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Abstract 

Stability-Based Motion Planning for a Modular Morphing Wing 

Michael Chi Fung Kwong 

A thesis for the degree of 

Master of Applied Science, 2013 

Department of Aerospace Engineering 

Ryerson University 

 

Aircraft wing geometry morphing is a technology that has seen recent 

interest due to demand for aircraft to improve aerodynamic performance for fuel 

saving. One proposed idea to alter wing geometry is by a modular morphing wing 

designed through a discretization method and constructed using variable geometry 

truss mechanisms (VGTM).  For each morphing maneuver, there are sixteen possible 

actuation paths for each VGTM module, and thus offering a three module morphing 

wing to have a total of 163 permutations of actuation paths for one morphing 

maneuver.  Focused on longitudinal static stability, critical parameters and aircraft 

stability theory, this thesis proposes a method to find an optimal actuation path for 

a designated maneuver iteratively.  A case study of a three module morphing wing 

demonstrated the actuation path selection process.  Numerically, different actuation 

paths had different levels of longitudinal static stability; these paths were drawn in 

CATIA and were visually verified. 
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Chapter 1 

Introduction 

Since the introduction of commercial flight, there has been a strong demand 

for increasing the performance level of airliners to generate more profit.  There are 

several methods to doing so, one being to increase payload, two being to increase 

cost of each airline ticket, and three is to reduce operating costs.  As fuel represents 

a significant portion of the operating costs, commercial airline companies 

emphasize the need for aircraft manufacturers to produce aircraft with reduced fuel 

requirements.  To reduce fuel consumption, much research is geared towards the 

use of lighter materials, or improving efficiency of the engines, or enhancing 

aerodynamic performance of the aircraft.  Recently, enhancing the performance of 

the aircraft by morphing the exterior to mimic bird-like behaviours is being 

researched.   

 

1.1 Biomimicry 

The idea of wing morphing originated from biomimicry of birds once 

technology became feasible of achieving this feat [1].  Prior to the idea of wing 

morphing, all aircraft developments in the past were concerned only with the 



2 
 

optimization of one flight mission.  Of course, the optimization on an aircraft would 

be highly dependent on the time spent by the aircraft in each of the mission 

segments.  Long-ranged aircraft would be designed such that optimizations of the 

cruise portion would have higher precedence, where short-ranged aircraft would 

have precedence in the climb and descent portion.  Ultimately, the disadvantage to 

this optimization approach would be that for every type of flight mission, only one 

aircraft would be optimally designed for it.  This may be acceptable in a civilian 

application as most flight missions are fairly similar, but this is not so for military 

applications.  Depending on the flight mission, different performance parameters 

are required.  For example, a reconnaissance aircraft would need high range and 

endurance whereas a fighter aircraft would need a large flight envelope to perform 

various maneuvers.  In addition, these design optimizations are based on ideal 

environmental parameters which cannot always be satisfied.  The result is that most 

modern day aircraft perform less optimally than their intended theorized designs.  

Less optimal performance is compensated by increased fuel consumptions and in 

turn, increased cost.   

In the figure below, a comparison between the effectiveness of fixed wing and 

morphing wing aircraft for different aircraft regimes is shown.  In nearly every 

parameter of flight, the performance values of the ideal morphing wing are equally 

or better than the ideal fixed wing aircraft.  And thus, the idea to resolve the 

addressed problem is to have an aircraft that can perform optimally under a larger 

scope.   
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Figure 1: Spider plot comparison of fixed-wing and morphing wing in different flight regimes [2] 
 

Morphing aircraft wings have the potential to change geometry according to 

the flight mission as well as the ability to adapt to in-flight environmental conditions.  

The ability to alter wing geometry can heavily influence the aerodynamics of the 

aircraft; thus, performance can be increased greatly in several flight regimes 

[2][3][4]. 

 

1.2 Morphing the Airfoil  

There are two main paths of wing morphing, one on an airfoil level, and one 

on a full-scale wing morphing level.  For the airfoil morphing level, there is research 

that attempts to change parameters such as camber, thickness, chord, or a 

combination of them.  The goal of airfoil morphing is to reduce drag by manipulating 

the viscous effects of the boundary layer over the airfoil. Various teams have 
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attempted to control the boundary layer behaviour to reduce drag.  One research 

team controlled the upper surface of the airfoil to reduce drag of boundary layer 

separation [5] while another team applied piezoelectric actuators to control the 

thickness of the airfoil to reduce drag [6]. 

Airfoil morphing could have a meaningful impact on flight performance 

parameters such as flight velocity.  For velocities nearing a shock wave, Bauer et al. 

(1997) could achieve span differential camber and featured a contour bump in the 

shock area which had effects in shock reduction [7].  Secanell et al. (2006) 

investigated morphing airfoils and discovered that the main difference between 

optimal airfoils is their camber [8].  They found that with minimal actuation and 

maximum performance impact, the camber only need to vary by 7.9% of the chord 

for the typical civilian flight regime of takeoff, cruise, and decent.  However, 

morphing the airfoil will only allow the reduction of drag and the applications of 

such are fairly limited in a larger scope. 

 

1.3 Morphing the Wing 

From a utility standpoint, morphing the entire geometry of the wing will 

likely yield a more fruitful result.  Joshi et al. (2004) showed that morphing the 

geometry of the wing can result in greater performance improvements [9]. 
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Figure 2: Spider plot of a Firebee comparing various flight performance parameters with the Firebee 

having a fixed-wing, morphing airfoil, and morphing wing configurations [9]  
 

Figure 2 above, it can be seen that morphing the geometry of the wing gives a 

much greater improvement over morphing the airfoil.  There are four dimensions of 

wing morphing: sweep, dihedral, span, and twist.  Changing one or any combination 

of these dimensions of the wing will also change other important parameters such 

as wing loading, aspect ratio, and others [10].  Thus, if we take platform to be of an 

airfoil shape, and translate these platforms into different configurations, it can 

enhance aerodynamic performance.  Intuitively, every dimension change will yield 

advantages and disadvantages, and it is imperative that the advantages and 

disadvantages are optimized for certain flight regimes.  Below is a table that briefly 

summarizes the morphing dimensions of the wing and their characteristics. 
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Table 1: Brief explanation of effects of each wing morphing dimension 

Wing Morph 

Dimension 
Effects Advantages Disadvantages 

Sweep 

Drag decrease for higher 

Mach numbers; lower 

structural stresses 

Performing dash 

maneuvers, gives aircraft 

higher speed cruise 

Lowers lift coefficient 

Span 
Changes area and wingspan; 

or aspect ratio, wing loading 

Larger aspect ratio increase 

range and endurance; 

Lower increases 

manoeuvrability 

Large span increases 

wing root stresses 

(deformations) 

Twist 
Changes lift and drag 

moments 
May control roll stability 

Lower wing torsional 

stiffness, too much twist 

may affect aeroelasticity 

Dihedral 
Control lateral stability, 

especially in turning situations 

Increase roll stability, 

reduce sideslip 

Increased stability 

reduces manoeuvrability 

 

Another positive result for morphing wings as opposed to morphing airfoils 

can be seen in the research paper of Heryawan et al. (2005)  They found via their 

own investigation that through a wind tunnel test at a Reynolds number of 300,000, 

the total lift increases more than three times during wingspan expansion from 

aspect ratio 4.7 to 8.5 [11].  The graphs that illustrate this are shown below.  

 

Figure 3: Coefficients of lift and drag versus aspect ratio [11] 
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1.4 Modular Morphing Wing and Scope of Thesis 

The proposed idea of using VGTMs to construct a modular morphing wing 

and to alter wing geometry is to achieve greater performance from an aircraft.  

Current aircraft have rigid frames and are designed specifically for singular types of 

flight missions.  For passenger and commercial aircraft, a critical attribute of an 

aircraft is its ability to reduce cost by consuming less fuel, which leads research in 

the direction of saving weight through the use of lighter materials such as 

composites and magnesium alloys [12].  Instead of addressing the savings of weight, 

morphing wings aim to drastically change the aerodynamics of the aircraft by 

altering the wing geometry tailored for specific aircraft missions and maneuvers 

such that the ideal aerodynamic performance can be obtained.  With wing morphing, 

every bit of change in wing geometry could dramatically affect aerodynamic 

performance.  As a result, detailed analyses must be performed to determine the 

correct movements of the modules.  Correct movements could be defined in several 

ways depending on the desired effect; one could seek the minimal amount of power 

required from the actuators where another could seek for the greatest stiffness of 

the wing during the morph. 

A VGTM is composed of four actuators and four hydraulic locks illustrated in 

the figure below.  The proposed design offers six degrees of freedom and has been 

designed with the intent of maximizing movement to enhance aerodynamic 

performance while considering some structural rigidity.  For the morphing of one 

module, one could design thousands of patterns of actuator movement to produce 

the morphing path.  However, Moosavian et al. suggested limiting the movement 
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types to sixteen different paths [13].  Thus, if a morphing wing consists of three 

adjacent modules, there can be 4096 different paths of movement for one maneuver.  

The designed module by Moosavian et al. is shown in the below figure. 

 

Figure 4: One proposed design of the VGTM module with six degrees of freedom [13] 

 

For this thesis, we are seeking the best actuation path from the perspective of 

longitudinal stability.  To do this, stability concepts are explained and a case study is 

also performed based on the ideas discussed.  The scope of this thesis can be broken 

down into several chapters: 

- Chapter one is the introduction to the thesis, and they provide the reader 

with the overview of this thesis.  It illustrates why morphing wings are 

incredibly efficient compared to other innovations in aerodynamics such as 

morphing airfoils.  The goal of the thesis is explained coupled with 

background information on the project allows readers to foresee the content 

in the remainder of the thesis. 
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- Chapter two is a literature review of previous work performed on morphing 

wings.  There are also descriptions of engineering challenges that must be 

considered into a prototype design of the morphing wing.  The literature 

review also relates current engineering challenges of morphing wing design 

and their relevance to the performance of aircraft stability. 

 

- Chapter three is a concise summary on the VGTM idea for a morphing wing.  

In addition to outlining the idea of modularity, there will be a section on the 

kinematic analyses of the VGTM modules. 

