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ABSTRACT

DYNAMIC RESPONSE OF CONCRETE RECTANGULAR LIQUID
TANKS IN THREE-DIMENSIONAL SPACE

Master of Applied Science 2012

Ima Tavakkoli Avval

Civil Engineering

Ryerson University

The effect of three-dimensional geometry on the seismic response of open-top rectangular con-

crete water tanks is investigated. In this study, the fluid-structure interaction is introduced incor-

porating wall flexibility. Numerical studies are done based on finite element simulation of the

tank-liquid system. The ANSYS finite element program is used. The liquid-tank system is mod-

elled assuming both 2D and 3D geometries. Parametric studies are conducted to investigate the

effect of water level, tank plan dimensions and the nature of the ground motion on the dynamic

response. Due to three-dimensional geometry, amplification of the dynamic response in the form

of sloshing height, hydrodynamic pressures and resultant forces is observed. The results show

that, at the corner of the tanks, the interaction of the waves generated in longitudinal and trans-

verse directions initiates greater wave amplitude. Sensitivity of the sloshing response of the tank

to the frequency content of the ground motion is observed.
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Chapter 1

Liquid Containing Structures

1.1 General Overview

Liquid containing structure is one of the critical lifeline structures, which has become very pop-
ular during the recent decades. Liquid containing structures (LCS) are used for sewage treatment
and storage of water, petroleum products, oxygen, nitrogen, high-pressure gas, liquefied natural
gas (LNG), liquefied petroleum gas (LPG), etc. There are many types of such storage tanks de-
pending on the construction material, structure, content, volume and storage condition. Liquid
storage tanks can be constructed by steel or concrete. It should be noted that due to excessive
damages reported on steel tanks, the concrete storage tanks have become profoundly popular.
Concrete tanks have higher initial capital costs than steel ones, but have lower lifetime opera-
tional costs. The economic lifetime of concrete or steel tanks is usually in the range of 40 to 75
years (ALA 2001). Concrete tanks can be constructed as ground supported or pedestal-mounted
structures. In addition, ground-supported liquid-containing structures are classified based on the
following characteristics: general configuration that classifies rectangular, spherical, and cylin-
drical tanks; wall-base joint type, which can be fixed, hinged, or flexible base; and finally, method
of construction in the form of reinforced or pre-stressed concrete tanks.

For the environmental engineering structures such as water reservoirs and sewage treatment tanks,
reinforced concrete (RC) has been used frequently. Concrete tanks are efficient structural systems
since they can be easily formed in different sizes to meet the process requirements. While the
cylindrical shape tanks may be structurally best for the tanks constructions, rectangular tanks are
usually preferred. This is because rectangular tanks are more efficient and easier to be separated

1



into sub-tanks for different process purposes.

Concrete water tanks can provide critical city services. These structures are in demand for the
storage of drinking water, fire suppression, agricultural farming and many other applications.
Water tanks may provide services necessary for the emergency response of a community after an
earthquake. It is worth mentioning that reinforced concrete tanks are designed for functionality
during the normal life cycle; besides, RC tanks should withstand the earthquake loading without
any excessive cracking. Their serviceability performance during and after strong earthquakes
is of crucial concern. The failure of these structures may cause some hazards for the health
of the citizens due to the resulting shortage of water or difficulty in putting out fires during an
earthquake’s golden time. As a result, many studies have concentrated on the seismic behaviour,
analysis, and design of such tanks, particularly the ground supported ones.

In recent earthquakes, on-the-ground concrete rectangular tanks have been seen to be vulnera-
ble structural elements and they have suffered considerable destruction, because their seismic
behaviour has not been appropriately predicted. It should be noted that the seismic design of
liquid storage tanks requires knowledge of fluid-structure interaction, natural frequencies, hydro-
dynamic pressure distribution on the walls, resulting forces and moment as well as the sloshing
of the contained liquid. These parameters have direct effects on the dynamic stability and perfor-
mance of the excited containers. In fact, the dynamic behaviour of water tanks is governed by the
interaction between the fluid and the structure. Under strong ground motion, concrete tank walls
may deform significantly and produce loads which are different from those of a geometrically
identical rigid tank. Structure flexibility plays an important factor that should be addressed in
investigation of tanks behaviour. On the other hand, soil-structure interaction and soil properties
should also be introduced in the analysis process.

