carrier (PLCC) is a square or rectangular shape package made 

from plastic and has J-type electrical pins coming out from all four sides of the package. 

PLCC packages also need chip carriers to be mounted on the PCB. Some of the pin and 

body characteristics of PLCC are as following: 

21 



Lead Pitch: 1.27 mm (0.5"). 

Row spacing: 8.8 mm, ll.4mm, 16.5 mm, 19.0 mm, 24.1 mm, 29.2 mm, and 

11.4x13 mm (rectangular body). 

Pin counts: 20, 28, 32, 44, 52, 68, 84. 

A typical PLCC44 package is illustrated in Figure 3.5 [25]. 

Figure 3.5: PLCC44 package 

Quad Flat Pack (QFP) is another square shape electronic package that has electrical 

pins extending from its 4 sides. This type of package is a surface mounted device (SMD) 

and must be mounted directly on the surface of PCB and connections from pins to tracks 

of PCB are made at the same side that package is mounted. There are several variants of 

QFP package as following: 

Fine Pitch Quad Flat Package (FQFQ), 

Heat sinked Quad Flat Package (HQFP), 

Low Profile Quad Flat Package (LQFP), 

Ceramic Quad Flat Package (CQFP), 

Plastic Quad Flat Package (PQFP), 

Metric Quad Flat Package (MQFP), 

Small Quad Flat Packag (SQFP), 

Very small Quad Flat Package (VQFP), 

Thin Quad Flat Package (TQFP), 

Very Thin Quad Flat Package (VTQFP), 

Bumpered Quad Flat Package (BQFP), 

Bumpered Quad Flat Package with Heat spreader (BQFPH), 
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and some of the characteristics of QFP pac age are: 

Lead Pitch: O.4mm to I mm. 

Row spacing: lOxlO mm to 40x40 mm square shape. 

Pin counts: 32 to 304. 

A typical 100 pins PQFP package is illustrated in Figure 3.6 [26]. 

Figure 3.6: PQFP package 

Pin Grid Array (PGA) is a square shape ceramic package that its electrical pins are 

extended from the bottom side of the package and must be mounted either directly on the 

PCB or by the means of a zero insertion force (ZIP) socket. Most of the modem Desktop 

CPUs are built by this technology. Some variants of PGA package are: 

Plastic Pin Grid Array (PPGA), 

Flip-Chip Pin Grid Array (FCPGA) and FC-PGA2 

Ceramic Pin Grid Array (CPGA), 

Organic Pin Grid Array (OPGA), 

The most famous PGA packages with 478 pins [27] are shown in Figure 3.7. 

Figure 3.7 Pentium 4 PGA package 
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3.3 BGA packaging technology 

The Ball Grid Array or BGA is an advanced packaging technology descended from 

PGA. Like PGA package one side of BGA is fully or partially covered by electrical pins 

and the other side is exposed to the free or forced convection or in contact with heat sink. 

Unlike other types of packages in BGA technology electrical connections between the 

chip and PCB are established via solder balls instead of metal pins. The process of 

mounting the BGA package on the PCB has three steps: 

1- BGA is precisely placed and align on top of the PCB so the balls are in contact 

with PCB pads. 

2- The contact location is then heated usually by infrared heater so the solder balls 

start melting. 

3- The last step is cooling down so the solder starts to solidify. 

This process of mounting is considerably more complex than what is needed for other 

types of package. There are however some key advantages that make this technology 

desirable for microelectronic designers. These advantages are: 

1- High connection density: in order to connect other types of package to the PCB, 

pins must be soldered. This will restrict the proximity of the pins so the danger of 

unwanted bridging between two adjacent pins is reduced. BGA however does not 

have this problem so the number of pins can be increased up to 1152 leads when 

the lead pitch is 1.0 mm. 

2- Increased Heat conduction: the thermal resistance between the BGA package and 

PCB s lower than other packages. The operating temperature thus is lower. 

3- Low Inductance of connections: the small size of leads in BGA technology 

comparing to the metal pins reduces the electrical inductance and switching noise 

and other distortions. 

4- Higher reliability: the short length of balls comparing to the pins reduces the 

danger of failures caused by mechanical tensions and vibrations. 

There are several variants of BGA packages and some of them are as following: 
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Fine Ball Grid Array (FBGA) 

Ceramic Ball Grid Array (CBGA) 

Plastic Ball Grid Array (PBGA) 

Plastic Ball Grid Array - Heat Spreader (PBGA-H) 

Plastic Ball Grid Array - Multi Ddie (PBGA-MD) 

Enhanced Ball Grid Array (EBGA) 

Tape Ball Grid Array Package (TBGA) 

Figure 3.8 illustrates three BGA packages [28]. More information on the technology, 

material properties, and specification of BGA packages may be found in [29]. 

Figure 3.8: Three types of BGA package. (a) PBGA. (b) PBGA-H, (c) TBGA 

3.4 Detailed Finite Element Thermal Model of BGA Package 

In this work the single chip BGA package proposed in [30] has been selected as a case 

study of Compact Thermal Model (CTM) generation process. This package has several 

layers as following: 

Leads or balls that establish the electrical connections between the PCB and the 

electronic circuit inside the package. This layer includes inner balls which will be 

called LEAD 1 later in this work and outer balls which will be LEAD2. 

Air is the empty space between inner and outer balls. 

Substrate 1 which is located on top of the inner balls. 

Substrate 2 which is located on top of the air layer. 

Substrate 3 which is located on top of the outer layer. 

Substrate top layer which is located on top of the substrate 1, 2, and 3 layers. 
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Die attach is located on top of the substrate top layer and align with the substrate 1 

and inner balls layers. 

Die which is the silicon chip where the electronic circuit is built on and located on 

top of the die attach layer. 

Mold which is the covering material located on top and around the die and 

encapsulate it for protection. 

These layers have been illustrated in figure 3.9 (a) which is a cross section view of the 

BGA package. Figure 3.9 (b) illustrate the bottom view of the package. 
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Figure 3.9: BGA package used in this research (a) Cross section view (b) Bottom view 
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Looking at figure 3.9 it is clear that the BGA package has is quarter symmetric. We 

can thus enjoy this characteristic and model only a quarter of the package. This will 

considerably decrease the computation cost when we will simulate the package by the 

finite elements thermal simulator. Figure 3.10 shows the quarter symmetry cross section 

of package and Table 3.1 contains the one quarter sizing and material properties [30]. 

MOLD 

die I 

Inner balls I air I Outer balls 

Figure 3.10: Quarter symmetry cross section of BGA 

Table 3.1: BGA package size and physical properties 

Layer 
Thickness Top View Thermal Conductivity Thermal Capacity 

(mm) Dimensions (mm) (W/mK) (J/m3K) 

Mould (above die) 0.7 20X20 0.6 2.0e+6 

Die 0.3 SXS 100 1.5e+6 

Die Attach 0.02 SXS 1 2.0e+6 

Substrate Top 0.03 20X20 200 3.0e+6 

Substrate 1 0.6 SXS kx=20 ky=20 kz=8 2.0e+6 

Substrate 2 0.6 SXlO kx=S ky=S kz=2 2.0e+6 

Substrate 3 0.6 lOX20 kx=lO ky=lO kz=4 2.0e+6 

Air O.S SXlO 0.03 1.0e+3 

Inner Balls O.S SXS kx=O.OS ky=O.OS kz=2S 1.0e+6 

Outer Balls O.S lOX20 kx=O.OS ky=O.OS kz=2S 1.0e+6 

Power Dissipation: 0.2S W 

The first step of generating a compact thermal model of package is simulating the 

thermal behavior of the package by thermal simulation software. The BGA package size 

and physical properties are listed in Table 3.1. A detailed thermal model of the package 

'was built by the thermal simulation software. This model was able to simulate the thermal 

behavior at any point within or on the surfaces of the package. In the following chapters 

the simulation results will be used to generate the compact thermal model by optimization 

and also to validate the performance of the compact model by comparing its results to the 

results of detailed model. 

Although different approaches for thermal analysis and simulation are available, finite 

element analysis, which is based on accurate constitutive models, provide the most 

detailed information on the spatial and temporal distribution of temperature. The 

27 



objective of the present section is to simulate the steady state thermal analysis of BGA 

package, using COMSOL© [31] which is a powerful finite element software package 

designed to solve partial differential equations using finite element method. COMSOL is 

widely used by the industry in many fields of engineering such as structural mechanics, 

MEMS, electromagnetic, acoustics, fluid dynamics, geography, quantum mechanics, 

semiconductor devices, and chemical reactions. 

Figure 3.11 illustrate the simplified geometry of BGA package generated by the CAD 

tools of COMSOL. 

Figure 3.11: Final geometry of BGA package 

COMSOL has a powerful meshing tool by which the domain of the analysis can be 

divided into elements with desired size and shape. Therefore, this geometry has been 

divided into several small cells called elements during the meshing process. These 

elements are the same as explained in previous chapter and are used to simulate the 

package by finite element analysis. Note that while the accuracy of detailed model can be 

enhanced by increasing the number of elements, it takes much longer time for computer 

to solve the model. It means the minimum number of elements is desirable by which an 

acceptable accuracy is achievable. The accuracy criterion here is the difference between 

the ideal and the detailed model calculated values of outward normal heat flux from the 

package. Ideally total outward heat flux from package walls is equal to the total heat 

generated by the junction (Inward heat flux from ambient environment is considered to be 

zero) because of energy conservation law. But the total outward heat flux calculated by 

detailed model shows a small difference from ideal because of discretization error. It was 

tried to find the minimum number of elements by which this error is less than half a 

percent. 
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Figure 3.12 illustrates the 3D view of the meshed BGA geometry. The meshing 

parameters used for the BGA geometry are listed in Table 3.2. 

Figure 3.12: 3D view of the meshed BGA geometry 

Table 3.2: Mesh parameters of detailed model 

Number of degrees of freedom 312717 

Number of elements 224959 

Number of boundary elements 52082 

Number of edge elements 2005 

The material properties of sub-domains such as thermal conductivity, density, thermal 

capacity, initial temperature, and heat generated inside the sub-domain are listed in Table 

3.1. These properties have been used during the simulation efforts. 

In this work the top area has been divided into 2 areas. Inner top is a square with the 

length equal to 6.4 mm and represented by the node Top 1. The rest of top surface is 

modeled by the node Top2. Figure 3.13 shows the heat flux distribution profile of the top 

surface of the BGA package for 2 different boundary conditions applied to that surface. 

This distribution has a peak above the die area where x and yare smaller than 5 mm. It's 

clear that this heat flux distribution can not be represented linearly by just one resistor 

that models the heat transfer by convection from the top surface to surrounding 

environment because it's always assumed that within a linear electrical resistor the 

distribution of current flow is uniform. Using electromagnetic theory and 2D Fourier 

expansion of the heat flux distribution function of the top surface, it can be proved that if 

the surface is divided into several smaller sub surfaces in which the heat flux distribution 
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can be approximated uniform, modeling by linear resistors are possible with higher 

accuracy. More discussion and mathematical calculations can be found in [32]. 
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Figure 3.13: Heat flux distribution on the top surface of BGA package for 2 different 

boundary conditions applied to the top surface 

Other surfaces of package are inner balls or LEAD 1, outer balls or LEAD2, SIDE 

wall, and Air between inner and outer balls or BOTTOM. These surfaces have been 

illustrated in figure 3.14 (a) and (b). JUNCTION in which heat is generated is also the 

upper region of die with a thickness of 0.01 mm within the package. Table 3.3 contains 

the area and volume of these nodes. 

TOPl 
LEAD2 

TOP2 BOTTOM 

LEADl 

(a) (b) 

Figure 3.14: (a) TOP1, TOP2, and SIDE areas, (b) LEAD1, LEAD2, and BOTTOM 

areas. 
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Table 3.3: Area and volume of CTM nodes 

Node Area m2 

Top I (inner top) T1 4.12036E-S 

Top 2 (outer top) T2 3.S8796E-4 

Lead 1 (inner leads) L1 2.SE-S 

Lead 2 (outer leads) L2 3E-4 

Bottom B 7.SE-S 

Side S 6.6E-S 

Junction J (Volume) SE-lO m3 

Table 3.4 contains the 58 different boundary condition sets [30] which are applied to the 

package one by one and each time the simulation is performed. The COMSOL solver has 

been adjusted for the steady state simulation in each study case. Steady state simulation 

takes several seconds depending on the processing power and problem conditions such as 

linearity, number of elements, etc. Transient simulation will be explained in chapter 5. 