 

- Chapter four begins with the foundation and definitions of stability and 

further expands into theory, which is then applied specifically for the 

modularity of the morphing wing.  A plan to determine the most preferred 

actuation path is also explained.  Further, there are other considerations 

about the morphing wing that are deemed to be outside the scope of this 

thesis, explanations of these assumptions are found near the end of the 

chapter. 

 

- Chapter five is where the computational methods to obtain critical stability 

parameters are developed and applied.  The explanations are condensed to 

the determination of the aerodynamic center of the wing and the center of 

gravity.   
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- Chapter six is a case study where methods that were discussed are to be 

applied.  For the case, a three module VGTM morphing wing is deemed as the 

sample.  In addition to theory and methods, a Matlab code was developed to 

apply the procedures and a most preferred actuation path is determined.  

From the results of the case study, the final parameters of the morphing wing 

were able to be modeled in CATIA.  This set of CATIA drawings allow for 

visual verification of the theory. 

 

- Chapter seven is the conclusion of the thesis.  It summarizes the theory 

discussed, and discusses the results of the case study.  It also discusses 

potential future research areas which expand from the theory in this thesis.   
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Chapter 2 

Literature Review 

As research in this field has yet been deeply explored, most research topics in 

this field of aerospace engineering revolve around the design and positivity of the 

morphing wing concept. Several researchers have approached the problem by 

morphing the wing in one dimension, including: variable span wings [4], variable 

twist wings [14], variable sweep wings [15], and variable dihedral wings [16].  Some 

researchers such as Neal et al. [17]  have been able to morph various dimensions of 

the wing, albeit not simultaneously as a combination.  Since so far, combinational 

morphing on aircraft wings of different dimensions is not achievable, there is little 

merit in performing aircraft performance analyses on them. 

 

2.1 Fixed-Wing Aircraft Stability 

In modern aerospace engineering, fixed-wing aircraft stability has been 

covered extensively.  Stability of aircraft in every degree of freedom as well as for 

specific flight missions and flight envelopes has been studied for many decades as 

well.  



12 
 

Current aircraft stability research topics revolve more around specific 

solutions to specific problems.  Such research topics include effects of icing on 

aircraft stability and control [36][37], blended wing body designs [38], or for other 

specific aircraft [39].  For more generic topics on aircraft stability, aircraft control 

will also be discussed.  These topics are generally found within textbooks such as 

from Anderson [40], Nelson [44], and Etkin/Reid [45].   

There are not many publications which discuss morphing wings.  Some of 

those include description of challenges [27] or for specific parts which may 

contribute to the design of a morphing wing, such as a flexible skin for shear forces 

[46].  As a result, of the few papers discussing morphing wings, there are only a 

selective handful of publications that deal with the development of a feasible 

mechanism and actuation sequence.  Most of these publications also focus on one 

dimensional wing morph.  Thus, there is almost no literature on the aircraft stability 

performance based on a morphing wing.  

Therefore, there is great merit to be pioneering basic aircraft stability 

performance analyses on morphing wings.  With the variable modular morphing 

wing described in Chapter 3, this thesis aims to perform longitudinal static stability 

analyses on the modular morphing wing. 

 



13 
 

2.2 Challenges and Further Considerations of Morphing Wings 

After understanding analyses of the effectiveness and benefits of morphing 

wings, what follows are the desire and research to construct a feasible prototype.  

This section is dedicated to the explanation of many challenges that must be 

considered for the construction of the morphing wing. 

2.2.1 Structural Actuation 

To actuate the morphing wing, an intricate system must be designed.  Not 

only does the mechanism have to withstand the repetitive fatigue of morphing the 

wing through orientations, but it also has to provide the structural support and 

rigidity to ensure safety of the aircraft.  Further, the structure of the wing must work 

co-operatively with the aerodynamics; notably the skin of the wing.  Asides from 

aerodynamics, the weight of the actuation system must also be as light as possible in 

order to not hinder the performance of the aircraft.  If the actuating mechanisms 

weigh too much, it will negate the advantages produced by the morphing wing and 

no advantage will be generated.  Furthermore, the actuating mechanism is preferred 

to use as little energy as possible.  As the aircraft will not stay stationary, there is a 

limited amount of power that can be stored and generated on board.   

Lastly, the actuation of the structure must cooperate with the performance of 

aircraft stability as well.  Given a morphing wing in an initial configuration, if 

physical model limitations are removed, there are an infinite number of morphing 

paths that the morphing wing can undergo to reach another configuration.  However, 

there must be a structural system installed, and this system will have physical 
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limitations.  These limitations should aim to promote stability or maneuverability, 

depending on the objective of the aircraft. 

As such, the actuators should also be designed to optimize for the stability of 

the aircraft.  All of these factors contribute to a very difficult challenge to design 

properly.  Listed below are some of the ideas explored by researchers as of late, and 

all the research is mainly geared towards only a functional mechanism. 

Finite Element Analyses 

 

Figure 5: Sample finite element analysis model [18] 

Shown in Figure 5, Inoyama et al. (2007) studied the use of finite elements to 

understand the various forces that the morphing wing needs to withstand.  For this 

model, they assumed it to be in-plane, performing a topology synthesis, which 

yielded the following interesting results [18]. 

From the results shown in Figure 6 below, it can be seen that for loitering 

Figure 6 (a), there needs to be a high strength section at the rear part of the wing 

root.  A mid-strength section is shown in the frame area in high-lift configuration 

Figure 6 (b).  Through this design of truss and frames, climb configuration Figure 6 

(c) shows that even a tapered wing can be made possible when necessary.   
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Figure 6: Topology analysis solutions where (a) loiter, (b) high-lift, (c) climb configurations [18] 
 

 The actuation method proposed above is fairly complex.  As depicted in the 

figure, there are numerous truss, frame, and telescoping actuators.  With this many 

members within the system, there will be very strict limitations imposed on the 

degrees of freedom of the system on the morphing path.  Therefore, by intuition, it 

would be difficult for this system to simulate the ideal morphing path from one 

configuration to another.   

Truss and Tendons 

Generic truss structures are researched due to their effective strength-to-

weight ratio.  This combination makes it ideal for aerospace applications where 

weight savings matter incredibly.  Truss structures are also simple to build and are 

very rigid. 
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Figure 7: Cellular truss structure of a hyperelliptic cambered span [19] 
 

In Figure 7 above, it is a cellular truss internal structure of a hyperelliptic 

wing.  This method of actuation structure is sturdy in the sense that they can 

withstand a great deal of tension and compression [19].  In combination with this 

cellular structure, a few cables will be applied.  To actuate the structure, tension will 

be applied to corresponding cables which will cause the structure to morph.  The 

limitations to this design are the inability to morph the wing in more than one 

dimension.  The application of tendons to actuate different portions of the wing is 

lightweight and simple to apply; however, from Figure 7 above, it can be shown that 

there may be difficulty in actuating in dimensions other than wing twist.  The use of 

cables may put repetitive stresses onto the cables or truss structures.  If pin-joint 

mechanisms are considered, issues such as friction, pin slops and joint bending 

could occur.  Bharti et al. (2007) discovered that, and their subscale design could 

still achieve a 55% span change using a DC motor actuated spooling screw [20].  It 

may be more worth the examining the cellular structure in conjunction with the use 

of linear actuators.  To emphasize, this truss and tendon actuation method may only 

apply to one dimensional morphing, notably only for wing twist.   
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Linear Actuators 

Linear actuators have been one of the most basic and go-to methods of 

actuation choice.  The primary reason for this is the relative availability, cost, and 

simplicity of the mechanism. 

 

Figure 8: Morphing wing structure – scissor mechanism [21] 

Due to weight restraints, it is more likely that mechanical and pneumatic 

actuators will be preferred over hydraulic actuators.  Andersen et al. (2007) 

designed a feasible morphing wing structure with the aid of linear actuators.  In 

Figure 8, the task of the actuators is to extend the wing outwards or to pull it 

inwards [21].  Optimization of the locations of the actuators can increase system 

efficiency while providing flexibility and resistance to external loads [22].  The 

advantage to the scissor mechanism is that the transitions from one orientation to 

another will be a fairly smooth motion to disturb aerodynamics as little as possible, 

but the disadvantage is that the range of morphing is fairly limited.  However, if the 

actuators were dedicated to span-wise morphing, the wing’s lift to drag ratios can 
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increase by up to 25% [23].  Within a robust structure, linear actuators are one of 

the best actuation methods available. 

Shape Memory Alloys (SMA)/Shape Memory Polymers (SMP) 

One of the most exciting and 

cutting-edge technologies to be applied 

to morphing wings is the use of shape 

memory materials.  Shape memory 

alloys offer super elastic and shape 

memory properties along with a 

capacity to transmit large loads.  This 

combination of properties makes them 

ideal for applications that require high actuation forces and large strains [24].  

 Jacob et al. (2005) used SMA wires on the bottom surface of the wing.  This 

allowed downward bending of the trailing edge once the SMA actuator heated up, 

resulting in control over wing twisting [25].  The rib of the wing is shown in Figure 9 

above, where there are three actuation hinges.  The hinges offer elastic properties to 

provide structural rigidity during and after the morphing procedure.  Upon 

actuation, the wires will contract, allowing the bottom-side to rotate relative to the 

hinges, and moves the plates downward, forming the twist [26].  One downside to 

this method of actuation is that it can only change the geometry that does not affect 

the overall area.  It cannot affect the size of the geometry, but it can only change the 

orientation of the shape, and as such, cannot perform span-wise actuation.  However, 

Figure 9: Chord-wise bending through heating of 
SMA wires. (a) unmorphed and (b) morphed [25] 
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it can likely affect the wing twist, sweep, and dihedral, as those morphing 

dimensions do not require a morph of planform area [27].  

Shape memory polymers have already seen use in the industry despite it 

being a relatively new technology.  In 2006, The Boeing Company has adapted the 

use of shape memory polymers on the serrated aerodynamic devices located on the 

trailing edge of the engine nacelles, also known as chrevons [28].  By doing so, they 

have introduced morphing aerostructures which meld seamlessly onto existing 

aircraft in order to solve an engineering challenge.   

At this time, the only publications which discuss the performance analysis of 

an external morphing part of an aircraft revolve around Boeing’s variable geometry 

chevrons [29][30].  Due to the use of that technology, it also proves that there is a 

demand for technological improvements within the field of aerospace, and that the 

industry leaders are willing to apply new technologies.  However, in order to safely 

apply these technologies with confidence, performance studies of these parts 

require extensive study.  As such, due to such few numbers of publications in 

technology of morphing aircraft parts, there is great merit to produce publications 

which analyze the performance of these parts to pioneer improvement in a new 

technology.   