The effect of fluid interaction on the seismic response of the rectangular water tanks has been the
subject of many studies in the past several years. Likewise, the effect of soil-structure interaction
has been covered by many researchers. However, most of the studies are concentrated on the
effect of fluid interaction on the cylindrical tanks, and only a small number of them are focused on
the evaluating the effect of fluid interaction on the seismic response of the rectangular water tanks.
Moreover, only few studies used the finite element method to predict this behaviour. Among
others, Kianoush et al. (2010) and Livaoglu (2008) conducted intensive research on both of these
topics.

It is worth to note that the dynamic response of the free liquid surface mostly depends on the
type of excitation, peak acceleration, effective duration of the earthquake and its frequency con-
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tent. Accordingly, it is necessary to consider the earthquake loading as a non-stationary random
process. Livaouglu (2008) considered two earthquake records for a rectangular tank. Ghaem-
maghami (2010) also conducted some research on the seismic response of rectangular rigid tanks
subjected to four different acceleration inputs. Panchal et al. (2010) also investigated the seismic
response of liquid storage steel tanks under normal component of six ground motions.

Other factors such as water level and tank plan dimensions also play important roles in the dy-
namic response of the rectangular tanks. Three-dimensional geometry and restraint conditions
are also matters of crucial concerns that need to be addressed in the design procedure of the rect-
angular water tank. Koh et al. (1998) directed a thorough research study on the effect of the
3D restraint condition on the dynamic behaviour of the rectangular tank using boundary element
method and finite element method (BEM-FEM). They also investigated the sloshing behaviour of
the externally excited rectangular tank and compared their outcome with experimental test results.

In this study, sloshing characteristics of the rectangular tanks under horizontal ground motions
are investigated. Note that, sloshing is defined as any motion of the free liquid surface inside its
container and it is caused by any disturbance to a partially filled liquid container. The problems
of liquid sloshing effects on large dams, water reservoirs, elevated water tanks, and oil tanks
always have been matters of concern of civil engineers. The sloshing displacement of the fluid is
extremely critical at the service level and for the design of tank roofs. However, its effect on the
dynamic response tends to be less important compared to the other response parameters. Sloshing
effect is occasionally ignored in the simplified analysis. It should be noted that the liquid surface
in a partially filled container can move back and forth at an infinite number of natural frequencies,
but it is the lowest few modes that are most likely to be excited by the ground motion. Figure1.1
shows an schematic illustration of the slosh wave in a tank. The shaded area indicates the expected
shape of the free surface at its fundamental mode of sloshing. It should be noted that sloshing
at the fundamental frequency mobilizes the largest amount of liquid, and may produce excessive
structural loads that can lead to structural failure.

Analysis Methods

Different methods are employed to predict the dynamic response of an externally excited tank;
simplified method, response-spectrum mode superposition method and time domain analysis. In
this section, these methods will be described briefly.

Simplified procedures are used for preliminary estimates of stresses and section forces due to

3



Figure 1.1: Schematic illustration of the slosh wave

earthquake loading. The traditional seismic coefficient is one such procedure employed primarily
for the analysis of rigid or nearly rigid hydraulic structures. In this procedure, the inertia forces
of the structures and the added mass of water due to the earthquake shaking are represented by
the equivalent static forces applied at the equivalent centre of gravity of the system. Note that if
the water is assumed to be incompressible, the fluid-structure interaction for a hydraulic structure
can be represented by an equivalent, added mass of water. The inertia forces are simply computed
from the product of the structural mass or the added mass of water, times an appropriate seismic
coefficient in accordance with design codes. This assumption is generally valid in cases where the
fluid responses are at frequencies much greater than the fundamental frequency of the structures.
These approximations are described by Westergaard (1938), Housner (1957) and Chopra (1975).