Table 3.4: Boundary Conditions 29 25 50 5 100 
No h TOP hBOT hSIDE hLEADS 30 25 100 5 200 
1 5 1 5 1 31 75 1 15 1 
2 5 10 5 10 32 75 10 15 10 
3 5 25 5 50 33 75 25 15 50 
4 5 50 5 50 34 75 50 15 50 
5 5 50 5 100 35 75 50 15 100 
6 5 100 5 200 36 75 100 15 200 
7 15 1 15 1 37 150 5 30 5 
8 15 10 15 10 38 150 30 30 30 
9 15 25 15 50 39 150 50 30 50 
10 15 50 15 50 40 150 200 30 200 
11 15 50 15 100 41 500 5 200 5 
12 15 100 15 20 21 500 30 200 30 
13 30 5 30 5 43 500 50 200 50 
14 30 30 30 30 44 500 200 200 200 
15 30 50 30 50 45 10 50 10 1000 
16 30 200 30 200 46 10 1000 10 10000 
17 80 5 80 5 47 1000 5 10 50 
18 80 30 80 30 48 10000 50 10 500 
19 80 50 80 50 49 10000 10000 10000 10000 
20 80 200 80 200 50 5000 5000 5000 5000 
21 200 5 200 5 51 1000 1000 1000 1000 
22 200 30 200 30 52 500 500 500 500 
23 200 50 200 50 53 109 109 109 109 

24 200 200 200 200 54 50000 50000 50000 50000 
25 25 1 5 1 55 10000 10000 1 1 
26 25 10 5 10 56 10 10000 1 1 
27 25 25 5 50 57 10000 10 1 1 
28 25 50 5 50 58 1 1 1 10000 
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Figure 3.15 shows the 3D view, cross section view, and bottom view of temperature 

profile of package solved for the BC no. 1. The hottest region is in the center of package 

where the junction (region where heat is generated) located and shown by red color. 

Outer regions of package shown by blue color are cooler than junction. 

The average temperature and outward heat flux of desired regions within or on the surface 

of the geometry has been obtained using the CO MSO L' s postprocessor. 

Temperature(K) 

Mal: 405.468 

Mn: 385.982 

Figure 3.15: Graphical illustration of thermal simulation 
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Note that for all 58 boundary conditions of Table 3.3, finite element simulation have been 

performed and the obtained results in terms of temperature and heat flux distribution at all 

locations were recorded for future steps of this project (i.e. generation of compact thermal 

model). 

3.5 Summary 

In this chapter some of the currently popular electronic packages were introduced 

briefly. The emphasis was given 0 the BGA technology and packages because this type of 

package was selected to be thermally modeled in this project. Several types of BGA 

packages were introduced and the process of simulating a typical BGA package by the 

thermal analysis software COMSOL is explained in detail. Finally the desired 

temperatures and heat fluxes were obtained for all boundary conditions. The obtained 

results will be served in next chapter to generate the steady state compact thermal model 

of a BGA package. 
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Chapter 4 

Linear Steady State Compact Thermal Model 

4.1 Introduction 

In chapter 2, it was mentioned that numerical methods of solving the heat transfer 

equation by conduction (detailed model simulation) needs expensive software and can be 

very time consuming specially for system level simulation where a complex electronic 

system including several packages, discrete elements, boards, cooling system, and case is 

the subject of analysis. A compact thermal model by which one can calculate the average 

temperature and heat flux of only desired locations within and on the surfaces of the 

package with sufficient accuracy hence is a necessity to simplify the system level thermal 

analysis. These models enable the package and system level designer to predict the 

temperature and heat flux of critical components with the accuracy required for reliability 

and performance prediction. There are several methods of compact model generation, 

however for steady state compact modeling purpose there is one dominant approach 

proposed by DELPHI consortium (a collaborative European project) which is based on 

resistor network and will be explained and examined thoroughly in this chapter. This 

method employs the similarity of thermal and electrical behaviors of solid materials and 

models heat fluxes by electrical currents, temperatures by electrical voltages, heat 

generation by current source, and thermal resistances by electrical resistances. The well 

known electrical formulas and simulation softwares can be used then to calculate the 

temperatures and heat fluxes. 

4.2 DELPHI compact thermal model 

The main goal of this project which involved six end-user electronic equipment 

companies from five European states was to propose a methodology to generate 

Boundary Condition Independent Compact Thermal Models (BCI-CTM) for electronic 

packages [1]. The DELPHI consortium members were Thomson CSF, Philips CFT, 

Alcatel Bell, Alcatel Space, Flomerics, and the National Microelectronics Research 

Center in Ireland. The first four companies which were the industrial partners of project 
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are well known producers of electronic equipment in the area of civil and military radar, 

lighting and consumer electronics, telecommunications equipments, and satellite 

electronics. The fifth partner of project Flomerics is a developer of a thermal CAD tool 

used in the electronic industry [2]. 

The DELPHI procedure of generating static (steady state) compact thermal model has 

several steps as following: 

1- A detailed thermal model of the package is generated by a thermal CAD tool. 

2- Using the thermal CAD tool, thermal simulations are performed on package for a set 

of boundary conditions proposed by DELPHI consortium and average temperatures and 

heat fluxes of desired locations (thermal nodes that correspond to the volumes and areas 

inside or on the surfaces of package) are obtained. 

3- A network is postulated. This network consists of several resistors that connect the 

thermal nodes to each other. 

4- The values of resistors are then calculated using the detailed model results. 

Boundary Condition Independence (BCI) is an important issue that must be addressed 

during the procedure of compact model generation. The rationale behind this issue is that 

the package producers that propose the compact models do not know in what 

environmental conditions their products will be used by consumers. Therefore, the 

compact model must be capable to predict the desired temperatures and heat fluxes 

accurately regardless of what boundary conditions applied to the package. 

4.3 Static compact model definition 

Following the DELPHI methodology, the thermal characteristics of the package can 

be modeled by a resistor network as mentioned earlier. Using node analysis method, the 

general formula relating the voltages (temperatures) and currents (heat fluxes) of the 

electric network can be expressed as: 

N 

qi = LY;kTk (4.1) 
k=O 

where: 
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Y is the conductance matrix, 

N is the number of nodes, 

qi (Amp) is the electrical current leaving the node i, and 

Ti (Volt) is the voltage of node i. 

If the package is considered a linear thermal system (i.e. the thermal conductance and 

other physical properties of the package are temperature independent), it can be modeled 

by a linear system such as eq (4.1) and matrix Y. This can represent the static compact 

thermal model of the package. The higher value of N, the higher accuracy will be 

achieved by this modeling. Note that each node in equation (4.1) represents a specified 

area or volume within or on the surfaces of the package such as junction region, side 

walls, top surface, leads ... Node voltages calculated by the equation (4.1) are equal thus 

to the average temperature of their corresponding volume or area. Leaving currents from 

nodes are also equal to the total outward heat flux from their corresponding volume or 

area. Equations (4.2) and (4.3) calculate the average temperature and total outward heat 

flux of the represented by node i: 

(4.2) 

(4.3) 

where Si (m2) and Vi (m3) are the area and volume of any specified region within or on the 

surfaces of the package represented by node i. 

4.4 Compact model generation 

Now that the compact model is defined we are ready to generate the static compact 

thermal model of BGA package from the detailed model generated in chapter 3. We have 

performed several detailed model simulations under various boundary conditions (see 

chapter 3) and computed average temperature and heat flows. The process of compact 

model generation will continue by specifying the resistor network topology, calculating 

the resistors' value, and validating the compact model. 
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4.4.1 Network topology 

. In previous chapter it was mentioned that the desired locations of the package that 

their average temperatures and outward heat fluxes must be calculated by the compact 

model are Junction, TOP1, TOP2, LEAD1, LEAD2, SIDE, and BOTTOM as illustrated 

in figure 4.1 

TOP1 
LEAD2 

TOP2 BOTTOM 
"'I}erlh ~~'i.\o'(\ 

il//8 LEAD1 
~\'i>O 

O/ilt,' ,\,,(\0\<.'(\'1> z xyY 101) 

xAy 
(a) (b) 

Figure 4.1: (a) TOP1, TOP2, and SIDE areas, (b) LEAD1, LEAD2, and BOTTOM areas. 

The resistor network must have seven nodes thus that represent these regions. These 

nodes can be fully connected to each other via 21 thermal resistors. It is desirable 

however to eliminate as many of these resistors as possible to find the most compact 

network that can model the package with acceptable accuracy. It is actually possible to 

find the optimum topology from the fully connected network depending on the number of 

thermal nodes engaged in the thermal analysis and the importance of thermal variables 

associated to each node in the analysis. First the fully connected network (in which every 

node is connected to all other nodes by resistors) is calculated and the then largest 

resistors will be eliminated one by one. Once the network starts showing the relative 

errors higher than the predetermined criterion the elimination process must be stopped 

and the last elimination must be cancelled [3]. In this work we decided to choose the 

topology proposed in [4] and calculate the compact from the detailed model results from 

the thermal simulation we performed in chapter 3 using COMSOL© and the optimization 

algorithm we developed by MATLAB© programming. This model then will be used as a 

base for dynamic compact model generating in the next chapter. Figure 4.2 illustrate the 

static compact model resistor network. 
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Figure 4.2: Resistor network static compact model of BGA package 

Note that heat generated by the circuit on the die is equal to QJ=O.25 W as mentioned 

in table 3.1 and modeled by a current source. TOP1, TOP2, LEAD1, LEAD2, SIDE, and 

BOTTOM of the package are represented by nodes 1 to 6 respectively in both figure 4.2 

and equation (4.1). Junction is also represented by node O. Finally it must be mentioned 

that Rmn in the figure 4.2 is equal to 1/ Ymn where Ymn is the thermal conductance between 

nodes m and n and an element of the conductance matrix of equation (4.1). 

4.4.2 Resistors' value 

Equations (4.2) and (4.3) calculate the average temperatures and total outward heat 

fluxes of the Networks nodes. In chapter 3 we obtained the same variables from the 

detailed finite element model for the specified regions of the BGA package. Therefore, 

the obtained results from detailed model can be used to calculate the matrix Y of equation 

(4.1). From figure 4.2, it is clear that we can not calculate Yby writing the node analysis 

equations solve them using the numbers we have saved from detailed model because we 

have only 6 independent equations for 7 unknown resistors. An alternative approach is 

trying to guess some values for the resistors, calculate output of the network and 

comparing it with the detailed model output. To use this solution we need to define a cost 

function that calculates the difference between the compact and detailed models and try 

to fit some resistors' value that minimize this cost function. In other words compact 

model calculation is an optimization process. The cost function used to represent this 

deviation is: 
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where: 

1 ¥(TJ(k)-Tf(k)] 
COST=-L. 

BC k=l Tf (k) - Tamb 

2 

(4.4) 

Be is the total number of boundary conditions which is equal to 58 different cases, 

k is the number that specifies the boundary condition, 

T; (k) (Kelvin) is the junction temperature calculated by the compact model for the 

kth boundary condition, 

T/ (k) (Kelvin) is the junction temperature obtained from the compact model for the 

kth boundary condition, and 

Tamh (Kelvin) is the room temperature. 