2.2.2 Skin Structure 

The skin of the morphing wing must satisfy a large number of criteria to be 

successful.  One of the materials examined by Murray et al. (2007) known as flexible 

matrix composites (FMC) has been one of the earlier attempts at constructing this 
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skin system.  They used the FMC for one-dimensional wing morphing applications 

such as span, camber, and chord changes.  Due to the nature of composites, the 

stiffness modulus of the fibres is much higher than that of the matrix.  Thus, if the 

matrix dominated direction is aligned with the actuation direction, there needs to be 

little power in actuation, where the out-of-plane actuation direction will be 

provided with stiff structural support [31].  As shown in the figure below, it is more 

ideal to align the matrix dominated direction with the actuation direction. 

 

 

 

The skin of the morphing wing must have a high flexural stiffness.  One 

reason is to prevent skin sections between supports to undergo local deformations 

in bending due to aerodynamic pressure.  If this occurs, the skin could warp 

undesirably, and may even inhibit further morphing of the wing.  Secondly, it is to 

prevent buckling in the skin sections between supports [32].   

Other materials considered include rubber materials and smart materials 

such as shape memory polymers.  Metals and high stiffness or low strain polymer 

membranes are not suitable candidates for skins due to the need for flexibility and 

tolerances for high strains [33]. 

Figure 10: Schematic for ideal FMC fibre orientation for span morph and chord/camber morphing [31] 
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On a micro scale, membranes elements for a latex skin were used along with 

carbon fibre laminates to create the morphing wing.  The morphing portion of the 

wing will be consisted of just one membrane with an actuation wire to modify wing 

twist during flight [34].  After applying a finite element mesh, the wing of the micro 

aircraft appears as in the below figure. 

 

 

 

 

 

 

Figure 11: Finite element mesh of the wing of the micro aircraft [34] 
 

The objective of this micro air vehicle is to demonstrate the effect of wing 

twist morphing as a form of control surface.  The actuation method is very simple, as 

only a rod controlling the membrane to push upwards or downwards.  The results 

show that morphing the wing of the aircraft for twist does simulate an aileron.  

Albeit not as effective, but the theory and practical building techniques are present.  

Below in Figure 12 are a series of finite element results that demonstrate 

how effective the wing twist morphing was on flying performance after wing 

morphing.  The top figure is optimized for best roll rate and the bottom figure is 

optimized for a high lift-over-drag (L/D) ratio. 
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Figure 12: Displacement (in inches) of the wing optimized for roll rate (top), for L/D (bottom) [34] 

 

Through testing on a micro scale, it demonstrates the possibility of 

performance enhancements of the addition of morphing wings compared to current 

fixed-wing aircraft.  Further practical testing is required, along with numerous 

hours of wind-tunnel testing to ensure that morphing wings are fully understood in 

performance. 

A relevant paper which combines the contribution to the development of the 

skin structure for the purpose of a morphing wing is best demonstrated by Bubert, 

in a thesis presented to the University of Maryland [35].  Bubert was able to design a 

functional structure for the skin through two technologies, optimized for span 

morphing, as well as perform performance testing on both skins through applying 

uniaxial force.  This thesis demonstrates the effort to propose, design, fabricate and 

test an integral piece towards functional morphing technologies.   

The construction of the skin is extremely important to aircraft stability.  This 

is because the skin is the part of the morphing wing which will be in direct contact 
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with the aerodynamic forces.  As a result, any non-uniformity in the skin would 

hinder aerodynamic performance.  Should this occur, it is possible that aircraft 

stability could be affected, notably if the aerodynamic forces are distributed 

unequally on the two wings.  In addition, most aircraft performance theories are 

based on an assumption that the aircraft wing has an ideal external surface.   

 

2.2 Physical Engineering Challenges and Stability Performance 

The reviewed literature details various structural challenges and 

considerations of the design of a morphing wing.  Structural considerations of an 

aircraft wing have strong ties with the stability performance of the aircraft.  

Therefore, all of the above topics can relate structural involvement with aircraft 

stability.   

The topics of structural actuation, aeroelasticity, and skin structure will all 

contribute to the alteration of the external geometry of the wing.  Structural 

actuation is the primary system to actuate the wing from one configuration to 

another, and the algorithm for shape morphing will highly influence in-flight 

performance.  Depending on the material, manufacturing, and theory of the skin 

structure, the surface of the skin will affect performance in several ways.  Some 

arguments include an increase in surface friction, higher localized stress 

concentrations in some areas, and other viscous effects. 
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As mentioned in Chapter 2.1 there is very limited of literature on morphing 

wing aircraft stability performance.  This thesis attempts to serve as a base for the 

study by taking into account reasonable assumptions and applying static stability 

theory.   In the near future, it is expected that there will be more contribution which 

discuss theories, evaluation, and performance of morphing parts for aerospace 

applications.  
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Chapter 3 

Fully Variable Modular Morphing Wings 

 

3.1 Idea and Mechanism 

Very recently, methods of design and control of fully variable morphing 

wings have been undergoing development.  As shown in Figure 13 and 14, the idea 

is to discretize the wing into modules and actuating each of these modules to 

produce a final wing geometry [41][42].  Given a desired flight maneuver or regime, 

an optimization for the wing geometry can be performed.  Once that geometry has 

been determined, an estimate of the number of discretized modules and their 

spacing in the morphing wing to produce that geometry can be produced.  This 

discretization is mainly based on the curvature and twist distribution of the solution 

geometry.  

 

 

 

 

 

 Figure 13: VGTMs lined up to form a wing.  Shown here are five modules [41] 
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Built on the principle of under-actuation mechanism, a new design and 

motion control have been researched.  Moosavian et al. [13] have produced a 

morphing module and developed a morphing algorithm for a single module.  For 

each actuation path, there are four poses: initial configuration, first interim pose, 

second interim pose, and final configuration.  To calculate actuation paths, there are 

four isostatic topologies: A, B, C, and D as shown in Figure 15, each constrained in 

different ways to limit movement.  Through permutation of these limiting motions, a 

total of 16 actuation paths are produced, as summarized in Table 2.   

 

 

 

 

 

 

 

 

 

Figure 14: VGTMs after a morphing maneuver [41] 

Figure 15: The four isostatic topologies used for actuation [13] 
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In [13], a method was proposed to determine a final actuation path based on 

minimum energy. In this thesis, we propose a new method to select a final actuation path 

based on maximum stability margin.  

Table 2: 16 Actuation sequences for optimal motion control [13] 

Path Stage 1 Stage 2 Stage 3 

1 A B D 

2 A D B 

3 A D C 

4 A C D 

5 B A C 

6 B C A 

7 B C D 

8 B D C 

9 C A B 

10 C B A 

11 C B D 

12 C D B 

13 D B A 

14 D A B 

15 D A C 

16 D C A 

 

For each morphing maneuver, each module in the morphing wing may 

undergo one of the 16 actuation paths.  Therefore, if there are three modules, there 

can be a potential for 4096 different actuation paths.  Depending on the 

optimization objectives, the ideal actuation path may be different.  Some 

optimization objectives include the minimal use of actuation energy or maximal 

structural stiffness.  Here, the objective is the maximization of aircraft longitudinal 

stability.  
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3.2 Kinematic Actuation 
 

Given the system is composed of one 

base platform, and three additional movable 

platforms, between each platform will be a 

spherical joint attached to a prismatic 

actuator.  Each module is comprised of the 

spherical joint and the prismatic actuator, 

and thus, the system at hand will consist of 

three modules.  For each module, there will 

be four degrees-of-freedom, giving the 

system a total of twelve degrees-of-freedom.  

For convention, the z-axis will be defined in Figure 16 to be the vector 

perpendicular to the base, while x and y-axes will be parallel to the base where the 

y-axes is out of the page, also parallel to the base.  The pose of the system in Figure 

16 will be the initial configuration.  The default length of each actuator (black) is of 

fixed length while it can be assumed the actuator arm can extend an additional 

length (gray).  For the spherical joints, they have a maximum rotation limit in the x 

and y direction.  Rotation along the z-axis can be considered negligible as it would 

provide no physical movement other than to allow for planar rotation of the 

platforms. If we rotate Figure 16, we can obtain a view that resembles more like an 

aircraft wing, shown in Figure 17 below.   

Figure 16: Three module system simplified to 
one prismatic joint and one spherical joint 
per module 
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Taking the furthest platform in Figure 17 to be the base platform and 

considering it to be the wing root, the conclusions in Table 3 can be drawn. 

 

 

 

 

 

 

 

 

  

 

Table 3: Wing morphing dimensions to mobility translation 

Wing Morphing 

Dimension 
Mobility Translation Nomenclature 

Sweep Rotation around y-axis    

Span Extension along z-axis      
Twist Rotation around z-axis    

Dihedral Rotation around x-axis    

 

3.2.1 Position Analysis  

To begin, the limitation of the prismatic actuators is its minimum length 

while retracted and a maximum length which is equal to its actuator stroke length.  

The spherical joints also have their limits of rotations in certain directions.  For 

these theoretical analyses, the importance is in recognizing the existence of 

limitations; the quantitative values of limitations are less significant.  For one 

Figure 17: Trimetric view of the simplified VGTMs, resembling an aircraft wing 
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module, the rotation of the first platform is dependent on the rotation of the one 

spherical joint, and can be obtained with [43], 

  (  )  [
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The first platform position can therefore be obtained by multiplying the joint 

rotation matrix with the one prismatic joint.  For this serial robot, the prismatic joint 

can only extend in the z-axis, resulting in 

         (3.5)  

For the equation above, P is the position of the first platform, R as the 

rotation matrix and b’ to be the transpose of the prismatic joint.  Here, h is the 

default starting position, but since we can assume the robot base point is located at 

the origin, this term is dropped.  For additional modules, each position is calculated 

with a rotation matrix and multiplied by the length of the link.  Thus, for this three 

module morphing wing, the equation to obtain the final tip position will be given as 

[43], 
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               (3.6)  

3.2.2 Velocity Analysis  

Using basic kinematics, the velocity can be obtained by taking the first 

derivative of the position function with respect to time.  Using the equations in 

Chapter 3.2.1, taking the first derivative and simplifying, it can be said that the 

velocity of this serial robot can be obtained by [43], 

         (     )  (     )  (     ) (3.7)  

Where, 
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 ) 

3.2.3 Significance of Kinematic Analyses 

Through the use of the position analyses, one is able to control the robot and 

move it into a desired position.  With the velocity analysis included, the robot is able 

to move into a desired position through a desired actuation path.  Along with these 

characteristics, it is helpful to generate a robot workspace.  The robot workspace is 

compiled volume of space in which the robot is allowed movement.  It can be 

computed point by point and displayed as a rough graph or generated very 

accurately by plotting functions.  Here, the methods above are utilized and points 
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are plotted while MATLAB functions are used to connect the points together to 

generate a full volume 3-D graph.   