When a structure is subjected to external ground motion, the motion is generally described by a
specific response-spectrum. Response-spectrum mode superposition method is currently used in
National Building Code of Canada (2010). This method provides a simplified formulation for the
maximum dynamic responses and the vertical displacement of the water in a single or multi degree
of freedom (DOF) system, with small damping ratio. In modal superposition method, for a multi
DOF system, the response due to a base motion corresponding to each mode may be evaluated by
applying the earthquake response-spectrum at the natural frequency corresponding to the mode.
The modal responses can be combined using Square Root of Sum of Squared (SRSS) method or
employing the Complete Quadratic Combination (CQC) method. The SRSS method provides a
good estimation when the modes are well separated. Otherwise, the CQC method may be used
for the correlation between closely spaced modes. Finally, the responses from each component
of the ground motion can be combined employing either the SRSS or CQC method for the multi
component excitations. However, there are some limitations that should be considered in the
modal analysis. First of all, the time dependency characteristics of the ground motion cannot
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be introduced. In addition, all the responses such as forces, moment, stress, and displacement
calculated using modal analysis are positive and non-concurrent; therefore, deformed shape of
the system cannot be predicted. Also, in this method, structure-foundation interaction cannot be
completely addressed in this method.

Finally, the time domain analysis is used to avoid any limitation confronting in other methods.
This method addresses the time dependent response of the structure and better represents the
fluid-structure interaction. In this method, the external ground motion is usually presented in the
form of the ground acceleration time history. Response history of the structure is also calculated
in the time domain. This method is an ideal way to introduce the time dependency characteristic
of the ground motion and structural responses. Parameters such as duration of the ground motion,
numbers of the sub-steps, and presence of high energy pulses can be introduced in the time
domain analysis.

1.2 Objectives and Scope of Study

In spite of a wide range of studies on the dynamic response of the liquid containing structures,
many parameters need to be addressed for a better design of the rectangular tanks. Additional
factors that should be directed include wall flexibility, three-dimensional geometry, direction of
the ground motion and the full time-domain simulation. In this context, the primary objectives of
the present report are to investigate some of such effects to improve the design procedure of the
seismically excited rectangular tanks:

1. The effect of 3D geometry on sloshing height

2. The wave amplitude at the critical locations of the three-dimensional tanks for free-board
design

3. The sloshing height at the corner of the 3D tanks subjected to the multi component excita-
tion

4. The effect of the frequency content of the ground motion on the wave amplitude in the
rectangular tanks

5. The effect of three-dimensional geometry on the hydrodynamic pressure and structural re-
sponses
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During strong earthquakes, flexible tank walls may deform significantly and may initiate loads
higher than that of identical case of the rigid tank. Therefore, flexibility of the wall is addressed
in this study to predict the dynamic response of the 3D rectangular tank. It should be noted
that this study is limited to the linear elastic analysis of the open-top rectangular tanks anchored
at the base and filled with water. Figure 1.2 illustrates the schematic base configurations of
the fixed base tanks. In this study, tanks walls are considered to have constant thickness and
the uncracked section properties are used. It should be noted that the behaviour of tank with
cracked section properties result in minor changes in convective terms and the sloshing behaviour
is almost independent of the flexibility characteristics of the side walls.

For this purpose, finite element method will be used to predict the response of the seismically
excited rectangular tanks. The finite element program, ANSYS (ANSYS Inc., 2010), with fluid-
structure interaction analysis capabilities is used for the dynamic modal and time history analysis.