According to equation (4.4) the difference between the detailed and compact model is 

determine only by the junction temperatures acquired from these models. It can however 

be modified so other thermal variables will be effective in this process. For example [4] 

has proposed the following cost function 

_1 ~[v(TJ.(k)-Tf(k)12 +W f (q[(k)-q1(k)]2] 
BCk=l T]d(k)-T b Ni=! q] am 

(4.4) 

where: 

N is the number of nodes except the junction, 

Wand V are weighting factors specifying the importance of thermal variables in the 

optimization process, 

q:' (k) (W) is the total heat flux leaving the node i calculated by compact model, and 

q; (k) (W) is the total heat flux leaving the node i obtained from detailed model, 

4.4.3 NeIder-Mead Simplex optimization method 

Neider-Mead or Simplex method which is also called downhill method was proposed 

by J. A. NeIder and R. Mead 1965 [34]. This is one of the most popular and widely used 

methods of multi-variable our multi-dimensional optimization belongs to the class of 
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direct search optimization methods because it doesn't use derivatives of variables. In 

order to understand this method the following terms and expressions should be explained: 

Multi-variable of Multi-dimensional optimization algorithm is an algorithm which is able 

to minimize a function of n variables. n is greater than 1, function is linear or non-linear 

and its variables are real or complex. Neider-Mead method minimizes a linear function of 

real variables. 

A Direct search optimization method is an optimization methods that its algorithm 

doesn't need derivatives of (to be optimized) variables. The detail of the concept of direct 

search method has been explained in [35, 36] and many other advanced optimization 

books. 

A Polytope is the generalization of polygon which is a two dimensional geometric object 

and polyhedron which is a three dimensional geometric object to geometric spaces with 

higher dimensions. 

A Simplex is a polytope with n+ 1 vertices or angular points in a n dimensional space. In a 

one dimensional space (n=1) which is a line, a line segment which has two (n+1=2) 

vertices is a simplex, in a two (n=2) dimensional space which is a plane a triangle which 

has three (n+l=3) vertices is a simplex, and in a three dimensional space (n=3) a 

tetrahedron which has four (n+l=4) is a simplex. 

The Neider-Mead algorithm starts by accepting an initial point or vector of n initial 

variables. n+ 1 other points are also chosen as the vertices of initial simplex which the 

initial point is inside it. After initialization step the algorithm starts the loop of searching 

the optimum point. Any iteration of this loop has 5 different steps which have been 

shown in figure 4.3. 
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Step 1 

Step 2 

Step 3 

Step 4 

Step 5 

Nc 

Convergence 

Reflec1 Yes 
condition >---'-"''---------.J 

No 

Expanc Yes 
condition >---'-""'----~ 

No 

Outside 
condition 

No 

Inside 
condition 

Nc 

Yes 

Yes 

yes~ End ~ 

Figure 4.3: Five steps of NeIder-Mead algorithm 

Step 1- Order: in this step the n+ 1 vertices of simplex are ordered as following: 

where f is the cost function and Xi i = 1...n are the vertices. 

Step 2- Reflect: in this step the reflection point xr as following: 

where x = t ~ is the center of gravity of the first n points, and 
;=1 n 

p > 0 is the reflection coefficient. 
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Reflect condition: if I(x])::; I(x r ) < l(x,J reflection is accepted and the answer to the 

reflect condition is yes and convergence check is performed. Otherwise answer is no and 

step 3 will be started. 

Step 3- Expand: if the I(x r ) < I(x]) the expansion point xe is calculated as following: 

where % > 1 and % > p is the expansion coefficient. 

Expand condition: if I(xe) < I(xr ), Xe is accepted and convergence check is performed. 

If I(xe) ~ I(x r ), xr is accepted and convergence check is performed. 

Step 4- Contract: if I (xr ) ~ I (xn) the following conditions are checked: 

Contract condition i: If I(xn )::; I(x r ) < I(xn+!), x)s calculated as following: 

where 0 < r < 1 is the contraction coefficient. 

If Ie < Ir Xc is accepted and convergence check is performed. Otherwise step 5 IS 

performed. 

Contract condition 2: if Ir 2 In+!, xcc is calculated as following: 

If l(xcJ < I(xx+])' xcc is accepted and convergence check is performed. Otherwise step 

5 s performed. 

Step 5- Shrink: In this step a new simplex is generated by calculating a new set of 

vertices as following: 

i = 2, ... ,n+ 1 

42 

r 
! 



where 0 < a < 1 is the shrinkage coefficient. 

Convergence: In every iterations a point inside the simplex is chosen randomly and 

the cost function associated to that point is calculated and compared to the cost function 

calculated from the previous iteration. If the difference between these two cost-functions 

is less than a predetermined value as the convergence criterion, the algorithm is 

converged and loop is terminated. A more detailed explanation about the NeIder-Mead 

algorithm can be found in [37]. 

MATLAB© has a function calledfininsearch that uses the NeIder-Mead algorithm to 

optimize a cost function in a multi-dimensional space. The syntax of this function is: 

x = fminsearch(fun,xO,options) 

where: 

fun is the cost function, 

xO is the vector of initial values assigned to the variables to be optimized, 

X is the output vector containing the optimized variables, and 

option is a structure that is set by optimset MATLAB© command. 

optimset has several parameters and reader can find more explanation in MATLAB© 

help files. One of the important parameters of optimset is TolFun or Termination 

tolerance on the function value. This parameter determines the convergence condition of 

optimization algorithm. 

4.5 Validation 

Validating the compact model is the process of comparing its results to the detailed 

model results and calculating the relative error percentages. According to the criterion 

proposed in [4] we can consider the generated model a valid Boundary Condition 

Independent Compact Thermal Model if its relative difference with respect to the detailed 

model does not exceed certain agreed value for pre determined parameters such as 

junction temperature and heat fluxes. These relative differences (error percentages) are 

calculated according to the following relations: 
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I, 

---------

[TJ' (k) -TJ (k)] 
Max,Err. Percentage T J = 100 x max ----"-d-:-------"---

TJ (k) - Tamb (4.5) 

k = I ... BC 

(
cd 1 q' (k) - q. (k) 

MaxErr. Percentage Q = 100 x max I q J I 
(4,6) 

i = I. .. N , k = LBC 

As proposed in [4], the relative errors must not exceed 10% and as long as thermal 

variables predicted by compact model show relative errors with respect to detailed model 

less than this pre determined value, the generated compact model is validated and is 

acceptable, Figure 4.4 shows the junction temperature relative errors for all 58 applied 

boundary conditions. It's clear that all of the errors are less than 10% criterion accepted in 

this work. The Maximum error occurs for boundary condition no. 50 at less than 1.6%. 

Figures 4.5 to 4.10 also show the relative errors of heat flux variables at Top 1, Top2, 

Lead 1, Lead2, side walls and bottom walls, respectively, for all applied 58 boundary 

conditions. These boundary conditions cover various scenarios such as free convection, 

forced convection, heat sink free convection, heat sink forced convection, cold plate. It 

can be observed that the error values are all less than 10% criterion for various scenarios. 
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Figure 4.4: Junction temperature relative errors 
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Figure 4.5: Relative errors of top I surface. 
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Figure 4.6: Relative errors of top2 surface. 
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Figure 4.7: Relative errors ofleadl. 
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Figure 4.8: Relative errors of lead 2. 
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Figure 4.9: Relative errors of side walls. 
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Figure 4.10: Relative errors of bottom walls. 

Maximum relative errors of boundary surfaces Topl, Top2, Leadl, Lead2, Side walls, 

and Bottom walls occur when boundary conditions no. 51, 55, 55, 53, 48, and 21 are 

applied to the package, respectively. Table 4.1 contains the optimized resistor values of 
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compact model of BGA package. It also shows the maximum error percentage for 

junction temperature and heat fluxes are 1.56% and 6.83%, respectively. 

Link KIW 

RITl 32.8 
........................................................... 

RIT2 66.6 

RILl 

RIB 

RT2B 

RT2L2 

RT2S 

4.86 

402 

439 

3.77 

87.7 

Err. Percentage Tmax =1.56 (BC no. 50) 

Err. Percentage Qmax =6.83 (BC no. 48 Side walls) 

Cost Function =3.78E-5 

4.6 Summary 

In this chapter the process of generating the static compact model from the detailed 

model simulation was investigated. The static compact thermal model consisting of 

resistor network based on the proposed method by DELPHI was defined. For the BGA 

package the topology of the network was determined which has seven resistors 

connecting the nodes of network. An algorithm has been developed in MATLAB to 

calculate the proper values for the resistors. These values are optimized by a cost function 

and optimization algorithm. The optimization algorithm was based on NeIder-Mead 

Simplex Method. Validation of the generated static compact model showed that it has 

good performance and meets the available criterion. The developed compact model 

achieved to calculate the junction temperature which is the most crucial variable in every 

thermal analysis of electronic system with a very good accuracy and relative error 

percentage equal to only 1.56% which is much smaller than available criterion which 

requires a relative error percentage less than 10%. 
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Chapter 5 

Dynamic Compact Thermal Model 

5.1 Introduction 

Static compact thermal model of electronic package we generated in the previous 

chapter was able to calculate the thermal variables only when the package had reached to 

its final and steady state thermal conditions. We have assumed that the package 

conditions do not vary with the time. However the range of practical cases in which the 

time dimension has to be considered is great. According to the governing equation (2.15) 

and boundary condition equation (2.21) if the heat generated inside the package and heat 

transfer coefficients applied to the package, as boundary conditions, are all constant and 

time invariant scalars, the solution of the equation (2.15) will be reached to a steady state 

condition (in which the generated steady state compact thermal model in chapter 4 is 

valid) after a transient period of time. There are three main reasons however that the 

static model may not be sufficient for thermal analysis of package and a dynamic 

compact thermal model of the package is necessary: 

1- Depending on the material properties, dissipated power, and boundary condition 

values, it may take a considerably long time (several minutes) for a package from the 

moment power supplies connected to the package to the moment it reaches its steady 

state conditions and the package consumer needs to know what thermal behavior the 

package shows during this transition period. 

2- For many electronic systems especially mobile systems such as laptop and notebook 

computers, mobile phones, iPods ... which use batteries, saving electrical energy is 

an important issue. To optimize the power usage these systems have special energy 

saving mechanism that gives the ability of switching between normal and low power 

(standby, suspend ... ) modes. In each of these modes the consumed and dissipated 

power by an electronic package (qg) is different from other modes. 

3- The boundary conditions and ambient temperature change for most mobile systems. 

This may cause the variation of the thermal variables of the package during transition 
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period. The compact model should be able to calculate the desired thermal variables 

during this period. 

The objective of this chapter is to present the methodology on generating Dynamic 

Compact Thermal Model (DCTM) of the BGA package based on the steady state 

compact model generated and validated in chapter 4. As mentioned in chapter 4 steady 

state compact model approaches is based on modeling the thermal conductance of the 

solid materials by electrical conductance and generate a resistor network as the compact 

model of the package. The duality between the thermal and electrical capacitance was 

employed and Resistor network was expanded by adding some capacitors so it can 

predict the transient thermal behavior of the BGA package. The dynamic model thus is a 

RC network. This tool can be used to evaluate the temperatures and heat flows of BGA 

package during the transient periods. In the following sections of this chapter the detail of 

the work performed to generate the dynamic compact model is explained thoroughly . 

5.2 Thermal Capacity 

According to equation (5.1) when some heating energy is applied to a specific 

amount of material, the temperature of material goes up from its initial temperature to a 

new temperature. 

(5.1) 

where: 

~Q (Jouls) is the applied heating energy, 

m (Kg) is the mass of the material, 

c (J/Kg.Kelvin) is the thermal capacity of the material, and 

To and ~ (Kelvin) are the initial and final average temperatures respectively. 

~Q can be expressed as: 

~Q=P.M (5.2) 
where: 

P (watt) is the input power, and 

~t (Second) is the time needed to apply ~Q. 

50 

r 

l 



By replacing equation (5.2) in equation (5.l): 

where /),.T =~ -To. 

m·c·/),.T 
/),.t=--­

p 
(5.3) 

Equation (5.3) shows that for a specific amount of mass and input heating power the 

time needed to raise the temperature from To to ~ is proportional to the thermal capacity 

of the material or c. Equation (5.3) may be rewritten as: 

/),.T 
P=m·c·­

/),.t 
(5.4) 

Now considering an electrical capacitor, Equation (5.5) shows the relation 

between the capacitor's current and voltage. 