The following are three figures that show the workspace of one, two, and 

three modules assumed as a serial robot in this report.  The workspace is generated 

by using nested loop functions with restrictions to first save all the potential points 

that the platforms can reach.  Afterwards, the points are plotted and a function 

called convex hull is used to connect these points to form a rough surface.  As such, 

these workspaces are a rough estimation and not fully developed.  However, these 

workspaces give a general idea of what the module mobility limits are. 
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Figure 18: Module workspace for one module (first platform mobility) 
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Figure 19: Module workspace for two modules (second platform mobility) 
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Figure 20: Module workspace for three modules (tip platform mobility) 
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It can be seen that the workspace enlarges with each module in terms of 

distance and total rotation angle, which is what we would expect.  If we were to 

make the figures transparent in order to compare the additional volume of the 

workspace, we would find the following, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 21: Module workspace volume comparison of two modules 

Figure 22: Module workspace volume comparison of three modules 
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The intersections of the grid are the plotted points obtained from MATLAB 

via the position calculations used in Chapter 3.2.1.  The triangular patterns are 

generated by the convex hull command.  Figure 21 and 22 offer a comparison of the 

additional volume in the robot workspace when an additional module is added.  For 

every module, the workspace increases substantially, and greater range and 

flexibility of motion can be achieved. 

The objective to determining the robot workspace is to understand the limits 

of the robot and its working area.  With this information, the limit of the range of 

motion of the three module morphing wing can be factored in for topics such as 

aircraft performance and control.  In terms of aircraft performance, this workspace 

defines a finite amount of movement for the three module wing and which may limit 

certain aerodynamic considerations.  For controls, this workspace defines the 

boundaries of which the three module wing cannot exceed. 
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Chapter 4 

Longitudinal Stability Analysis 
 

Stability is the tendency of the aircraft to return to its equilibrium position 

after it has been disturbed [44].  The disturbance can be caused by actions within 

the aircraft or by atmospheric disturbances.  Actions within the aircraft could be 

actions of the pilot or shifting of masses such as passengers or cargo while 

atmospheric disturbances include wind gusts and turbulence. In order for the 

aircraft to fly successfully, it must be capable of performing equilibrium flight and 

perform adaptive maneuvers.   

Static stability is non-time dependent, and it is best described as the 

tendency of the aircraft to smoothly return to its equilibrium position after a 

disturbance; i.e. with no oscillation around the stability point.  As static stability is 

not time dependent, upon examining a set of parameters for that instance in time 

will allow for the determination of the tendency.  The following illustration 

demonstrates this idea.  If the ball was disturbed, according to the external factors, 

the snapshot of the ball’s disturbed state can allow a deduction of whether the 

system is stable. 
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The top set of images illustrate that the system is stable, that after a 

disturbance, the system will return to its initial configuration.  The bottom set of 

images illustrates the opposite; that the system will not return to its initial position 

and is thus unstable.  This is the context of stability and it does apply for the case of 

an aircraft.  For an aircraft in flight, there are three dimensions of rotation: roll, 

pitch and yaw.  Roll is the rotation around the longitudinal axis, which runs from the 

tail to the nose of the aircraft. 

 

 

 

 

 

 

 

 

Figure 23: Drawing to illustrate the tendency of stability [44] 

Figure 24: Aircraft principal axes and their dimensions of rotation 
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Figure 24 illustrates the principal axes and the dimensions of rotation for an 

aircraft.  Pitch is the rotation around the lateral axis, which runs from one wingtip to 

the other; while yaw is the rotation around the vertical axis, which runs from the top 

to the bottom of the aircraft.  To achieve the goal of equilibrium flight, control 

surfaces are used to alter aerodynamics around the aircraft to maintain flight to 

mitigate disturbances or to perform maneuvers.  The control of all three dimensions 

is very important; however, the present study is focused on the pitching stability, or, 

the stability in the longitudinal direction. 

During flight, various forces act on the aircraft and displace the aircraft from 

its original position.  If the aircraft is stable, it will have a tendency to return to its 

original position; otherwise, the aircraft is unstable.  For instance, if one looks solely 

at longitudinal static stability, when a downward gust is applied onto the aircraft 

and decreases its angle of attack, the aircraft needs to develop a nose-up pitching 

moment to counteract the gust and rotate back to its trim position.  Similarly, a 

nose-down pitching moment is necessary to counteract upward gust forces.  Thus, 

for an aircraft to have static stability, the pitching moment curve must have a 

negative slope.  Also, to maintain the aircraft at trim position, the aircraft needs to 

pitch upwards with a positive angle of attack [10].  Given this, we have the 

conditions of  
   

  
   and  

   

   
  , where Cm and CL are coefficients of pitching 

moment and lift,  is angle of attack.  Looking only at the wing, the diagram for static 

stability analysis is shown in Figure 25.  From theory, through the assumption of a 

small angle of attack and considering that vertical contributions are negligible; the 
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formula that results to the wing satisfying the condition for static stability is as 

follows, 

 

 

 

 

Figure 25: Free body diagram of wing contribution to aircraft pitching 

 

    
      

 (    
 

   

   
  ) (

   

 ̅
 

   

 ̅
) (4.1)  

Where the subscripts ac refer to the aerodynamic center, cg is the center of 

gravity, and w is the wing.  As for coefficients, Cm is the coefficient of moment, CLo is 

the coefficient of lift at zero angle of attack,  ̅ is the mean chord, α is the angle of 

attack, xcg is distance between leading edge and center of gravity, and xac is distance 

between leading edge and aerodynamic center. 

 

4.1 Criteria for Static Longitudinal Stability  

For a conventional aircraft with a horizontal stabilizer, the governing 

expression for its longitudinal static stability is given as, 

    

  
   

(4.2)  

Equation (4.2) states that the change in coefficient of pitching moment for 

each change in angle of attack must be negative.  This is to ensure that the aircraft 
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will rotate back to equilibrium position after any small disturbance.  In the context 

of longitudinal static stability, the instance that the angle of attack is changed due to 

a disturbance, the aircraft requires its coefficient of pitching moment to return the 

aircraft back to equilibrium position.  In order to achieve this criterion, we can look 

at the full equation [10],  
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 ̅
)  

   

   
    

   

   
(  

  

  
) (4.3)  

Where the subscripts f is the fuselage and t is the tail.  Other coefficients include: η is 

the tail efficiency, VH being the horizontal tail volume ratio, α is angle of attack and ε 

is the downwash angle.  From Equation (4.3), there are three terms on the right side 

to manipulate to obtain our desired criterion.  The first term is related to the main 

wing, the second term is related to the coefficient of moment and the angle of attack 

of the fuselage while the last term is regarding the horizontal stabilizer.  Thus, one 

can see that to obtain the criterion, the two most evident methods are to increase 

the distance between the center of gravity and aerodynamic center with the 

aerodynamic center behind the center of gravity and to increase performance of the 

horizontal stabilizer.  For this thesis, we are most interested on effects of stability in 

relation to the modular wing itself, thus, treating the fuselage and horizontal 

stabilizer contributions as constants, equation can be slightly rewritten to be, 
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The last piece of information required is the location of the neutral point.  

The neutral point is defined as the “aerodynamic center of the entire aircraft”.  To 

obtain this position, we can set 
   

  
  to zero and reducing, 

    

  
 

   

  
(       ) 

(4.5)  

From this equation, a new parameter can be derived, known as the static margin, 

            (4.6)  

The static margin allows us to predict whether a wing morph will make the 

aircraft more or less stable.  However, depending on the flight mission and the 

objective of the aircraft, stability may not be a goal.  Assuming the aircraft is in 

equilibrium prior to a wing morph procedure, if the static margin increases during 

and after the wing morphing, the aircraft is more statically stable than prior to wing 

morphing.  Performance-wise, instead of focusing on whether the aircraft is stable 

or unstable, it is more beneficial to seek the least change in the static margin due to 

morphing.   

It can be assumed that the neutral point is equal to the aerodynamic center of 

the center chord.  Given the above theory, the analysis for static stability will be 

based on the change in static margin during and after a wing morph maneuver.   
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4.2 Static Margin 

In order to obtain the change in the static margin, we need to find the change 

in the location of the center of gravity and the aerodynamic center of the aircraft.  To 

do this, we need to further assume that the wings are tapered, and that external 

parameters such as planform area and length of each module are known.  From 

Figure 26, the location of center of gravity is drawn whereas the aerodynamic center 

is not drawn due to its dependency on the airfoil shape. However, both of these 

points lie on the same chord, known as the mean aerodynamic chord.  If the wing 

was to be simply represented as a rectangular wing with a constant chord, the mean 

aerodynamic chord would be that average chord.  Therefore, the mean aerodynamic 

chord is important in its length as well as its location.   

 

Figure 26: Visual representation of CG and mean aerodynamic chord distance 
in the wingspan direction 

 
 

4.3 Motion Planning 

With a three module morphing wing, there will be a total of 163, or 4096, 

number of possible actuation paths.  In order to determine the best possible 
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actuation path from longitudinal stability point of view, the series of criteria will be 

applied on to every actuation path.  The desire is to obtain the change in static 

margin for every configuration and to compare them.  Building on the theory of 

static margin for longitudinal stability, the difference and change in static margin 

will be the basis of the selection criteria. 

From the initial configuration to the final configuration, recall that there are 

two interim poses in between, making every actuation process a sequence of three 

smaller movements.  For the initial position, the static margin is calculated.  Then for 

the first interim pose, the static margin is also calculated, and the difference is 

obtained.  Until the morphing wing reaches the final configuration, the static margin 

is calculated at every interim pose and the difference in static margin is calculated.  