Figure 1.2: Non-flexible wall to base connection

In order to evaluate the dynamic response of the containers, several goals were set; first to intro-
duce an improved finite element method (FEM) model; second to employ more realistic methods
of representing structural behaviour, and finally to employ more reasonable simulations of tran-
sient loads. Parametric studies are conducted to investigate the effect of different factors such as
tank plan configuration, water depth, and ground motion frequency content on the dynamic re-
sponse of the three-dimensional water tanks. The sloshing displacements of the 3D tank models,
as well as the hydrodynamic pressure and the structural reactions, are calculated. These values
are also calculated, and comparisons are made with the corresponding 2D simulations. For a
three-dimensional rectangular tank subjected to multi component ground motion, sloshing height
is calculated at the corner of the tank, and is compared with the slosh heights at other locations. To
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verify the proposed FE model, the structural responses and hydrodynamic pressures are compared
with the results conducted by analytical approaches for specific cases. In addition, the sloshing
profile is also compared with results of the experimental test available in the literature.

It should be noted that, in this study, small wave amplitude or linear wave theory is used for
evaluating the seismic performance of the LCS. However, there are some assumptions and limi-
tation in this theory for simulation of the actual behaviour of the sloshing. Note that the vertical
component of the ground acceleration only causes an insignificant effect on the surface elevation
and hydrodynamic pressure. Because of the expected stiffness of these structures in the vertical
direction, the effects of the vertical component of the ground acceleration are ignored.

In the current practice, 2D models are used to evaluate the dynamic response of the tanks; how-
ever, 3D models represent a more realistic simulation and usually predict higher value of the
structural responses. The result of the present work can be used for code and standard develop-
ments. It is an approach to identifying and reducing the risks of disaster, and it will aim to reduce
social-economical vulnerabilities to earthquake.

1.3 Organization of Thesis

This thesis is divided into 6 chapters. In chapter 1, in addition to general description of the
liquid containing structures and the brief discussion on the LCS analysis methods, the scope and
objectives of the present work are described.

In chapter 2, the importance of the seismic performance of the LCS, as well as some reported
damages on these structures during historical earthquakes, are discussed. Reported failure mech-
anisms of the LCS are also discussed. Previous research studies on the dynamic responses of the
LCS and other related studies such as damping characteristic of the system, as well as the current
codes and standards, are presented in chapter 2.

Mathematical backgrounds on the dynamic responses of the rectangular liquid tanks are presented
in chapter 3. The numerical formulation of the sloshing wave, and the solutions of the equations
of the motion are described. Also, the equivalent mechanical models are described in chapter 3.

Finite element formulation of the tank structure and equation of motion for the structure domain,
as well as the calculation of the coupling matrix for the tank-liquid system, are discussed in
chapter 4. In addition, finite element simulation of the liquid domain and derivation of equation
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of motion is offered in in chapter 4. Finally, FEM formulation of the tank-liquid system is derived
in two and three-dimensional space.

Application of FEM and modelling of the system using ANSYS program and mesh sensitivity of
the models are described in chapter 5. Then, the results of the modal analysis as well as time his-
tory analysis of the rectangular tanks are offered. In chapter 5, the effect of the three-dimensional
geometry on the sloshing height of water is shown. The sloshing heights are presented for dif-
ferent tank plan configuration at critical points. The sloshing heights calculated by 3D models
are compared with the corresponding sloshing height that are calculated employing 2D models.
Finally, the effect of the frequency content of the ground motion on the sloshing response of
the rectangular tank is discussed. Later, the comparison of the results of the 3D and 2D models
inform of the hydrodynamic pressure and structural responses are discussed. A detailed compar-
ison between current finite elements results and other available methods in literature is given in
chapter 5. Three-dimensional impulsive pressure distributions are also illustrated in this chapter.

A summary and major conclusions as well as some recommendation for the design procedure of
the rectangular water tanks are described in chapter 6. Some recommendations for further studies
are also presented.
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Chapter 2

Literature Review

2.1 Introduction

In this chapter, a literature review on seismic response of liquid storage tanks is presented. The
previous research related to dynamic behaviour of the rectangular water tank and sloshing char-
acteristic of externally excited tanks are presented.