I =c. dVc 
c dt 

(5.5) 

where 

Vc (Volt) is the voltage applied to the capacitor, 

Ie (Ampere) is the current flowing through the capacitor, and 

C (Farad) is the capacitance value. 

In previous chapter we used the duality existed between the electrical and thermal 

characteristics and modeled thermal conductivities by electrical conductivities, heat 

sources by electrical current sources, and temperatures by electrical voltages. The 

compact thermal model thus was an electrical network consisting of current sources and 

resistors. Based on these dualities and comparing equations (5.4) and (5.5), it is 

reasonable to model the thermal capacitance of material by electrical capacitors. 

Therefore, an electrical network consisting of current sources, resistors, and capacitors 

may be used to generate the dynamic compact thermal model of the package. 

5.3 Other Methods of Dynamic Compact Modeling 

In addition to the RC network approach we are going to use in this work for dynamic 

compact modeling of the package, there are several other methods of dynamic modeling 
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of electronic packages. Older methods were designed and able only to calculate the 

junction temperature of the package. It should be reminded that Junction is the region 

inside the package where the heat is generated and dissipated. The most well known and 

fully developed such methods are Network Identification by Deconvolution (NID) [38] 

and Asymptotic Waveform Evaluation (AWE) [39]. These two methods the goal is to 

model the thermal path between the junction and the environment that surrounds the 

package by a RC ladder. More discussion on these methods are in Appendix A. 

S.4 Definition of a RC Dynamic Compact Thermal Model 

The compact thermal model generated and validated in previous chapter showed good 

performance in calculating the steady state temperatures and heat flows of the BGA 

package. Therefore, it was desirable to extend static compact thermal model to perform 

transient thermal analysis of package. Static compact thermal model can be modified to 

the dynamic thermal model by adding capacitors to resistor network. Because the 

package is a distributed system each and every branch of resistor network should be 

replaced by a RC chain as shown in figure 5.1. The model can represent the distributed 

system as accurate as possible by including as many resistors and capacitors as possible. 

Figure 5.1: RC chain 

Generation and optimization of such compact model however is almost impossible 

when the number of capacitors increase. In addition, during the research period and after 

examining several network topologies, we realize that adding only one capacitor to some 

and not all branches of the resistor network gives the BGA compact model sufficient 

accuracy to predict the transient thermal behaviors. The problem is now the location and 

number of the capacitors. Connecting a capacitor to the junction node is necessary 

because of the importance of the junction temperature as a crucial thermal variable in 

electrical analysis and design. A method developed by [40] where the location of the 

other capacitors is not predetermined and can be calculated by optimization so the highest 

performance of the compact model may be achieved. Based on this methodology and 

considering only one capacitor for every branch, we proposed the topology of the RC 
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network illustrated in figure 5.2. This RC network includes a total of seven resistors and 

seven capacitors. 

QJ=O.25 
watt 

rC6 

I C4 
(51 

(6: 

Bottom Lead2 

Figure 5.2: Proposed Dynamic Compact topology for BGA package 

Adding these capacitors to the network increases the number of nodes from 7 to 14. 

The locations of capacitors are not fixed as mentioned earlier and will be determined by 

calculating the Xi during the optimization process. 

Using node voltage analysis, the governing equation of solving network is: 

[C]!£[TCt)]+ [G !TCt)] = [PCt)] 
dt 

(5.5) 

where: 

Cl 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 

[C]= 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 C2 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 c3 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 C4 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 Cs 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 C6 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 C7 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 c8 
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is the thermal capacitance matrix, 

[T(t)] = [T1 (t) T2 (t) ... T14 (t)f is the temperature vector, 

[C lis the thermal conductance matrix, and 

[P(t)]is the nodal loads and sources which express the heat source connected to the 

junction node and boundary conditions applied to the external nodes. 

Equation (5.5) is a set of 14 linear differential equations. Transient time can take up 

to several minutes and solving these equations for such long transition period is very time 

consuming. To overcome this problem we transferred the equation from time domain to 

frequency domain by Fourier transform. 

(jlV[C] + [C])[T(lV)] = [P(lV)] (5.6) 

or 

[T(m)] = (jm[C] + [G]t[P(m)] (5.7) 

Equation (5.7) is the definition of the RC network dynamic compact model. 

Matrix G or conductance matrix is equal to the static model generated in chapter 4 and 

matrix C is the additional part that upgrades the model from static to dynamic. Following 

sections explains how the matrix C was calculated in this research project. 

5.5 Detailed Thermal Model 

The process of generating detailed model for dynamic analysis is more complex than 

what has been performed for static analysis in chapter 3. There are several parameters 

related to transient analysis which must be calculated and set in the COMSOL simulator 

software before running the solver. 

The first step of generating a detailed model by COMSOL is building the geometry of 

the subject of analysis (i.e. BGA package). The size and physical properties of the 

package layers are according to Table 3.1. Figure 5.3 shows the geometry built by 

COMSOL CAD tool. 
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r Mold \ ·1· .~ 

T Substrate 3 . I Substrate 2 Substrate 1 ~ 
I Outer Balls I Air ! Inner Balls l 0,015 0,(11 0,005 

Figure 5.3: Quarter symmetric Geometry of BGA Package 

Next step after building geometry is meshing process. In this process the geometry is 

divided into small elements and will be used by solver to solve the partial differential 

heat equation by finite elements method. There is not a straight forward method of 

calculating the optimum number of elements or mesh density. While it's very desirable to 

have as few as possible elements because of the computation costs, it can not be less than 

a specific number in order to preserve the minimum accuracy. One heuristic method of 

finding the minimum number of elements used during this project was starting from a 

very coarse meshing (low number of elements) and solving the package. When the 

number of elements is too small and meshing is too coarse after solving the package, the 

total amount of outward heat flux obtained from detailed model had a large relative error 

with respect to the real value which was 0.25 watt. After several steps of trial and error 

and increasing the number of elements, the final meshing parameters were accepted only 

when the relative error between measured outward heat flux and the real value dropped 

below 0.5%. Table 5.1 shows the meshing parameters used by COMSOL software and 

table 5.2 shows the mesh statistics. The BGA package was modeled using approximately 

225000 elements. Figure 5.4 shows the meshed BGA package by COMSOL©. 
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Figure 5.4: Finite element model of the BGA package 

Table 5.1: Free Mesh parameters 

Pre defined mesh sizes Extremely coarse Maximum element size 

Maximum element size scaling factor 5 Air layer 0.0002 

Element growth rate 2 Substrate 2 0.0003 

Mesh curvature factor 1 

Mesh curvature cutoff 0.07 

Resolution of narrow regions 0.1 

Refinement method Longest 

Table 5.2: Mesh statistics 

Number of degrees of freedom 312717 Minimum element quality 0.0103 

Number of mesh points 41100 Element volume ratio 2.63e-6 

Number of elements 224959 

Number of boundary elements 52082 

Number of edge elements 2005 

Number of vertex elements 70 

Table 5.3 contains the boundary conditions (Be's) used for detailed simulation. 

These boundary conditions are equal to the values used in previous chapter for steady 

state analysis. An important point here is that for some of boundary conditions transient 

time is very short and for the rest of boundary conditions this time is considerable long. 

Therefore, these boundary conditions have been divided into two different groups. When 

boundary conditions of group one are applied to the package, the transient time is longer 

than 50 seconds. Therefore, the solver was run from time 0 to time 511 seconds and 

everyone second the desired temperatures and inward/outward heat flows were obtained. 
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As a result, for each of boundary conditions belongs to this group desired measurements 

are vectors with 512 elements. 512 was chosen because it's a complete binary number and 

running Fast Fourier Transform or FFT is optimized for such numbers. Boundary 

conditions with higher values (heat sink, cold plate, fluid bath, Infinite h.t.c, and DCPs) 

belong to the second group and when applied to the package, transient time is less than 

50 seconds. For this group the solver was run from 0 to 51.1 seconds and every 0.1 

second the desired temperatures and heat fluxes were measured. Similar to first group 

measured variables are vectors with 512 elements. Boundary conditions belong to this 

group are specified by color gray in table 5.3. Figure 5.5 show the magnitude of junction 

temperature measured from detailed model in frequency domain for BC no. 20 form the 

first group and BC no. 45 from the second group. 
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Figure 5.5: Frequency responses of junction temperatures for BC no. (a) 20 and (b) 45 
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Figure 5.5 (a) shows clearly that for boundary conditions of group 1 most of the 

signal energy is in the frequency band below the 0.5 Hz according to the Nyquist 

sampling theorem thus the signal can be fully sampled without no information loss by 

sampling frequency not more than I Hz or sampling period not smaller than 1 second. 

This is the reason that for the first group of boundary conditions, thermal parameters 

were obtained from detailed model by sampling frequency Fs=l Hz. Figure 5.5 (b) shows 

that for boundary conditions of group 2 most of the signal energy is in the frequency band 

below the 5 Hz according to the Nyquist sampling theorem thus the signal can be fully 

sampled without no information loss by sampling frequency not more than 10Hz or 

sampling period not smaller than 0.1 second. This is the reason that for the second group 

of boundary conditions, thermal parameters were obtained from detailed model by 

sampling frequency Fs=lO Hz. 

Table 5.3: Boundary Conditions 29 25 50 5 100 
No h TOP hEOT hSIDE hLEADS 30 25 100 5 200 
1 5 1 5 1 31 75 15 
2 5 10 5 10 32 75 10 15 10 
3 5 25 5 50 33 75 25 15 50 
4 5 50 5 50 34 75 50 IS 50 
5 5 50 5 100 35 75 50 15 100 
6 5 100 5 200 36 75 100 15 200 
7 15 1 15 1 37 150 5 30 5 
8 15 10 15 10 38 150 30 30 30 
9 15 25 15 50 39 ISO 50 30 50 
10 15 50 15 50 40 150 200 30 200 
11 15 50 15 100 41 500 5 200 5 
12 15 100 15 20 21 500 30 200 30 
13 30 5 30 5 43 500 50 200 50 
14 30 30 30 30 
15 30 50 30 50 
16 30 200 30 200 
17 80 5 80 5 
18 80 30 80 30 
19 80 50 80 50 
20 80 200 80 200 
21 200 5 200 5 
22 200 30 200 30 
23 200 50 200 50 
24 200 200 200 200 
25 25 I 5 I 
26 25 10 5 10 
27 25 25 5 50 
28 25 50 5 50 

58 



The measurements include junction average temperature, Topl average temperature 

and total heat flux, Top2 average temperature and total heat flux, Leadl (inner balls) 

average temperature and total heat flux, Lead2 (outer balls) average temperature and total 

heat flux, Bottom (air) average temperature and total heat flux, and Side average 

temperature and total heat flux. 

In order to provide the reader a better understanding of transient thermal simulation 

by detailed model of package, boundary condition no. 20 was taken as a case study. The 

sequential views of the temperature profile obtained from FE simulation is shown in 

Figure 5.6. The temperature variation is illustrated in the five figures representing the 

temperature at t=O, 5, 10, 50, 100 and 150 seconds. While the package becomes hotter 

during the transient time, its color becomes brighter. It is also expected that the junction 

area is hotter and must be shown with brighter color. Figure 5.6 (g) shows the Junction 

temperature variation during the transition period for the applied boundary condition no. 

20. Similar images and curves can be obtained for other thermal parameters and boundary 

conditions. COM SOL has the capability of generating a movie file that shows the 

variation of any desired thermal variable during the transition period. 

Looking at figure 5.6, it is clear that at t=O- or just before starting simulation time 

when the input power is off, the package is in a steady state condition and the 

temperature of any location inside or on the surfaces is equal to room temperature: T=300 

(K). This has been shown in figure 5.6 (a). The next 5 snapshots show that while the 

input heating source is on and transient time passes, the package becomes hotter until it 

gets to its final thermal conditions. In other words transition period is finished and 

package is again in a steady state thermal condition. This new steady state however is 

different from the steady state conditions showed in figure 5.6 (a) because heat source is 

on inside the package in Junction region. This also explains why the Junction region and 

its surrounding areas are looking brighter which means hotter than other regions of 

package. 