Afterwards, these differences are averaged out to determine an average change in 

the static margin for the one actuation path.  Due to the large number of actuation 

paths, there will be several configurations that yield the same locations of 

aerodynamic centers and center of gravities.  This means that the average static 

margin will be very similar or even identical among several actuation paths.  To 

further refine the results, we introduce standard deviation such that to determine 

which actuation paths have the least amount of displacement change.   

  
√(    

       
)
 

 (    
       

)
 

 (    
       

)
 

 
 

(4.7)  

Here, for the standard deviation,     
 is the difference in static margin 

between the first interim pose and the initial configuration.  Similarly,     
 is the 
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difference in static margin between the second and first interim poses and       
 is 

the average difference in static margins for the all three stages of movement. 

Usually, a lower difference between the static margins for each wing morph, 

the greater the stability for the maneuver.  However, this is dependent on other 

external factors such as: tail forces, desired performance, and build of the aircraft.    

 

4.4 Additional Considerations 

In addition to the theory described above, due to the nature of the morphing 

wing, there are several factors that have been considered.  Whether or not the topics 

are discussed and analyzed depend on the depth of the topic and scope of its 

considerations.   

The change in lift force is one major consideration in aircraft stability.  For 

each morphing maneuver, the aerodynamic characteristics around the wing will 

change and compensating calculations will have to be applied for accurate results.  

Depending on complexity and accuracy of results, one could apply thorough 

analyses such as the lift distribution for each element of each module.  In the scope 

of this thesis, basic approximate compensation techniques will be used.   

For instance, the general idea of span elongation will increase the surface 

area of the wing and increase overall lift as a result.  The obvious consideration for 

span would be the increase in skin friction.  However, since this thesis does not take 
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into account the properties of the skin, these considerations are outside the scope of 

this thesis. 

Regarding the change of dihedral or cant, this thesis assumes that the lift 

force is undisturbed. However, in reality, the change in dihedral would affect the 

stability of the aircraft in several ways.  One effect is that the lift force is reduced.  

When dihedral is introduced, the lift force is directed slightly towards the fuselage 

of the aircraft (or away from the fuselage in negative dihedral), meaning the 

supposed lift force used in longitudinal stability calculations should be multiplied by 

the cosine of the dihedral angle.  Furthermore, the introduction of dihedral also 

introduces distance in the z-direction between the x-directional wing axis and tail 

axis.  The significance is that the drag forces of the wing and tail will now generate a 

moment around the center of gravity of the aircraft and thus affecting longitudinal 

stability.  The above effects are not considered in this study. 

Positive wing sweep moves the aerodynamic center and the center of gravity 

further aft of the aircraft.  The dramatic shift of these locations and their effects are 

considered within the calculations in this thesis.  Yet, a less intuitive effect of wing 

sweep is its effect on lift distribution of the wing.  The lift distribution is affected 

because sweep affects the velocity seen at the wing tips.  This results in an increased 

lift generation at the wingtips and reduced lift generation near the wing root. [47]   

When the wing twist maneuver is performed, it changes the angle of attack at 

the module that wing twist is applied.  As the coefficient of lift is an airfoil 

characteristic and changes with the angle of attack, an airfoil must first be chosen.  
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Also, depending on the magnitude of twist, it is possible that this maneuver shifts 

the aerodynamic center or center of gravity slightly fore or aft along the aircraft.  

For this thesis, neither of the above is considered because the airfoil is arbitrary 

with an aerodynamic center at quarter-chord point and thus no dependable 

analyses can be performed. 

Further, the exact weight distribution in each module was not taken into 

account.  Taking into account weight fluctuations of the actuator while it is retracted 

and extended, brackets, nuts and bolts would be too onerous and would not produce 

a large contribution to the result of the analyses. 
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Chapter 5 

Computational Methods 
 

The methods used in this thesis to obtain the aerodynamic center and center 

of gravity are based on the theory of the discretized modular wing as shown below.  

 

5.1 Aerodynamic Center 

For a regular half-wing with a constant airfoil shape along with knowledge of 

the airfoil characteristics, the equation to obtain the aerodynamic center in the 

longitudinal (x-direction) is given by [45] 

 
 ̅  

 

   
∫

   

  

 
 

 

( )   ( )   ( )     
(5.1)  

Thus, if each module of the morphing wing uses the same airfoil shape, for a 

three module wing we can change the above integral into three piecewise integrals.  
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(5.2)  

Where 
   

  
 is the lift curve slope for the local module,  ( ) is the chord length at each 

location y, and  ( ) is the distance between the aerodynamic center of local chord y 

and the wing apex.  Here, the wing apex is the leading edge of the wing root.  S is the 

planform area of the entire half-wing, and CL is the coefficient of lift for the whole 

half-wing.  To obtain the overall CL, using basic principles and manipulating, we 

obtain   

    
   

      
      

  

        
 (5.3)  

However, this equation requires the knowledge of airfoil characteristics, 
   

  
, 

which is determined based on the performance of the selected airfoil.  Depending on 

the airfoil (such as symmetrical airfoil, supercritical airfoil, and so forth), the value 

of 
   

  
 will be different.  Recall that it can be assumed that the aerodynamic center 

lies on the same plane as the mean aerodynamic chord and that the aerodynamic 

center is approximately 25% chord length behind the leading edge.  Given this, we 

can solve for the mean aerodynamic chord and then apply basic trigonometry to 

obtain the mean aerodynamic center.  By definition, the mean aerodynamic chord 

for a half-wing is given by, 
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 (5.4)  

However, through the use of the  ̅ equation above, we can simply use the 

average distance from a reference point, the wing apex, to the local aerodynamic 

center at every chord element.  This will simplify the way to solve for the mean 

aerodynamic chord.  Since each module resembles a tapered wing, to use the 

equation above, the chord length at each y-coordinate is solved by, 

   ( )  
    

(    )  
(  

(    ) 

  
) (5.5)  

Where λm is taper ratio of the module, Sm is the surface area of the module and bm is 

the span of the module.  After solving for the mean aerodynamic chord of each 

module, one must be sure that the x-directional distance is made with a common 

reference point.  A helpful reference point is the wing apex.  With given sweep 

angles, the distance between the wing apex and the leading edge of the mean 

aerodynamic chord can be found, and the x location of the mean aerodynamic center 

of the module will also be found.   

If we want to determine the x location of the aerodynamic center through the 

use of the aerodynamic chord, in order to find the mean aerodynamic chord for each 

module, we also treat each module as a wing.  To determine the mean aerodynamic 

chord for a tapered wing as a geometry, for module 1,  

      
 

 
   

(
       

 

    
) (5.6)  



50 
 

Next, we determine the location of the mean aerodynamic chord in the y-

direction for each module.  For module 1, the formula is as,  

 

 

 

 

 

 

 

 

 

 

 

 

Since we are dealing with the aerodynamic center for the entire wing, a 

common x location must be set as a reference point.  Again, we set the wing apex.  

The x-direction distance of each aerodynamic center in modules is measured to be 

the wing apex, as shown in Figure 27.  Assuming that the aerodynamic center lies at 

quarter chord of the airfoil, again for the first module,  

  ̅  
    

 
  ̅       (5.8)  

  ̅     (
     

 (    )
) (5.7)  

Figure 27: Representation of aerodynamic centers to a reference wing apex line and the 
mean aerodynamic center chord 
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Where θ is the sweep angle of the module.  After the x-direction of the aerodynamic 

center is solved for each module, we can apply weighted average to determine the 

overall location of the mean aerodynamic center.  Each module will produce a 

moment equal to its lift multiplied by the x-directional distance from its 

aerodynamic center to the wing apex.  Assuming that the airfoil shape remains 

constant and that all the modules are in a uniform configuration, the lift of each 

module is proportional to its planform area, the x-direction of the mean 

aerodynamic center of the three module model is given by, 

  ̅  
        

         
         

      
       

       

 (5.9)  

 

5.2 Center of Gravity 

When determining the center of gravity for the morphing wing, we seek the 

center of gravity of each module.  Afterwards, a weighted average can be applied to 

determine the average location of the center of gravity for all the modules.  Given a 

tapered wing, taking the assumption that the mass axis of each module is at 40% 

chord from the leading edge, and that the mass distribution along the span is 

proportional to the airfoil size, for each module, we have the figure as shown in 

Figure 28. 
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It is assumed that the mass distribution in the y-direction is proportional to 

the airfoil size. The equation to solve for the chord length at any location along a 

tapered wing is given by, 
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) (5.10)  

Where Sw is the planform area, b is the span distance and λ is the taper ratio.  The 

center of mass along the y-axis can be obtained by adding the mass of every element 

dy and dividing it by the mass of the entire module. 
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Added in the ρ for material density and substituting chord lengths into the center of 

mass equation, 

Figure 28: Geometric measurements of one module 
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After performing integration and simplifying, we obtain, 
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The equation requires the value of total mass of the module, which can be found by, 
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Substituting the variation c(y), 
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And after simplification we have, 
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Finally, substituting equation (5.16) into equation (5.13) and simplifying, the center 

of mass can be expressed as, 

            
 (   )(  

         
 )    (     )

 (   )(     )    
 (5.17)  

Since we are only concerned with where the center of gravity is per module, y1 can 

always be set zero, and y2 is the span of the module.  Once the center of gravity along 

the y-axis is determined, we have to find its location in the x-axis.  Since the mass 

axis is located at 40% of the chord length from the leading edge, we locate the x-

directional value of the center of gravity with respect to a fixed reference point.  
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Similar to the aerodynamic center, we use the leading edge wing apex as the 

reference point, as such, applying basic geometry, we have, 

    (   )
   

(   ) 
(  
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)          (5.18)  

The first term is the distance between the center of gravity and the leading edge, 

along the same chord.  The second term is the x-directional distance between the 

wing apex and the leading edge of the chord of which the center of gravity lies on.  