The performance of liquid tanks under earthquakes and some reported damages are presented
hereby. The failure mechanisms of the LCS under strong ground motions are described in section
2.2.2. Significant contributions from past studies are described in section 2.3. Finally, some other
related information is presented, as this subject links to many engineering fields. The design codes
and other special topics including damping properties of the system are introduced in section 2.4.
Overall, the intention of this chapter is to provide an overview of the dynamic behavior of liquid
storage tanks under earthquakes.

2.2 Importance of Liquid Tanks Performance under Ground
Motion

The concept of disaster management is not a relatively new strategy in Canada. The idea histori-
cally was focused on the distribution of relief after a disaster, rather than capitalizing programs of
vulnerability assessment and mitigation to reduce losses before a disaster occurs. However, the
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contemporary pattern is capitalizing programs of the vulnerability assessment and moderation to
reduce losses before a disaster. The contemporary pattern of disaster management and disaster
risk reduction represents the latest achievements. Disaster risk reduction is defined by the United
Nations International Strategy for Disaster Reduction as (UNISDR, 2004):

"The conceptual framework of elements considered with the possibilities to minimize
vulnerabilities and disaster risks throughout a society, to avoid (prevention) or to
limit (mitigation and preparedness) the adverse impacts of hazards, within the broad
context of sustainable development."

Reinforced concrete liquid storage tank is one of the imperative life-line environmental engi-
neering structures, which have become very widespread in recent decades. These structures are
widely used for storing or treating water, waste water, or other liquids and non-hazardous ma-
terials such as solid waste, and for secondary containment of hazardous liquids or harmful solid
waste. Liquid tanks are exposed to a wide range of seismic hazards and interaction with the other
sectors of environment. Heavy damages can be caused by strong earthquakes; consequently the
dynamic response of water tanks is the matter of special importance.

Without assured emergency water source after major earthquakes, uncontrolled fires may occur
and cause more damages than the earthquake, as occurred back in 1906 in a great earthquake
in San Francisco. At that time, the water mains were broken, and the fire department had few
resources to fight the fires. Ninety percent of the destruction in San Francisco earthquake was
caused by the fires than the earthquake itself (U.S. Geological Survey, USGS, 2012). One lesson
learned from this disaster was the importance of the water supply for firefighting purposes.

In addition, safe and clean water supply is crucial instantaneously after earthquakes for preventing
plague of diseases. Equally, as the case of tanks containing harmful liquids, extra attention should
be given to prevent more harm to the environment and avoid catastrophes. Moreover, in nuclear
power plants, sloshing displacement is one of the principal design criteria. In these structures,
slosh height is profoundly critical to fix the inlet pipe levels in pressure suppression pools of
boiling water reactors to prevent the escape of super-heated steam.
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2.2.1 Damages to Liquid Containing Structures under Historical Ground
Motions

Severe damages have been reported from past earthquakes; however, little knowledge is available
on the dynamic response of the rectangular concrete tanks. The major historical earthquake that
caused significant damages to the liquid retaining structures that led to development of the seismic
design codes and standards of tanks are discussed here.

The fire that occurred as a result of the1964 Niigata Earthquake in Japan, lasted for more than 14
days consuming around 122 million litres of oil. Investigations about the causes of this fire led to
the conclusion that friction between the roof and sidewall of the storage tank led to sparking. The
seal material between the roof and the sidewall was metallic, and it was the seal that led to spark-
ing when it scraped against the side wall. These sparks ignited the petroleum vapour contained
inside the tank, leading to a huge fire (Kawasumi, 1968). In 1964, the earthquakes occurred in
Alaska and the one happened in Niigata ended to significant losses of oil storage tanks (National
Research Council U.S., 1968). Those events brought attention of many seismic engineering soci-
eties. Researcher concentrated to work on diverse methods to improve the performance of the oil
storage tanks, specially petroleum storage tanks, under seismic loading.