Finally it should be noted that these curves and snapshot images are only available for 

transient analysis. Thermal variables for steady state analysis are expressed only by scalar 

numbers and static images as explained and shown in previous chapter. 
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(a)t .. 0 (b) t - 5 Sec. 
Mil: 317 

(c) t - 10 sec. (d) t - 50 Sec. 

(e) t • 100 Sec. (f) t -150 Sec. 

~: 300 

Figure 5.6: Graphical representation of package temperature variation during 

transitions period 
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Detailed Mode. Slmul_tlon: T,..n8lent JuncUon Temperatur. BC. no. 20 
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Figure 5.6 (g): Detailed model simulation results: Junction temperature of BGA package 

for boundary condition no. 20 

60 



1 , 

I 

5.6 Compact Model Generation 

Dynamic thermal model must be able to predict the thermal behavior of package in 

both transient and steady state conditions. In steady state conditions all capacitors are 

fully charged and model is only a resistor network like the model generated in previous 

chapter. This means we don't need to calculated and optimize new values for resistors of 

dynamic model because they are equal to what we calculated and optimized for static 

model which are repeated in table 5.4. 

Table 5.4: Resistors' value of Dynamic Compact Thermal Model 

Resistor Name Value (KIW) Description 

RJ-Tl 32.8 junction to Topl 

RJ-Ll 4.86 junction to Leadl 

RJ-T2 66.6 junction to Top2 

RJ-B 402 junction to Bottom 

RT2-B 439 Top2 to Bottom 

RTZ-L2 3.77 Top2 to Lead2 

RTZ-S 87.7 Top2 to Side 

The method of calculating the capacitors is fitting by optimization. A Nelder-Mead 

Simplex multidimensional optimization algorithm tries to find the best values of 

capacitors that minimize a cost function representing the deviation between the compact 

and detailed model is minimized. 

(5.8) 

where: 

N=58 is the number of boundary conditions, 

n=512 is the number of samples in time domain or frequency domain, 

lIt (OJk)1 is the magnitude of the Fourier transform of the ith Junction temperature 

measured from detail model, and 

ITl (OJk)1 is the magnitude of the Fourier transform of the ith Junction temperature 

calculated by compact model. 
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This cost function adopted from [40] and optimizes the compact model for junction 

temperature because of its importance and crucial effect on electrical operating point but 

showed acceptable results (error percentages less than 10%) for inward/outward heat 

fluxes. The detail of compact model results will be explained in section 5.6 of this 

chapter. Equation (5.8) however can be customized so the model will be optimized for 

any desired temperature or heat flux. 

Figure 5.7 shows the different steps of generating dynamic compact thermal model. 

Resistors 
from static 

model 

58 Boundary 
Conditions t-----~ RC Network 

Junction 
temperature 

measured from 
detailed model 

Calculating step response of 
Junction temperature in 

frequency domain 

Cost Function 

Optimization criterion 
is satisfied? 

Yes 

Validation 

No 

Initial 
values of 

Capacitors 

Figure 5.7: Different steps of generating dynamic compact model 
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At first step some predetermined values is considered as initial values for capacitors 

and the step response of RC network is calculated in frequency domain. The range of 

frequency is from 0 to 1 Hz or 0 to 10Hz depends on the boundary condition. This is 

because detailed model was measured with two different sampling times: 1 second or 0.1 

second. The frequency range is divided to 512 frequencies because 512 samples of 

temperatures and heat fluxes were measured from detailed model for each boundary 

condition and their FFT vectors of have also 512 elements. 

Next step 2 is calculating equation (5.8) as cost function usmg the junction 

temperatures calculated from RC network and obtained from detailed model. If this cost 

function satisfies the NeIder-Mead Simplex optimization criterion, the capacitor values 

are accepted and the last step which is validation will be performed. Otherwise new 

values for capacitors will be chosen based on what NeIder-Mead Simplex method 

suggested and the process will be repeated. The validation process will be explained in 

section 5.6 of this chapter. NeIder-Mead Simplex optimization method was explained in 

previous chapter. 

For this work initial values for Xi , i= 1 ... 7 was set to 1. The RC network thus was 

reduced to configuration shown in figure 5.8. After optimization process, validation 

showed that this simplified model can predict the thermal variables with acceptable 

accuracies. Xi however can be optimized to increase the performance of model. Table 5-5 

contains the optimized values of capacitors. 
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Figure 5.8: RC network of dynamic compact model. 
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Table 5.5: Capacitors' value of Dynamic Compact Thermal Model 

Capacitor Value (JIK) Description 

C1 0.10284 Junction Capacitor 
C2 0.0415 Topl Capacitor 
C3 0.0015 Leadl Capacitor 

C4 1.8057 Bottom Capacitor 
Cs 0.00042 Top2 Capacitor 
C6 0.0327 Side Capacitor 
C7 0.00024 Lead2 Capacitor 

It can be observed that C5 and C7 are considerable small with respect to other 

capacitors. It would be an educated try thus to eliminate these two capacitors and 

investigate the performance of modified and reduced DCTM which has been illustrated in 

figure 5.9. 
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Figure 5.9: Reduced RC network of dynamic compact model. 

Side 
(7] 

Figure 5.10 shows the transient Junction temperature for boundary condition no. 35 

predicted by the optimized compact thermal model of BGA package. Comparing this 

figure to figure 5.6 (g) that shows the detailed model results, it can be observed that the 

compact model has predicted the junction temperature with very good accuracy. The 

generated compact model however can not be accepted unless it pass validation step and 

its results examined thoroughly. 

64 



314r-----r-----J,u-nc-ti-o-n-Te,m~p-e-ra-tu-r,e-ca-l-cu-la-te_d,b_y_C_o_m_p,ac_t_M_od_e_I(,B_C_n_o_.3_5,l ____ -. ____ -. 

, , , 
312 .......... , ....... . , , , _____ L ____________ J ____________ J ____________ , ____________ .. ___________ _ 

, , , , , , , , , , , , , , , , , , , , 
, , I I I 
, , I , , -_ - - - - _t- ____________ ~ ___________ .... ____________ -0- _________ ._ - ~ . , . , , 310 ......... + .......... ~ ..... . 
, I I I , , , . , , '2 : : 

-s: .' , , , 

u; 
~ 308 
~ 
OJ 
'\;j 
:;; 306 
c. 
E ., 
I- 304 

, , ., ., 
, , , I I , , , - --.---- --,--- ------- --,-. ---- - --- --,--- ------ ----r-------·_---,------- -----,-------. -----," ------ ------ r------- ---- - - ----- ___ A. 
, I , , • , • I 
, , , I , • , , , . . , , , , , . , . 

• , I I , , , . , , 
, ,,',' 

, , I , I I I I ___________ ~ ___________ .-'. ___________ .L. ___________ .L ____________ ~ ____________ -' _____________ 1 _____________ L ______________________ _ 

, , , , I , , I 
I , I , I , , , 
, , , , I , I I 

I • , I , , 

" '" " " ,. " , , , , , 
, , , I , • , , ------ -----~- _. ---- --- --.,- ----- -- ----- .... ------ ------ ~ ----------- -., ------ ----- -.,- -----_. --- - -,- --- -- --_. -- -~ --- -_. ----- - ---- -_. ----, , , , , , , , , , , , , , , , 
• , , I , , , , · , , , , , , , · , , , , . , , 

, .,'" , "", 
, "'" 

302 ···········1········ .. ··y············j···· .. ····-··r············1····-·······1···· .. ······r· .. ········r·· .. ········ .......... . 
, . . . , · . . , , · , . . , 

30~L---~5LO----~10~O----~1~50~--~2~OO~---2~5~O----~30~O----~35~O----~4~OO----~4~~~--~500 

Time (Sec.) 

Figure 5.10: Compact model prediction results: Junction temperature of BGA package for 

boundary condition no. 20 

5.7 Validation 

The final step of dynamic compact thermal modeling is validation. In this step the 

performance of compact model is evaluated by comparing its output to the detailed 

model. First step of compact model evaluation is applying the same boundary conditions 

and power dissipation to the compact model that applied to the detailed model. Boundary 

conditions are listed in Table 5.3. Power dissipation is a step function with magnitude 

equal to 0.25 watts. The compact model thus is RC network shown in figure 5.11. 

q =0.25 w 
step function 

Tamb 

Tamb 

Tamb 

Figure 5.11: Compact model when boundary conditions are applied 
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Ri and Ci i=1. .. 7 values are presented in Tables 5.4 and 5.5, respectively. Resistors 

shown inside the gray boxes model the boundary conditions which are heat transfer 

conditions by convection and calculated as following: 

R _ 1 
Tl-amb - [, • LI (KJW) 

where: 

"TOP "TOPI 

R = 1 
T2-amb [, . LI 

"TOP , 'TOP2 

1 
RLl-amb = h A 

LEADS· LEADl 

1 
RL2-amb = h A 

LEADS· LEAD2 

1 
RS- amb = h A 

SIDE· SIDE 

1 
RB- amb = h A 

BOITOM· BOITOM 

RTl-amb is Top 1 to ambient thermal resistance, 

RT2-amb is Top2 to ambient thermal resistance, 

R Ll-amb is Leadl to ambient thermal resistance, 

RL2-amb is Lead2 to ambient thermal resistance, 

RS-amb is Side to ambient thermal resistance, 

(KJW) 

(KJW) 

(KJW) 

(KJW) 

(KJW) 

R B-amb is Bottom to ambient thermal resistance, 

(5.9) 

ATOp], A TOP2 , A LEAD], A LEAD2, ASIDE, and A Bo1TOM are the areas of Topl, Top2, Leadl, 

Lead2, Side, and Bottom respectively, and 

h TOP, h LEADS, hB01TOM, and hSIDE are boundary conditions applied to Top l, Leads, 

Bottom, and Side walls of package respectively. 

Note that equation (5.9) can be calculated easily from equations (2.2). 
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RC network shown in figure 5.11 can be analyzed by any electric circuit simulator. 

We preferred to write a MATLAB® code which use node analysis method to calculate the 

voltages (average temperatures) of nodes and inward/outward currents (heat fluxes) 

to/from each node in frequency domain and transform the results into time domain. Tamb 

is ambient temperature or temperature of the room in which the package is located and 

measurements are performed. For this research work we assumed Tamb =300 K, but it can 

have any other value. 

After calculating the output of RC network compact model next step is comparing 

them to the results already obtained from detailed model and calculating the relative 

errors. These relative errors are calculated by the following equations: 

Err. Percentage of Junction Temperatue = 100 x abs j d j (
TC (k, t) - Td (k, t)] 
Tj(k,t)-Tamb (5.10) 

(
cd ] q-v PI (k, t) - qTOPI (k, t) 

Err. Percentage of Topi Heat Flux = 100 x abs 0 qg 
(5.11) 

(
cd ] q-v P2 (k, t) - qTOP2 (k, t) 

Err. Percentage of Top2 Heat Flux = 100 x abs 0 qg (5.12) 

(
cd ] q EADl (k,t) - qLEADl (k,t) 

Err. Percentage of Lead 1 Heat Flux = 100 x abs L qg (5.13) 

(
cd ] q 2(k,t)-q EAD (k,t) 

Err. Percentage of Lead2 Heat Flux = 100 x abs LEAD q g L 2 
(5.14) 

( cd J q IDE(k,t)-q IDE(k,t) 
Err. Percentage of Side Heat Flux = 100 x abs S q g S (5.15) 

[
cd J qB rr(k,t) - qBorr(k,t) 

Err. Percentage of Bottom Heat Flux = 100 x abs 0 q g (5.16) 

where 

k=l ... 58 is the boundary condition number, 

qg=0.25 watts is the dissipated power, and 
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c and d superscripts determine the variable is either measured from detailed model or 

calculated from compact model. 

The compact models results were compared to the detailed FE simulation results for 

the cases with boundary conditions no. 6, 20, and 43, to verify the accuracy of the 

compact model. Additional cases were simulated for different boundary conditions to 

provide additional information on the trend of data over a range of parameters. These 

cases were presented in the appendix B. 