The third term is when the module has a sweep angle of θ.  It should be mentioned 

that equation (5.19) only applies for one module.  From geometry, additional terms 

would have to be considered for the second and third module, so forth.  Finally, to 

determine the center of gravity in the x-direction, weighted averages can be applied,  
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(5.19)  

Where n is the total number of modules in the morphing wing system. 
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Chapter 6 

Theory Application: A Case Study 
 

6.1 The Case 

 
For the case, the contributions of the horizontal stabilizer are considered, but 

are considered as constant, fixed in location, and lie on a common chordline along 

with the aerodynamic center and center of gravity of the main wing.  Given that the 

wing has an arbitrarily cambered airfoil that maintains constant in shape from wing 

root to wing tip, the only change in the airfoil will be its size.  For the airfoil, other 

assumptions include the aerodynamic center being located at quarter-chord point 

and the center of gravity located at 40% chord distance from the leading edge.  With 

the wing center of gravity aft of the aerodynamic center and contributions from the 

horizontal stabilizer, the aircraft at its initial position is considered to be statically 

stable.   
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In Figure 29, AA represents aerodynamic axis while MA is the mass axis.  The 

taper ratio is 0.25 and there is a sweep angle of 10˚.  The nomenclature for axes will 

be kept consistent with the rest of the thesis.  To further simplify the problem, the 

elastic axis will be coincident with the mass axis. 

From the initial position, the goal is morph into a configuration of an overall 

addition of 30˚ sweep, 15˚ twist, 60˚ dihedral and increase of 0.1 m in span.  For 

sweep and dihedral angles, the transformations will add to the default dimensions 

of the modules.  For the examination of longitudinal stability, the most important 

parameters are twist and sweep.  The large dihedral has little effect on longitudinal 

stability and is emphasized for visual verification, shown in Section 6.4. 

 

Figure 29: Top view for the dimensions of the three module wing in initial position 
used in the case study 
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6.2 Solution Methodology 

In the model, there are three modules, with each module having a total of 16 

different actuation paths resulting in a total of 4096 unique paths from initial 

configuration to the final configuration.  Discussed earlier in Chapter 4.3, the 

strategy is to determine the best actuation path through a set series of criterion.  

Depending on the desired parameters of performance, different sets of criterion can 

be applied.  However, the entire criterion will be based on the theory of static 

margin. 

For this case, the desired performance is greatest longitudinal stability for 

the aircraft.  Therefore, the maximization of the static margin with the minimization 

of standard deviation is desired.  This set of criterion sets the wing morph to select 

the morphing path with the least change in static margin while minimizing overall 

displacement.  The maximization of static margin is the actuation path that allows 

for greatest longitudinal stability from the initial configuration to the final 

configuration while the minimization of standard deviation represents the least 

overall displacement during the wing morph maneuver.  Without the minimization 

of standard deviation, due to the quantity of possible actuation paths, there may be 

several permutations of actuation paths that offer similar maximized longitudinal 

stability performance. 
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6.3 Interpretation of Results 

The result of this case study is generated by an implemented code within the 

MATLAB software.  Tables 4 and 5 below summarize the results of the three most 

longitudinally stable as well as the results of the three least.   

Each table on the left defines the module path.  The module paths are 

numbered one through sixteen to represent the sixteen possible motions.  As each 

module can perform these motions, each module’s path is labeled.  For a given 

module path, Pose 1 and Pose 2 parameters change, but the initial and final poses do 

not change.  For Pose 1 and Pose 2 for each module path, the aerodynamic center, 

center of gravity, and the static margin are shown. 

Table 4: Pose performance parameters of the three least movement module paths (more stable) 

Least Movement Module Paths Pose Performance Parameters 

Mod 1 Mod 2 Mod 3 

P
o

se
 1

 

P
ar

am
e

te
rs

 

AC 1 CG 1 Margin 1 

13 7 11 29.089 42.633 -13.544 

13 11 7 29.874 43.434 -13.561 

13 7 7 28.747 42.236 -13.489 

Mod 1 Mod 2 Mod 3 

P
o

se
 2

 

P
ar

am
e

te
rs

 

AC 2 CG 2 Margin 2 

13 7 11 28.974 42.556 -13.582 

13 11 7 29.742 43.342 -13.6 

13 7 7 28.641 42.167 -13.526 
 

Table 5: Pose performance parameters of the three most movement module paths (less stable) 

Most Movement Module Paths Pose Performance Parameters 

Mod 1 Mod 2 Mod 3 

P
o

se
 1

 

P
ar

am
e

te
rs

 

AC 1 CG 1 Margin 1 

3 3 3 39.238 54.185 -14.947 

3 3 5 37.437 52.326 -14.889 

4 3 4 39.238 54.185 -14.947 

Mod 1 Mod 2 Mod 3 

P
o

se
 2

 

P
ar

am
e

te
rs

 

AC 2 CG 2 Margin 2 

3 3 3 39.218 54.187 -14.969 

3 3 5 39.172 54.069 -14.897 

4 3 4 37.134 51.941 -14.807 
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Of course, with only the locations of aerodynamic center and center of 

gravity, one can only conclude that certain morphing paths have less change in static 

margin from pose to pose.  It is also possible to determine if the aircraft will be 

stable or unstable at a certain pose.  Since the initial and final configurations are 

given, along with the data in the table above, we can compare the difference in static 

margins and their standard deviations as well.  Doing so will offer a more definitive 

perspective on how some actuation paths have less movement than others.  The 

data is culminated in Table 6 below, 

Table 6: Table of module path results and static margin comparisons 

Least Movement Module Paths Static Margins Comparison 

Mod 1 Mod 2 Mod 3 Difference 1 Difference 2 Difference 3 Avg. Difference Standard Dev. 

13 7 11 -0.1097 -0.0378 -0.1022 -0.083267 0.027962 

13 11 7 -0.1266 -0.0389 -0.0842 -0.083267 0.031015 

13 7 7 -0.0546 -0.0376 -0.1574 -0.083267 0.045827 

Most Movement Module Paths Static Margin Comparison 

Mod 1 Mod 2 Mod 3 Difference 1 Difference 2 Difference 3 Avg. Difference Standard Dev. 

3 3 3 -1.513 -0.0220 1.2857 -0.083267 0.99035 

3 3 5 -1.455 -0.0081 1.2134 -0.083267 0.94459 

4 3 4 -1.513 0.1401 1.1236 -0.083267 0.9423 
 

From Table 6, more data are available for how some morphing paths can 

have less change in their static margins from pose to pose.  Recalling from Chapter 

5.2: the lower the differences between the static margins from pose to pose, likely 

suggests less modular movement per actuation, which results in greater the 

longitudinal stability.  As a result, with that criterion, a morphing path having a large 

static margin difference likely means a large change in wing geometry.  Upon 

examining the columns of “Difference 1” and “Difference 3” between the least 

movement and most movement module paths, by intuition, morphing path 13-7-11 
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is significantly more stable than morphing path 3-3-3.  In an illustrative sense, a 

graph to compare static margins and respective poses is shown below. 

Figure 30: A comparison of static margin and respective morphing paths 

 

From the figure above, the morphing path with least modular movement 

illustrates a smooth and gradual transition between the initial pose and the final 

pose.  The least change graph (solid line) indicates that there is little change in static 

margin from pose to pose, which likely indicate a small amount of motion.  Overall, 

for this actuation path, there are no static margin changes that are larger than 0.11 

cm.  The small amount of motion is likely attributed to small changes in the modules 

designated by the actuation path.  With less motion required by the modules, it is 

unlikely that there drastic changes in the planform shape.  Without large changes in 

the actuation path, a smooth transition from pose to pose can be performed, 

resulting in greater longitudinal static stability compared to the other actuation path.   
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In contrast, the most modular movement morphing path (dotted line) has 

vigorous changes in the figure.  There is a significant increase from initial pose to 

first pose as well as a steep decline from the second pose to the final pose.  From the 

initial pose to the first interim pose is a change in static margin of 1.49 cm.  By 

contrast, at the initial configuration, the static margin is 13.43 cm, so this change in 

static margin is greater than 10% of the initial static margin.  The substantial change 

in static margin also implicate that the aerodynamic center and center of gravity is 

shifting further from each other.  This is because the morphing wing is performing a 

larger maneuver, and through application of theory, this morphing path has lesser 

longitudinal static stability. 

One important result is that regardless of morphing path, the average 

difference remains constant.  The average difference in static margin from 

configuration to configuration dictates the movement between the aerodynamic 

center and the center of gravity.  Because the initial and final configurations are 

constant, regardless of morphing path, they must start and end at those respective 

configurations – meaning that the morphing path is independent to the average 

difference in static margin. 

One other condition that must be applied is that the actuation process for all 

three modules and for each pose begins and ends simultaneously.  If each module 

were to actuate out of sync, there would be additional complications in the 

determination of the aerodynamic center and center of gravity.  Thus, out-of-sync 

actuation paths would likely lead to a plethora of interim poses and time-based 
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results would have to be considered to determine whether the aircraft is 

longitudinally stable during wing morph.  In addition, depending on the severity of 

change in any morphing dimension, these longitudinal static analyses may not be 

fully applicable.  For instance, if sweep was to reach a rather high level, other 

stability analyses in the lateral or yaw direction will have to be utilized. 

It is possible that at any time during a wing morphing procedure that the 

aircraft is in an unstable state.  The analysis takes into account the entire wing 

morph procedure, and analyzes the effectiveness of the actuation path based on the 

stability of the full wing morph.   

 

6.4 Verification of Results 

To visually verify results, CATIA was used to take four snapshots for each 

pose in a morphing path.  Each snapshot is taken at the initial pose, first interim 

pose, second interim pose, and the final pose.  These snapshots are populated into 

Tables 7 and 8 below.  The two morphing paths depicted are the same morphing 

paths in Figure 33, which are the least static margin change and the most static 

margin change to offer the greatest comparison.     

There are four views provided per pose.  They are: isometric view, front view, 

top view, and side view.  Each view is able to provide greater clarity for a different 

morphing dimension.  The front view is to emphasize dihedral changes, where the 
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top view highlights sweep, while side view better shows twist.  The isometric view is 

the generic view that best shows the combination of morphing. 

Table 7: Visual morphing path for least static margin change (more stable path) 

 

From the figures within Table 7, intuitively, this shows a natural transition 

between the initial pose to the final pose.  There appears to be very little excessive 

movement by the modules such that between every pose, and it can be seen that 

there is a natural progression from the initial pose towards the final pose.  This 

natural progression can be applied to every dimension of morphing, but is most 

notable in sweep and dihedral. 
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Table 8: Visual morphing path for most static margin change (less stable path) 

 

 From Table 8 above, without comparisons to Table 7, one could understand 

that there are some confusing movements between different poses.  The most 

notable confusion could be seen along the top view row.  At initial configuration, 

sweep in increased substantially in all three modules to reach interim pose one, and 

then returns to a very similar configuration to the initial configuration in pose two.  