It should be reminded one more time the desired areas of the BGA package are TOP1, 

TOP2, LEAD1, LEAD2, SIDE, and BOTTOM of the package as illustrated in figure 

5.12. Junction is the top region of the die and located inside the package. 

The 10% criterion proposed by Clemens in [30] is accepted here to evaluate the 

performance of dynamic model. Figures 5.13 to 5.18 show the transient Junction 

temperature and outward heat fluxes of BGA package measured from detailed model and 

calculated by compact model and their relative error for boundary conditions no. 6, 20, 

and 45 as the cases study. The performance of compact model can be observed by 

comparing its result with the detailed model results. Note that dashed curves represent the 

detailed model results and solid curves represent the compact model results. 

TOP1 
LEAD2 

TOP2 
BOTTOM 

z xyY XAy 
(a) (b) 

Figure 5.12: (a) TOP1, TOP2, and SIDE areas, (b) LEAD 1 , LEAD2, and BOTTOM areas 

of the BGA package. 
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5.7.1 Case Study 1: Boundary condition no. 6 

The first example shows the performance of compact model when the boundary 

condition applied to the package is free convention. BC no. 6 was selected as the case 

study. The variation of junction temperature as a function of time has been illustrated in 

figure 5.13 (a) for the first 500 seconds for both detailed and compact model analysis. 

The relative error percentage of these two models is illustrated in a semi-logarithmic 

scale in figure 5.13 (b). 
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Figure 5.13: (a) Detailed and Compact model junction temperature for boundary 

condition no. 6, (b) Their relative error percentage. 
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figure 5.l3 (a) shows the transition time before package reaches its thermal steady 

state condition is approximately 150 seconds and figure 5-l3 (b) shows from t=1.7 sec. 

the error percentage drops below 10%. This means compact model gives acceptable 

result for almost 98.9% of transient time. In addition, it can be noted that the results of 

the compact model yielded conservative estimates of the junction temperature over the 

simulation time compared to the detailed model. 

Note that the Junction temperature relative error is calculated using equation (5.10). 

According to this formula the relative error percentage is equal to the absolute difference 

of the average junction temperature obtained from detailed model and temperature 

calculated from compact model (node 1 potential of RC network shown in figure 5.10) 

divided by the difference of average temperature measured from detailed model and 

ambient temperature, multiplied by 100. 

Another point should be discussed is that in figure 5.13 (a) it can be observed that as 

already mentioned the transient period takes some 150 seconds and after this period the 

package reaches to its steady state thermal condition. Figure 5.l3 (b) also shows that the 

relative error varies during this transient period and after that it remains constant which is 

equal to what we calculated in chapter 4 by static compact model. 

In order to explain why error percentage starts from a considerable large value we 

should take a look at figure 5.l3 (c). This figure is a zoomed in version of figure 5.l3 (a) 

and shows the Junction temperatures for the first 2 seconds. 
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Figure 5.l3: (c) Junction temperature of BGA for the first 2 seconds of transition period 
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It can be seen clearly in figure 5.13 (c) that the solid curve representing the compact 

model output is increasing more quickly than dashed line representing the detailed model. 

The reason behind this phenomenon is that the BOA package is a distributed thermal 

system and heat wave needs some time to propagate from its originating location to the 

surrounding locations. The compact model however is a lumped RC network in which the 

wave propagation time is considered to be zero. In other word it's assumed that any 

change in any node or branch of network will affect other nodes and branches 

immediately. The heat wave propagation time is small but still effective in calculating the 

thermal variables especially at the beginning of analysis. This error may be reduced thus 

by considering the fact that package is a distributed thermal system and modifying the 

compact model so this characteristic of package is taken into consideration. One solution 

could be using RC ladders instead of single resistors and capacitors. This idea comes 

from the RF and microwave theory where transmission lines are modeled by RC ladders. 

Other models of transmission lines may also be helpful. 

Figure 5.14 shows the relative error percentages between compact model results and 

detailed model results for transient outward heat fluxes from Topl, Top2, Bottom, Leadl, 

Lead2, and side walls in a logarithmic scale. These relative errors are calculated using 

equation (5.11) to (5.16). According to these formulas the heat flux relative error 

percentages are equal to the absolute difference of the outward heat fluxes measured from 

detailed model and heat fluxes calculated from compact model (currents flowing through 

the RTI -amb, RT2-amb, RU -amb, RL2-amb, RS-amb, and RB-amb of RC network shown in figure 4-

14) divided by the difference of average temperature measured from detailed model and 

ambient temperature, multiplied by 100. It's clearly illustrated that all of these error 

curves are below 10% line during the whole period of analysis time. The performance of 

compact model thus is acceptable. 
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Figure 5.14: Relative error percentages of outward heat fluxes from Top1, Top2, Lead!, 

Lead2, Side, and bottom of BGA package for Be no. 6. 
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5.7.2 Case Study 2: Boundary condition no. 20 

To investigate the performance of compact model when forced convection boundary 

condition is applied to the package Be no. 20 of table 5-3 is selected. Similar to previous 

example the variation of junction temperature as a function of time is shown in figure 

5.15 (a) for the first 500 seconds. The solid line represents the junction temperature 

predicted by compact model and the dashed line represents the junction temperature 

measured from detailed model analysis. It can be noted that the results of the compact 

model yielded conservative estimates of the junction temperature over the simulation 

time compared to the detailed model. The relative error percentage of these two models is 

calculated by equation (5.10) and showed in a semi-logarithmic scale in figure 5.15 (b). 
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Figure 5.15: (a) Detailed and Compact model junction temperature for BC no. 20, (b) 

Their relative error percentage. 

Figure 5.15 (a) shows the transition time before package reaches its steady state 

condition is approximately 100 seconds and figure 5.15 (b) shows from t=1.8 sec. the 

error percentage drops below 10%. This means compact model gives acceptable result for 

almost 98.2% of transient time. 

Similar to Case Study 1 the error percentage graph starts from a large value because 

of the distributed quiddity of package as a thermal system and after transition period it 

gets into a constant value which is equal to the relative error calculated in previous 

chapter from static model. 

In this example also the relative error percentages between compact model results and 

detailed model results for transient outward heat fluxes from Top 1. Top2, Bottom, Lead 1, 

Lead2, and side walls area are illustrated in figure 5.16 in a logarithmic scale. These 

relative errors are also calculated using equation (5.11) to (5.16). For this example also 

we can see that all of these error curves are below 10% line during the whole period of 

analysis time. The performance of compact model thus is acceptable. 
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Figure 5.16: Relative error percentages of outward heat fluxes from Topl, Top2, Leadl, 

Lead2, Side, and bottom of BGA package for boundary condition no. 20. 
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5.7.3 Case Study 3: Boundary condition no. 43 

For the last case study, BC number 43 which is a mixed heat sink and forced 

convection boundary condition has been investigated. The variation of junction 

temperature as a function of time is shown in figure 5.17 (a) for the first 50 seconds. 

Similar to previous example solid line shows the junction temperature predicted by the 

compact model and dashed line shows the junction temperature measured from detailed 

model. 
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Figure 5.17: (a) Detailed and Compact model junction temperature for BC no. 43, (b) 

Their relative error percentage. 
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1 

I 

The relative error percentage of these two models is illustrated in a semi-logarithmic 

scale in figure 5.17 (b). figure 5.17 (a) shows the transition time before package reaches 

its steady state thermal condition for is approximately 40 seconds and figure 5.17 (b) 

shows from t=1.7 sec. the error percentage drops below 10%. This means compact model 

gives acceptable result for almost 96% of transient time. 
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Figure 5.18: Relative error percentages of outward heat fluxes from Topl, Top2, Leadl, 

Lead2, Side, and bottom of BGA package for BC no. 43. 

Figure 5.18 shows the relative error percentages between compact model results and 

detailed model results for transient outward heat fluxes from Top 1 area. Top2 area, 

Bottom are, Leadl area, Lead2 area, and side walls area in a logarithmic scale. It's clear 

tat all of these error curves are below 10% line during the whole period of analysis time. 

The performance of compact model thus is acceptable. 

As noted earlier, dynamic compact model results for all cases considered are included 

in the appendices B to this thesis where they are compared to detailed FE model data. In 

all cases evaluated, the results predicted from the dynamic compact model compared 

favorably to the detailed model results. The agreement between the compact model 

results and detailed model data for different boundary conditions showed that the 

compact model has the capacity to predict junction temperature, heat fluxes from various 

sections. 

The similar results for junction temperature, heat fluxes from various sections would 

suggest that the dynamic compact model of the BGA package provides a very good 

representation of this detailed dynamic model. Although differences were shown to exist 

between DCTM data and detailed model results, these differences were generally of the 

same order of magnitude. Moreover, it can be noted that the results of the dynamic 

compact model yielded more conservative estimates of the junction temperature over the 

simulation time compared to the detailed model. 
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5.8 Summary 

In this chapter the static compact model generated in previous chapter was extended 

and modified so it can predict the desired temperatures and heat fluxes during the thermal 

transient period. This model is called dynamic compact thermal model and is a necessary 

tool for thermal analysis of the systems that expose to boundary condition variation 

and/or power consumption (dissipation) mode switching such as mobile systems and 

battery powered system. The duality between the thermal and electrical capacitance was 

employed and Resistor network was expanded by adding some capacitors so it can 

predict the transient thermal behavior of the BGA package. The dynamic model thus is a 

RC network. Other types of dynamic compact modeling approaches were also introduced 

briefly. 

Detailed model transient simulation was performed using COMSOL for all 58 

boundary conditions and the results were saved. These results then were used by an 

optimization algorithm that calculates the optimum capacitors values so the cost function 

representing the deviation between the detailed and compact model was minimized. The 

optimization results suggested that it was possible to eliminate two capacitors and make 

the dynamic model even more compact. This reduced compact model was validated by 

calculating the relative errors of compact model results with respect to the detailed model 

results. These relative errors have been verified to be less than 10% criterion. The 

performance of compact model were investigated for three different boundary conditions 

at the end of this chapter as case studies and 6 more boundary conditions are presented in 

appendix B. These 9 case studies cover all types of boundary conditions proposed in [30] 

and listed in table 5.3. Our primary decision to eliminate 2 capacitors thus proved to be 

correct and reduced DCTM consisting of seven resistors and five capacitors considered as 

the final result of compact model generation. 
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Chapter 6 

Conclusion and Future Work 

In this thesis the theory and practice of compact thermal modeling (CTM) of the 

electronic packages were discussed and a new dynamic compact thermal model was 

developed and proposed for Ball Grid Array (BGA) package. BGA is a modern and 

increasingly popular technology of packaging the complex single chip and multi chips 

VLSI integrated circuits and was selected as the case study to keep this work up-to-dated. 

COMSOL Multiphysics© which is a very powerful finite element analysis tool and 

adopted by some well known and reputable high tech industries and educational institutes 

was used to perform the thermal simulation of the BGA package. This simulation then 

used as the input of compact model generation algorithms. The approach proposed by the 

European Union funded DELPHI project for static compact modeling which is based on 

thermal modeling by resistor network was adopted as the starting point and based on this 

approach CTM generation algorithms necessary for the new dynamic compact thermal 

model of the BGA were developed and validated using MATLAB© programming. 

The present work was done in 2 major steps: Static or steady state CTM generation, 

and Dynamic CTM generation. First the steady state simulation was performed for BGA. 

The output of this simulation is called the detailed thermal model from which the static 

CTM was generated by optimization method and validated by comparing its outputs to 

the detailed thermal model. An optimization algorithm based on NeIder-Mead 

multidimensional optimization method was developed by MATLAB© programming and 

used for optimization process. According to the validation results the static CTM 

generated in this work can calculate the Junction temperature with the maximum relative 

error equal to 1.5% with respect to the detailed model. Steady state outward heat fluxes 

are also calculated by the CTM with maximum relative error equal to 6.8% with respect 

to the detailed model. Considering the fact that maximum 10% relative error is a 

validation criterion commonly accepted in many works and this project, it is clear that 

our static CTM shows a very high performance in terms of calculating Junction 

temperature which is usually the most crucial parameter in thermal analyses. Performance 

of the model in terms of calculating the heat fluxes can also be accepted confidently. 
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Second and more important of the research presented by this thesis was dedicated to 

dynamic CTM generation. In this work we tried to generalize the DELPHI methodology 

and expanded the resistor network into a resistor capacitor network which is able to 

model the transient thermal behavior of the BGA package. Time dependent detailed 

thermal simulation of the BGA package was perform using COMSOL© and its output 

was saved as the dynamic detailed model of the package. Resistor network generated 

previously was updated by adding seven capacitors and their values were optimized. 

Similar to static model generation a Neider-Mead optimization algorithm was developed 

by using MATLAB© programming and applied for optimization process. The 

optimization results showed that it is possible that two capacitors may be eliminated 

without any considerable harm to the performance of the dynamic model. 

Dynamic compact model results for all cases considered are compared to detailed 

finite element model data. In all cases evaluated, the results predicted from the dynamic 

compact model compared favorably to the detailed model results. The agreement between 

the compact model results and detailed model data for different boundary conditions 

showed that the compact model has the capacity to predict junction temperature, heat 

fluxes from various sections. The similar results for junction temperature, heat fluxes 

from various sections would suggest that the dynamic compact model of the BGA 

package provides a very good representation of this detailed dynamic model. Although 

differences were shown to exist between dynamic compact model data and detailed 

model results, these differences were generally of the same order of magnitude. 

Moreover, it was noted that the results of the dynamic compact model yielded more 

conservative estimates of the junction temperature over the simulation time compared to 

the detailed model. 

Electronic package thermal analysis and compact modeling is an increasingly popular 

research area in the fields of electronic packaging, MEMS, and consumer electronics. 

The future works in this area is trying to improve the performance of dynamic CTM for 

the first couple of seconds of the transition time. This may be done by modeling the 

package using transmission lines rather than lumped resistors and capacitors. Another 

suggestion is investigating on the effect of surface allocation to the compact model 

nodes. We would also like to perform more evaluation on the proposed static and 

dynamic compact thermal models by comparing their results to experimental results and 

improve their efficiency. 
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Apendix 1 

NID and A WE methods of Dynamic Compact Thermal 

Modeling 

A.1 Network Identification by Deconvolution (NID) 

NID is a method of synthesizing RC network from its time constant distribution 

function. Figure A.I.I shows a single time constant RC network stimulated by a step 

function current source. 

Figure AI.I: Single time constant system. 

Transient response of this system is: 

a(t) = R(1- exp( - tiT )) (AI) 

where R, C, u(t), and a(t) model thermal conduction resistance, thermal capacity, heat 

injected to thermal point, and temperature of node, respectively. 

For a system with multiple time constants transient response is: 

a(t) = LR/l-exp( -tlTi )) (A2) 

and transient response of distributed system such as a package to u(t) is: 

aCt) = !R(T)(l- exp(- tIT))dr (A3) 

Now introducing new variables: 

z = In t and ( = In t' (A.4) 
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Equation (A.3) will be changed to: 

a(z) = Q(()(l- exp[- exp(z - ()])d( (A.S) 

After differentiating equation (A.S) with respect to z: 

!£a(z) = fR(()exp(z - ()exp[- exp(z - ()]d( 
dz 1-1~ 

(A.6) 

or: 

d 
-a(z) = R(z) ® W(z) 
dz 

(A.7) 

where: 

W(z) = exp[z - exp(z)] (A.8) 

Taking aCt) as the input of process RC model is prepared by the following steps: 

- a(z) is generated using transformations shown by equation (A.4). 

d 
- - a (Z) is calculated. 

dz 

- using equations (A.6) and (A.7), R(z) is calculated. 

- based on number of desired complexity of model R(z) is discretized into n regions 

along z axis. Each region is then modeled by a parallel RC as shown in figure A.l.2. 

R(z) 

RFl RFn 

Figure A.l.2: Foster RC network 
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Average value of R(z) for each regIOn IS the value of resistance and its 

corresponding z will be used for calculating capacitance. 

1 
CFi =-exp(Zi) 

RFi 

(A.9) 

- RC network shown in figure A. 1.2 is a foster network and has no physical meaning. It 

must be converted into Cauer form which represents a model of physical properties and 

shown in figure A. 1.3. 

RCI RC2 U(I)EF RCn 

~ 
I l' 

Figure A.l.3: Cauer RC network 

CCn 

The Foster to Cauer transformation method can be found in most electrical network text 

books such as [41, 42]. 

A detailed discussion of NID may be found in [38]. A good example of NID used for 

CTM extraction can be found in [43]. NID can also be used as a non-destructive 

measuring method to investigate internal structure of a package by its thermal 

characteristics. Examples are [44, 45]. 

A.2 Asymptotic Waveform Evaluation (A WE) 

RC network shown in figure A.1.3 is a Single-Input, Single-Output (SISO) linear, 

time invariant, lumped circuit modeling thermal characteristics of chip. Transfer function 

of a circuit with these characteristics is a rational fraction and can be expressed by partial 

fraction expansion. 

H(s) = ± k[ 
Z=l s -PZ 

which has L poles and L residues. 

Equation (A. 10) has a Maclaurin series expansion [46] as: 

A-3 
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(A.l1) 

where mi is called the th moment. 

An approximate transfer function can be expressed by only the first q partial fractions 

of equation (A. 10): 

or 

" q k 
H(s) = L I 

1=ls - PI 

H(s)=-± kIiPI 

1=1 1- sj PI 

setting equation (A. 12) equal to equation (A.ll): 

kl k2 kq ---"--+ + ... + = -m2 2 2q-1 2q-1 2q-1 q-
PI P2 P q 

(A. 12) 

(A. 13) 

(A. 14) 

which provides us 2q unknowns (q poles and q residues) and 2q-l equations! 

Supplementary equation can be obtained from initial conditions. Transforming equation 

(A. 13) to time domain, impulse response of network is: 

" q P t 
h(t) = - L kZe I (A. 15) 

Z=l 
and 

" 
yet) = h(t) * u(t) (A. 16) 

where u(t) and yet) are input and output signals respectively. Initial condition is: 

(A. 17) 
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or 

(A.18) 

Next step is determining ma , ml , ... , and m2q-2 so equation 4-19 and equation 

(A. IS) can be used to find poles and residues. To find ma ,ml , ... , and m2q-2 state­

space equations of a S1S0 linear system are used: 

X=AX+Bu 

y=CX 
(A.19) 

where X is a n by I state vector, u and yare scalars representing Input and Output, A (nxn 

matrix) and B (nxl vector) determine relationship between the state variables and input, 

and C (lxn vector) determine the relationship between the state variables and output. 

Assuming network was at rest at time zero, Laplace transform of equation (A.19) is: 

and transfer function: 

sX(s) = AX(s) + Bu(s) 

y(s)=CX(s) 

H(s) = y(s) =C(sI-Ar1B 
u(s) 

Equation (A.21) can be expanded in a Maclaurin series: 

(A.2a) 

(A.21) 

(A.22) 

Setting equation (A. II ) and equation (A.22) equal, the moments can be calculated as 

following: 

mo =-CA-1B 

ml =-CA-2B 

m2 =-CA-3B 

--CA-2q+lB m2q-2 -

A-5 

(A.23) 



which are equal to the right side of equation (A. 14). 

Some basic explanation about AWE method is in [39, 47, 48, 49, 50] offer detail 

information and different techniques of solving equations with different cost and 

accuracy. Examples of using AWE method to solve a compact thermal model can be 

found in [51, 52] and many other works. It must be mentioned at the end of this part that 

AWE method is not restricted to RC networks and has also been used vastly for RLC 

circuits. 
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Appendix B 

Dynamic CTM - Case studies 

As mentioned earlier in chapter 5 six other boundary conditions are presented here as 

case studies to provide more information on the trend of data over a range of parameters. 

Boundary conditions 12, 23, 35, 40, 46, and 52 of table 5.3 which are Free convection, 

Forced convection, Heat sink Free convection, Heat sink Forced convection, Cold Plate, 

and Fluid Bath types of boundary condition respectively will be presented in case studies 

4 to 9. The applied boundary conditions are repeated in table B.1. 

Table B.t: Boundary Conditions 

No hTOP hBOT hSIDE hLEADS 

12 15 100 15 20 

23 200 50 200 50 

35 75 50 15 100 

40 150 200 30 200 

46 10 1000 10 10000 

52 500 500 500 500 

For each case study the transient junction temperature obtained from detailed model 

simulation and calculated from compact model, their relative error, and relative errors of 

compact model with respect to the detailed model for outward heat fluxes from TOP!, 

TOP2, LEAD!, LEAD2, SIDE, and BOTTOM of the package are presented. Figure B.! 

shows these locations on the surfaces of the BGA package. 

TOP1 
LEAD2 

TOP2 BOTTOM 
7'l)e" 

0<1/1 
80i 

z xyY <1tiOI) 

XAy 
(a) (b) 

Figure B.l: (a) TOP!, TOP2, and SIDE areas, (b) LEAD!, LEAD2, and BOTTOM areas 

of the BGA package. 
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Note that all heat flux relative errors are below the 10% margm and junction 

temperature relative errors drop below the margin during the first 2 seconds of transient 

time. More explanation about figures B.l.l to B.6.8 has been provided in chapter 5. 

B.l Case study 4 - BC no. 12 - Free convection boundary condition 

Transient Junction Temperature BC no.12 
314,-----,-----_,----~,-----,_----_,----_,------,_----_,----_,----_, 

.. 
:.=.i 308 

E 
~ 
E 
i'!- 306 
c 
o 
'fl 
c 
::I 
..., 304 

302 

--Compact Model 
-'-'-Oetail Model 

300~----~----~~--~~--~~----~----~~--~~----~====~====~ o ~ B ~ ~ a ~ B ~ 6 ~ 

Time (sec.) 

Figure B.1.1: Detailed and Compact model junction temperature for BC no. 12 

Junction Temperature Err. % BC no.12 

~ 
..: 10 
W 

5 

o~~----~~~--~----~~~~~~~~~====~ 
1 1.7 3 4 5 10 100 500 

Time (Sec.) 

Figure B.1.2: Junction temperature relative error for BC no. 12 
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Top1 Heat Flux Err.% Boundary Condition nO.12 

10' 

10° 

Time (Sec.) 

Figure B1.3: Top1 heat flux relative error for Be no. 12 

Top2 Heat Flux Err.'Yo Boundary Condition no.12 

~ ·1 
..: 10 
III 

2 3 45 10 100 500 
Time (Sec.) 

Figure B .1.4: Top2 heat flux relative error for Be no. 12 

Lead1 Heat Flux Err.% Boundary Condition no.12 

3 4 5 10 
Time (Sec.) 

Figure B.1.5: Lead1 heat flux relative error for Be no. 12 
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I 
I 
I 
I' 

"#. 

~ 

Lead2 Heat Flux Err;% Boundary Condition no,12 

10·'!::-;;·:>,,:;;::::·:.!;;::::;/·j'::::::'):::,:·.-I;;;:'::::/·;;;::·:.·.·,t· .. ;:::· .... ::.::: ..... ·:i::.·::;:.::;:;.::::::·:: .... ::::.;:;:'::.'::.,:.:;:.::::::;::::.:::::.::.::::.,:::.:.,::; .. ,,:, ... ::! 

10" 
........... 

2 3 
Time (Sec.) 

Figure B.1.6: Lead2 heat flux relative error for Be no. 12 

Side Heat Flux Err.% Boundary Condition no.12 

10' '~'_''''_~ :::":':."':":~ .. ~_d' ~ 
......... "" ........... , 

10" J;.;.;.=;;;;;;;;;;~==!:=:::=I=::J::.::==:=l=====:::::i:::=L:::::::i::==:::::i:::I:t=====::t=::::±=J 
1 3 4 5 10 100 500 

Time (Sec.) 

Figure B.1.7: Sidewalls heat flux relative error for Be no. 12 

Bottom Heat Flux Err:% Boundary Condition no.12 

Time (Sec.) 