Visually, this movement appears to be of excess of a step to reach the final pose.  

These images provide visual verification to the theory discussed in the thesis, 

notably for Chapter 4 and 5.  With four snapshots per pose, the visuals are able to 

provide a comprehensive understanding of what the modular wing appears as in 
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every pose.  As such, with the figures provided, there would be more depth to the 

theory as intuition can be applied to verify the theory.   

As prior stated, the dimension of morph that most impacts the determination 

of static margin is sweep.  As such, arguably the most important set of images would 

be from the top view.   From Table 7, the sweep applied to the morphing wing in 

Pose 1 and Pose 2 is mild, while progressing towards the final pose.  It is between 

Pose 2 and the final pose where a more aggressive increase in span and sweep 

occurs.  Comparing those images with the ones in Table 8, there is an aggressive 

change in various dimensions from pose to pose, especially from Pose 2 to the final 

pose where both dihedral and sweep increase substantially.  Therefore, aligned with 

the theory of longitudinal static stability, this aggressive change in sweep is a strong 

cause which results in the actuation path having more variation in the static margin. 

Upon examining the figures, in addition to considerations of aircraft stability, 

these figures could show additional concern for structural considerations for 

morphing paths.  For a short example, should the morphing path in Table 8 be 

chosen, the critically large difference in both sweep and dihedral could place large 

strains within the joints in the modular system.  For future work on structural 

concerns of the modular morphing wing, these figures may be an effective starting 

point. 
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Chapter 7 

Conclusion and Future Work 

 
This thesis has provided a geometric-based method to determine the static 

longitudinal stability of a morphing wing consisting of variable geometry truss 

modules.  To start, within the literature review, topics reviewed included some 

current aircraft stability theory, but only applicable to fixed non-morphing winged 

aircraft.  It also covered challenges of developing a feasible morphing wing system, 

including the difficulty of actuation, structural concerns, and difficulty in designing a 

skin structure.  Afterwards, the design of the VGTM was explained as well as the 

motion control.  For motion control, robotic mechanism and kinematic actuation 

was briefly explained in the chapter. 

For the development of morphing wings, the methods and analyses 

presented in this thesis could be used to determine, for each phase of the wing 

morph, the aerodynamic center, the center of gravity, and the change in static 

margin.  As there are very few feasible morphing wing system ideas, the amount of 

aircraft stability analyses on morphing wings are extremely scarce.  Therefore, this 

thesis is meant to be a stepping stone to more sophisticated conceptual design and 

geometric feasibility.  To justify the theory presented in the thesis, the methods and 
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results are verified with a case study, complete with data and visual figures, with 

several justified aerodynamic assumptions applied.   

The process of selecting the ideal morphing path based on longitudinal static 

stability can be briefly summarized below, based on a three module morphing wing: 

1) Understand the parameters of the initial pose, such as the aerodynamic 

center, center of gravity and measurements of each module. 

2) Based on desired performance of the aircraft, understand the parameters of 

the final pose. 

3) From the motion control theory, apply the theory and obtain the 4096 

possible morphing path solutions.  In addition to the measurements, calculate 

the aerodynamic center and center of gravity for each possible morphing 

path.  For the case in Chapter 6, this was completed in MATLAB. 

4) From the 4096 solutions, obtain the difference in static margin for each pose.  

Since the initial and final poses will remain constant, arrange the morphing 

paths based on standard deviation.  The lowest standard deviation means the 

least change in static margin, and holds true for vice-versa. 

Building on this thesis, several directions of study could be led.  One is to 

elaborate the stability analysis to time-based, resulting in dynamic analyses or the 

consideration of out-of-sync morphing paths.  Time-based dynamic analyses will 

allow for more realistic assumptions and will be able to take into account various 

other factors such as different maneuvers and external aerodynamic forces (i.e. 

wind gusts).  Similarly, time-based analyses allow for out-of-sync morphing paths, 
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which open the possibilities of roll and yaw control without the use of control 

surfaces.  It is also possible to introduce new criterion into the iterative process to 

check for any configurations that would risk damaging the structure of the 

morphing wing.   

Another direction of study could be to eliminate the iteration process to find 

mathematical relationships in the morphing algorithm.  This could result in a great 

reduction in time required to determine the desired morphing path.  Furthermore, 

studies to improve feasibility of the morphing wing system include the 

consideration of parts and systems that occur within a conventional aircraft wing 

and how they would interact with a modular environment.  Some parts within a 

conventional aircraft wing that would pose a great challenge include the line of 

thrust (should the engine be mounted on the wing), fuel tank, bleed air pipes and 

de-icing systems, to name a few.   

 During the writing of this thesis, the author is aware of other on-going theses 

related to the VGTM modular morphing wing idea.  One of which is the development 

of a functional skin system, and the other is the computational fluid dynamic 

analysis of the morphing wing during a wing morph.  In the near future, a functional 

wind tunnel model could potentially be achieved. 
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Appendix A 

Module Pose Vectors for Case Study 

 The following are the set of dimensions used to create Table 8 and Table 9 in 

CATIA.  They contain the physical dimensions of each module in every pose for both 

morphing paths.  Recalling Figure 24, the dimensions used to draw the figures, and 

used exclusively in this section, are: 

 x = longitudinal axis 

 y = vertical axis 

 z = lateral axis 

 

 

 

 

 

 

 

 

Table 9: Pose Vectors of least change in static margin: module 1 

L
E

A
S

T
 C

H
A

N
G

E
 

MODULE 1 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.50 1.59 3.20 

Ry (in) 0.00 0.92 0.99 2.00 

Rz (in) 11.81 11.49 12.30 13.00 

Rotation X (deg) 0.00 0.62 -20.64 -20.00 

Rotation Y (deg) 0.00 5.59 5.12 10.00 

Rotation Z (deg) 0.00 -1.08 2.12 5.00 

Figure 31: Aircraft axes and rotation; to demonstrate pose vector dimensions 
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Table 10: Pose Vectors of least change in static margin: module 2 

L
E

A
S

T
 C

H
A

N
G

E
 

MODULE 2 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.67 1.67 3.20 

Ry (in) 0.00 1.06 1.06 2.00 

Rz (in) 11.81 13.02 13.02 13.00 

Rotation X (deg) 0.00 -38.34 -38.34 -20.00 

Rotation Y (deg) 0.00 -3.55 -3.55 10.00 

Rotation Z (deg) 0.00 3.23 3.23 5.00 
 

Table 11: Pose Vectors of least change in static margin: module 3 

L
E

A
S

T
 C

H
A

N
G

E
 

MODULE 3 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.58 1.58 3.20 

Ry (in) 0.00 0.98 0.98 2.00 

Rz (in) 11.81 12.24 12.24 13.00 

Rotation X (deg) 0.00 17.48 17.48 -20.00 

Rotation Y (deg) 0.00 0.30 0.30 10.00 

Rotation Z (deg) 0.00 0.93 0.93 5.00 
 

Table 12: Pose Vectors of most change in static margin: module 1 

M
O

S
T

 C
H

A
N

G
E

 MODULE 1 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.79 1.80 3.20 

Ry (in) 0.00 1.14 1.13 2.00 

Rz (in) 11.81 14.14 14.14 13.00 

Rotation X (deg) 0.00 0.40 -0.06 -20.00 

Rotation Y (deg) 0.00 12.98 1.30 10.00 

Rotation Z (deg) 0.00 2.54 6.26 5.00 
 

Table 13: Pose Vectors of most change in static margin: module 2 

M
O

S
T

 C
H

A
N

G
E

 MODULE 2 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.79 1.80 3.20 

Ry (in) 0.00 1.14 1.13 2.00 

Rz (in) 11.81 14.14 14.14 13.00 

Rotation X (deg) 0.00 0.40 -0.06 -20.00 

Rotation Y (deg) 0.00 12.98 1.30 10.00 

Rotation Z (deg) 0.00 2.54 6.26 5.00 
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Table 14: Pose Vectors of most change in static margin: module 3 

M
O

S
T

 C
H

A
N

G
E

 MODULE 3 Initial Pose Pose 1 Pose 2 Final Pose 

Rx (in) 0.00 1.79 1.80 3.20 

Ry (in) 0.00 1.14 1.13 2.00 

Rz (in) 11.81 14.14 14.14 13.00 

Rotation X (deg) 0.00 0.40 -0.06 -20.00 

Rotation Y (deg) 0.00 12.98 1.30 10.00 

Rotation Z (deg) 0.00 2.54 6.26 5.00 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



72 
 

 

Appendix B 

MATLAB Program Code 

% Actual sequence data for Pose_1_0 and Pose_2_0 parameters  

% obtained from another program 

  
clear 
clc 

  
all = 0; 

  
Cr1 = 100; 
Cr2 = 92.5; 
Cr3 = 85;   % Default starting dimensions 
Ct3 = 77.5; 

  
Cl1 = 1.4; 
Cl2 = 1.4;  % Assume CL of each module to be 1.4 
Cl3 = 1.4; 

  
for count1 = 1:16 
    for count2 = 1:16 
        for count3 = 1:16 
            if isempty(Pose_2_0{count1}) == 1 
                Pose_2_0{count1} = [0; 0; 0; 0; 0; 0]; 
            end 
            if isempty(Pose_2_0{count2}) == 1 
                Pose_2_0{count2} = [0; 0; 0; 0; 0; 0]; 
            end 
            if isempty(Pose_2_0{count3}) == 1 
                Pose_2_0{count3} = [0; 0; 0; 0; 0; 0]; 
            end 

             
            %% STABILITY PROGRAM - POSE 1 %% 
            %% Input constants 

             
            y1 = 30 + ((Pose_1_0{count1}(3)-11) * 2.54); 
            y2 = 30 + ((Pose_1_0{count2}(3)-11) * 2.54); 
            y3 = 30 + ((Pose_1_0{count3}(3)-11) * 2.54); 

  
            angle1 = (Pose_1_0{count1}(5) * 180/pi); 
            angle2 = (Pose_1_0{count2}(5) * 180/pi); 
            angle3 = (Pose_1_0{count3}(5) * 180/pi); 

             
            S1 = ((Cr1 + Cr2) / 2) * y1; 
            S2 = ((Cr2 + Cr3) / 2) * y2; 
            S3 = ((Cr3 + Ct3) / 2) * y3; 
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            b = y1 + y2 + y3; 

             
            sum1 = 0; sum2 = 0; sum3 = 0; 
            i = 0; j = 0; k = 0; 

             
            Cltotal = (Cl1*S1 + Cl2*S2 + Cl3*S3)/(S1 + S2 + S3); 
            S = S1 + S2 + S3; 

             
            chord1 = 0; chord2 = 0; chord3 = 0; 

             
            %% Method - Integration 

             
            for i = 1:y1 
                chord1 = ((2 * S1) / ((1 + Cr2/Cr1) * y1)) *  

(1-((1-Cr2/Cr1) * i / y1)); 
                xapex1 = (0.25 * chord1) + (i * tand(angle1)) +  

(i * (((Cr1-Cr2)/2) / y1)); 
                sum1 = sum1 + (Cl1 * chord1 * xapex1); 
            end 

             
            for j = 1:y2 
                chord2 = ((2 * S2) / ((1 + Cr3/Cr2) * y2)) *  

(1-((1-Cr3/Cr2) * j / y2)); 
                xapex2 = (0.25 * chord2) + (j * tand(angle2)) +  

(j * (((Cr2-Cr3)/2) / y2))... 
                    + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)); 
                sum2 = sum2 + (Cl2 * chord2 * xapex2); 
            end 

             
            for k = 1:y3 
                chord3 = ((2 * S3) / ((1 + Ct3/Cr3) * y3)) *  

(1-((1-Ct3/Cr3) * k / y3)); 
                xapex3 = (0.25 * chord3) + (k * tand(angle3))  

+ (k * (((Cr3-Ct3)/2) / y3)) 

+ (y2 * tand(angle2)) + (y2 * (((Cr2-Cr3)/2) / y2)) 

+ (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)); 
                sum3 = sum3 + (Cl3 * chord3 * xapex3); 
            end 

             
            xAC_int_1 = (sum1 + sum2 + sum3) /  

((Cl1*S1)+(Cl2*S2)+(Cl3*S3)); 

             
            %% Center of Gravity (Integration) 

             
            weight1 = (((y1^2-0)/(3*y1))*(Cr2/Cr1-1)/(2*y1)) + y1; 
            weight2 = (((y2^2-0)/(3*y2))*(Cr3/Cr2-1)/(2*y2)) + y2; 
            weight3 = (((y3^2-0)/(3*y3))*(Ct3/Cr3-1)/(2*y3)) + y3; 

             
            yCG1 = ((2*(Cr2/Cr1-1)*(y1^2 + y1*0 + 0^2)) +  

3*y1*(y1+0)) / ((3*(Cr2/Cr1-1)*(y1+0))+(6*y1)); 
            yCG2 = ((2*(Cr3/Cr2-1)*(y2^2 + y2*0 + 0^2)) +  

3*y2*(y2+0)) / ((3*(Cr3/Cr2-1)*(y2+0))+(6*y2)); 
            yCG3 = ((2*(Ct3/Cr3-1)*(y3^2 + y3*0 + 0^2)) +  
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3*y3*(y3+0)) / ((3*(Ct3/Cr3-1)*(y3+0))+(6*y3)); 

             
            xCG1 = (0.4 * ((2 * S1) / ((1 + Cr2/Cr1) * y1)) *  

(1-((1-Cr2/Cr1) * yCG1 / y1))) + (yCG1 * tand(angle1)) 

+ (yCG1 * (((Cr1-Cr2)/2) / y1)); 

             
            xCG2 = (0.4 * ((2 * S2) / ((1 + Cr3/Cr2) * y2)) *  

(1-((1-Cr3/Cr2) * yCG2 / y2))) 

                + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)) 
                + (yCG2 * tand(angle2)) + (yCG2 * (((Cr2-Cr3)/2) / y2)); 

             
            xCG3 = (0.4 * ((2 * S3) / ((1 + Ct3/Cr3) * y3)) *  

(1-((1-Ct3/Cr3) * yCG3 / y3))) 
                + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)) 
                + (y2 * tand(angle2)) + (y2 * (((Cr2-Cr3)/2) / y2)) 
                + (yCG3 * tand(angle3)) + (yCG3 * (((Cr3-Ct3)/2) / y3)); 

             
            xCG_total_1 = ((xCG1 * weight1) + (xCG2 * weight2) +  

(xCG3 * weight3)) / (weight1 + weight2 + weight3); 

             
            %% Static Margin 
            smargin_1 = xAC_int_1 - xCG_total_1; 

             
            %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

             
            %% STABILITY PROGRAM - POSE 2 %% 
            %% Input constants 

             
            y1 = 30 + ((Pose_2_0{count1}(3)-11) * 2.54); 
            y2 = 30 + ((Pose_2_0{count2}(3)-11) * 2.54); 
            y3 = 30 + ((Pose_2_0{count3}(3)-11) * 2.54); 

  
            angle1 = (Pose_2_0{count1}(5) * 180/pi); 
            angle2 = (Pose_2_0{count2}(5) * 180/pi); 
            angle3 = (Pose_2_0{count3}(5) * 180/pi); 

             
            S1 = ((Cr1 + Cr2) / 2) * y1; 
            S2 = ((Cr2 + Cr3) / 2) * y2; 
            S3 = ((Cr3 + Ct3) / 2) * y3; 

             
            b = y1 + y2 + y3; 

             
            sum1 = 0; sum2 = 0; sum3 = 0; 
            i = 0; j = 0; k = 0; 

             
            Cltotal = (Cl1*S1 + Cl2*S2 + Cl3*S3)/(S1 + S2 + S3); 
            S = S1 + S2 + S3; 

             
            chord1 = 0; chord2 = 0; chord3 = 0; 

             
            %% Method - Integration 

             
            for i = 1:y1 
                chord1 = ((2 * S1) / ((1 + Cr2/Cr1) * y1)) *  
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(1-((1-Cr2/Cr1) * i / y1)); 
                xapex1 = (0.25 * chord1) + (i * tand(angle1)) +  

(i * (((Cr1-Cr2)/2) / y1)); 
                sum1 = sum1 + (Cl1 * chord1 * xapex1); 
            end 

             
            for j = 1:y2 
                chord2 = ((2 * S2) / ((1 + Cr3/Cr2) * y2)) *  

(1-((1-Cr3/Cr2) * j / y2)); 
                xapex2 = (0.25 * chord2) + (j * tand(angle2)) +  

(j * (((Cr2-Cr3)/2) / y2)) 
           + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)); 
                sum2 = sum2 + (Cl2 * chord2 * xapex2); 
            end 

             
            for k = 1:y3 
                chord3 = ((2 * S3) / ((1 + Ct3/Cr3) * y3)) *  

(1-((1-Ct3/Cr3) * k / y3)); 
                xapex3 = (0.25 * chord3) + (k * tand(angle3)) +  

(k * (((Cr3-Ct3)/2) / y3)) 
                    + (y2 * tand(angle2)) + (y2 * (((Cr2-Cr3)/2) / y2)) 
                    + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)); 
                sum3 = sum3 + (Cl3 * chord3 * xapex3); 
            end 

             
            xAC_int_2 = (sum1 + sum2 + sum3) /  

((Cl1*S1)+(Cl2*S2)+(Cl3*S3)); 

             
            %% Center of Gravity (Integration) 

             
            weight1 = (((y1^2-0)/(3*y1))*(Cr2/Cr1-1)/(2*y1)) + y1; 
            weight2 = (((y2^2-0)/(3*y2))*(Cr3/Cr2-1)/(2*y2)) + y2; 
            weight3 = (((y3^2-0)/(3*y3))*(Ct3/Cr3-1)/(2*y3)) + y3; 

             
            yCG1 = ((2*(Cr2/Cr1-1)*(y1^2 + y1*0 + 0^2)) +  

3*y1*(y1+0)) / ((3*(Cr2/Cr1-1)*(y1+0))+(6*y1)); 
            yCG2 = ((2*(Cr3/Cr2-1)*(y2^2 + y2*0 + 0^2)) +  

3*y2*(y2+0)) / ((3*(Cr3/Cr2-1)*(y2+0))+(6*y2)); 
            yCG3 = ((2*(Ct3/Cr3-1)*(y3^2 + y3*0 + 0^2)) +  

3*y3*(y3+0)) / ((3*(Ct3/Cr3-1)*(y3+0))+(6*y3)); 

             
            xCG1 = (0.4 * ((2 * S1) / ((1 + Cr2/Cr1) * y1)) *  

(1-((1-Cr2/Cr1) * yCG1 / y1))) 
                + (yCG1 * tand(angle1)) + (yCG1 * (((Cr1-Cr2)/2) / y1)); 

             
            xCG2 = (0.4 * ((2 * S2) / ((1 + Cr3/Cr2) * y2)) *  

(1-((1-Cr3/Cr2) * yCG2 / y2))) 
                + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)) 
                + (yCG2 * tand(angle2)) + (yCG2 * (((Cr2-Cr3)/2) / y2)); 

             
            xCG3 = (0.4 * ((2 * S3) / ((1 + Ct3/Cr3) * y3)) *  

(1-((1-Ct3/Cr3) * yCG3 / y3))) 
                + (y1 * tand(angle1)) + (y1 * (((Cr1-Cr2)/2) / y1)) 
                + (y2 * tand(angle2)) + (y2 * (((Cr2-Cr3)/2) / y2)) 
                + (yCG3 * tand(angle3)) + (yCG3 * (((Cr3-Ct3)/2) / y3)); 
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            xCG_total_2 = ((xCG1 * weight1) + (xCG2 * weight2) +  

(xCG3 * weight3)) / (weight1 + weight2 + weight3); 

             
            %% Static Margin 
            smargin_2 = xAC_int_2 - xCG_total_2; 

             
            %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

             
            all = all + 1 
            prfm{all} = [count1, count2, count3, xAC_int_1, xCG_total_1, 

smargin_1, xAC_int_2, xCG_total_2, smargin_2]; 

             
        end 
    end 
end 

  
filename = 'testdata.xlsx'; 
xlswrite(filename, prfm') 
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