Figure B.1.8: Bottom heat flux relative error for Be no. 12 
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B.2 Case study 5 - BC no. 23 - Forced convection boundary condition 

c: 
o 

Transient Junction Temperature BC no. 23 
312,-----,------,-----,------,-----,------,------,-----,------,-----, 

g 304 
::J , 

~ o 

302 

--Compact Model 
-·_·'Oetail Model 

50 200 250 300 350 400 450 
Time (sec.) 

Figure B.2.l: Detailed and Compact model junction temperature for BC no. 23 

Junction Temperature Err. % BC no. 23 
20.-----.----,---,-.------,-------~--._~--,_~-.~-------.---,--.-, 

..: 10 
W 

Time (Sec.) 

Figure B.2.2: Junction temperature relative error for Be no. 23 
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Top1 Heat Flux Err.% Boundary Condition no. 23 

10' .-.-~-.,. -_._. ___ 'A ................. 

10" '-__ -'._---'_-'--'-___ -'-___ -'--_-'-----'-_'--'---'--'--'-'-___ -'-_--'-_J.....-.1 

1 23.45 10 100 500 

~ . 0 
..: 10 
W 

10' 

Time (Sec.) 

Figure B.2.3: Top! heat flux relative error for Be no. 23 

Top2 Heat Flux Err.% Boundary Condition no. 23 

Time (Sec.) 

Figure B.2.4: Top2 heat flux relative error for Be no. 23 

Lead1 Heat Flux Err.% Boundary Condition no. 23 

Time (Sec.) 

Figure B.2.5: Lead! heat flux relative error for Be no. 23 
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Lead2 Heat Flux Err.% Boundary Condition no.23 

Time (Sec.) 

Figure B.2.6: Lead2 heat flux relative error for Be no. 23 

Side Heat Flux Err.% Boundary Condition no. 23 

100 r------t--I __ .I 

2 3 
Time (Sec.) 

Figure B.2.7: Sidewalls heat flux relative error for Be no. 23 

Bottom Heat Flux Err.% Boundary Condition no.23 

10' 

';!. -1· 

..: 10 
W 

4 5 10 100 50(1 
Time (Sec.) 

Figure B.2.8: Bottom heat flux relative error for Be no. 23 
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B.3 Case study 6 - BC no. 35 - Heat sink and Free convection boundary 

condition 

Tr;msient ,Junction Temperature BC no. 35 
314r-----.------r-----,,-----,------r~--_.------._----,_----_,----_. 

312 

C310 .> .. 
;;& 
f 
~308 

S 
0-
S .. 
I- 306 
l$ 
g 
::I 

"") 304 

302 

3O~L-----~-----+----~L-----2ioo-. ----~25Lo-----J~----L-----~=====4~~====~ 

Time- (sec.) 

Figure B.3.1: Detailed and Compact model junction temperature for BC no. 35 

Junction Temperature Err. % BC no, 35 

5 

Time (Sec.) 

Figure B.3.2: Junction temperature relative error for BC no. 35 
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Top1 Heat Flux Err.% Boundary,Condltion no. 35 

10' 

Figure B.3.3: Topl heat flux relative error for Be no. 35 

Top2 Heat Flux Err,% Boundary Condition no. 35 

'#. 
~ 100 (-, •• "'""'""""""'"""."".-1 

2 "3 4 5 101) 500 
Time (Sec.) 

Figure B.3.4: Top2 heat flux relative error for Be no. 35 

Lead1 Heat Flux Err.%Bounciary Condition no."35 

10' 

2 3 4 5 
Time (Sec:) 

Figure B.3.5: Leadl heat flux relative error for Be no. 35 
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Lead2 Heat Flux Err.% Boundary Condition no. 35 

Time (Sec.) 

Figure B.3.6: Lead2 heat flux relative error for Be no. 35 

Side Heat Flux Err.% Boundary Condition no. 35 

2 4 5 10 100 500 
Time (Sec.) 

Figure B.3.7: Sidewalls heat flux relative error for Be no. 35 

Bottom Heat Flux Err.% Boundary Condition nO.35 

Time (Sec.) 

Figure B.3.8: Bottom heat flux relative error for Be no. 35 
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B.4 Case study 7 - BC no. 40 - Heat sink and Forced convection 

boundary condition. 

Transient Junction Temperature BC no.40 

310 /;~._. _ • .:.. _. _. _ . ...;. _. _. _. _. _. _. - ._._. _. _. _ . ...;._. _. _ . .:.. _. _._ . ...;._._._ . ...c. _. _. _._ 

309// 

l 1 
308 -

"2 
Z 307 .. 
~ .. 
:; 306 
1il 
t 
~ 305 .. 
I-

~ 304 .. 
0 
c: 
::I 
.., 303 

302 

301 

300 
1l 50 100 150 400 450 

Figure B.4.1: Detailed and Compact model junction temperature for BC no. 40 

Junction Temperature Err. % BC no.40 

Time (Sec.) 

Figure B.4.2: Junction temperature relative error for BC no. 40 
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Top1 Heat Flux Err.% Boundary Condition no. 40 

1f. 
..: 
W 

Time (Sec.) 

Figure BA.3: Topl heat flux relative error for Be no. 40 

Top2 Heat Flux Err.% Boundary Condition no. 40 

. ' 
I 
\ 

3 4 5 10 
Time (Sec.) 

Figure BAA: Top2 heat flux relative error for Be no. 40 

Lead1 Heat Flux Err.% Boundary Condition no. 40 

4 5 10 
Time (Sec.) 

Figure BA.5: Leadl heat flux relative error for Be no. 40 
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Lead2 Heat Flux Err.% Boundary Condition no. 40 

10' -.-._. '----' .-. • --_·_·_·+··_ .. _·_·_,·_·_-_:·_--..,·_· .. _· .... ··.;;.·.,.··,...i-·-

1tf 

10 
Time (Sec.) 

Figure B.4.6: Lead2 heat flux relative error for BC no. 40 

Side Heat Flux Err.% Boundary Condition no. 40 

Figure B.4.7: Sidewalls heat flux relative error for BC no. 40 

Sottom Heat Flux Err.% Boundary Condition no. 40 

Time (Se.c.) 

Figure B.4.8: Bottom heat flux relative error for Be no. 40 
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B.S Case study 8 - BC no. 46 - Cold Plate Convection Boundary 

Condition 

Transient Junction Temperature BC no. 46 

:~~~.~.::;;;-;.:;;;:.::~,_,_,' ,_._,-' ..... '-'-''''''"i,-.-,-.->-,-,-.~.:-.-,-.-.:,-,-,-,,,,,,,,..;-.-.-.-. 

,,-C 
301.Uf' : 

.'1 

301.1i if 
!l 
I' 

~ 301.4 i/ 
~ 301.2 /1 .a i' '" . i> 301.0 ~1 ... 
~ ~' 
.. I; 

';;300.8 'j 
,g I 
<> 
c: 
~ 300.6 

306.4 

300.2 .. 

300~----~----~------~----~----~L-----~----~~----~====~====~. o 10 20 35 40 45 50 
Time (sec.) 

Figure B.S.1: Detailed and Compact model junction temperature for BC no. 46 

Junction Temperature Err. % BC no. 46 
20 "r-----------,----.----.---.------------.-----------.------,----.---. 

15 

'_,_.'._ ... _,_'_'~' .. -?-'~'--'-... -:<.-'-,'!'"_'-.,.-.,.-' ..... '_'_"'~"'-'-'--'-"'-"'-'-~-'-"'-"'-'~1"""'-"'~"'-" 

0~L_ __________ L-__ ~ __ -=~~~ __________ _L __________ ~ ______ i-__ ~ __ ~ 

1 1.11 3 4 5 10 20 30 40 50 
Time (Sec.) 

Figure B.S.2: Junction temperature relative error for Be no. 46 
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Top1 Heat Flux Err.% BoundaryCondition no. 46 

Time (Sec.) 

Figure B.5.3: Topl heat flux relative error for Be no. 46 

Top2 HeatFluicEi"r:% Boundary Condition no. 46 

10·' 
.~ F'''~''''''''='''''''''·' 

..: 
Iii 

Time (Sec.) 

Figure B.5.4: Top2 heat flux relative error for Be no. 46 

Lead1 Hilat Flux Err.% Boundary Condition no. 46 

10··1'-----------L----"-3--.L4 --5<-------'------'16------2-"-0---30-'-----4"-0 --'50 

Time (S.ec.) 

Figure B.5.5: Leadl heat flux relative error for Be no. 46 
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Lead2 Heat Flux Err.% Boundary Condition no. 46 

10.1 "--____ --"-___ "-_-'-_-'-_____ "-____ --.l.. ___ "-_-'----' 

1 4 5 10 20 30 40 50 
Time (Sec.) 

Figure B.S.6: Lead2 heat flux relative error for Be no. 46 

Side Heat Flux Err.% Boundary Condition no. 46 

1O~ 

?J!. 
..: 
ali 

10.' 

Time (Sec.) 

Figure B.S.7: Sidewalls heat flux relative error for Be no. 46 

Bottom Heat Flux Err.% Boundary Condition no. 46 

~-.~-.,. ~.-." . . . . . . .. .. 

Time (Sec.) 

Figure B.S.8: Bottom heat flux relative error for Be no. 46 
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B.6 Case study 9 - BC no. 52 - Fluid Bath boundary condition 

Transient JUnction Temperature BC no. 52 
301,....-----.------,---.----.----...-----.----....----.----,-----, 

. !ooooO.-,-,-,~ . "'--"'~c::::-:-=::c-:::-:-:::::-:::-:-:==:-c:::-:l .-,-.~.-.-.-.-.-.-.-.-~-.-.-.- . 

.... <. 

. . 
', .............. : ..... . 

"'>-":' ..... . ..... : .............. .: .. . 

301 

3000~--~--~10~--~,5~--~--~~~.---3~O---3L5--~4~O======4~5====~~ 
Time (sle.) 

Figure B.6.1: Detailed and Compact model junction temperature for BC no. 52 

Juncti!)n Temperature-Err. % BCno.62 
20r---.---------r-.--..,--~------_r--------_r---~-~-_. 

15 ... , ...................... " ........ -. .... , .................... -. ..................... . 

5 c ••••••••••••••••• , ............... " ••••••••••••••••••••••••••••••••••••••••••• 

"'./~ O,~-1~;3~----~L-~3-~~4~~5~----~IQ~----~20~--~3~O--4=0--=50 

T,iJile (Sec.) 

Figure B.6.2: Junction temperature relative error for BC no. 52 
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Top1 Heat Flux Err.% Boundary Condition no. 52 

lifL---------~------L_ __ _L __ J_ __________ ~ ________ ~~----~---L--~ 
1 3 10 20 30 40 50 

Time (Sec.) 

Figure B.6.3: Top! heat flux relative error for Be no. 52 

Top2 Heat Flux Err.% Boundary Condition no. 52 

Time (Sec.) 

Figure B.6.4: Top2 heat flux relative error for Be no. 52 

Lead1 Heat Flux Err.% Boundary Condition no. 52 

10 20 30 40 50 
Time (Sec.) 

Figure B.6.5: Lead! heat flux relative error for Be no. 52 
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Lead2 Heat Flux Err.% .Boundary Condition no. 52 

10' 1-." ........ "".".".,."':,,.,.,,:'.""" +'''"······"''"·,,,,,,,,1········,,'''''''''' 1",,,,,,,,,,,/,,,,,,··,·,,,,··,,·,,,,,,,,,,,,,,,,,,,,,·,,, +"":''''' .. :.''.''''''''''''.''''''.'''''.''''''''.''-/-'''.'''-.'''-' ... ' . .'''. j.",.",.".",,,,,,, """"""" 

3 10 30 40 50 
TiME! (Sec.) 

Figure B.6.6: Lead2 heat flux relative error for Be no. 52 

Side Heat Flux E:rr.% Boundary Condition no. 52 

Time (Sec.) 

Figure B.6.7: Sidewalls heat flux relative error for Be no. 52 

Bottom Heat Flux Err.% aoundary Condltlon nO,52 

Time (Sec,) 

Figure B.6.8: Bottom heat flux relative error for Be no. 52 
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