Then again, another earthquake occurred in 1971 in San Fernando caused notable destruction
to water and waste water treatment systems in Sylmar and Granada Hills areas. Failure of a
welded steel water tank was also reported; in that case, the over loaded stresses due to foundation
failure and differential settlements initiated a horizontal buckle in the shell plate. An underground
water reservoir was subjected to an estimated inertial force of 0.4g and suffered severe damages
in terms of the collapse of the wall. Moreover, sloshing water caused by earthquake resulted
in notable movement of a steel wash water tank in Sylmar area. Mentioned damages in 1971
in San Fernando led to adoption of more strict criteria for the seismic design of liquid storage
tanks. As a result, when later in 1994 similar magnitude earthquake happened in California only
minor damages were reported on the lifeline structures. Also, the Northridge earthquake caused
extensive damage to some major lifeline facilities in the Los Angeles area (USGS, 2012).

Some damages also reported caused by loss of foundation support as happened on Janurary17,
1995 near the port city of Kobe in Japan. Liquefaction was the major reason of damages at
waterfront locations. Similarly, in Bhaji Indian earthquake of 2001, many elevated tanks suffered
damages to their support failure (USGS, 2012).

Moreover, in Turkey after the earthquake took place in 1999, many liquid retaining tanks and
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petrochemical plants were damaged due to the fires as indirect consequences of the shocking
ground motion (USGS, 2012).

2.2.2 Failure Mechanism

Failure mechanism reported on storage containing structures depends on different factors such as
configuration of the tank, material of construction, and supporting system. Any of these factors
themselves depend on various parameters. Configuration of the tank usually depends on the usage
purpose while it can be circular, rectangular, cone or other shapes. About material of construction
most common materials are steel and concrete. Concrete tanks can be cast-in-place, prestressed
or post-tensioned, so the method of construction also matters. The next contributing factor is the
supporting system, as the tank can be anchored or unanchored into the foundation. It is worth
mentioning here that liquid containing concrete tanks are designed for serviceability, and leakage
beyond the limit will be considered as failure of the structure.

The American Lifelines Alliance (ALA 2001) presents different modes of failure that have been
observed in tanks during past earthquakes. These failure modes include:

• Buckling of the Shell: caused by axial compression due to overall bending or beam-like
action of the shell that mostly happens in steel cylindrical tanks

• Roof damage: caused by excessive convective pressure due to sloshing of the upper part of
the contained liquid and happens in absent of sufficient free board

• Anchorage failure: fracture of wall-base connection due to up-lift in partially restrained or
unrestrained tanks

• Tank support system failure: specifically happens in case of elevated tank due to heavy
mass on top of concrete frame or pedestal. The concrete frame may crack or collapse due
to lateral forces caused by earthquake, moreover over turning moment can cause surplus
tension force on one side of the concrete pedestal

• Foundation failure: can happen for both concrete and steel tank due to foundation failure
or differential settlement

• Hydrodynamic pressure failure: seismically loaded tanks can experience excessive hydro-
dynamic pressure; also massive inertial forces resulting from self-weight of the structure
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causes additional stresses, which may lead to leakage in concrete tanks and/or even collapse
of the structures

• Leakage in the connection between the reservoir and adjoining walls and vertical cracks in
expansion joints

• Loss of prestressing in prestressed concrete tanks: loss of stress in reinforcing tendons or
warped wires

• Failure of connection between the tank and piping system or other accessory systems.

Earthquake damages and failure modes caused by different earthquakes were also analyzed by
Kobayashi (1986) and summarized in three categories as follows:

1. For tanks with capacities more than 5000m3, more damages and failures caused by liquid
sloshing and were observed in the roof and shell walls.

2. In case of tanks with less than 5000m3 capacities, most of damages and failures, due to
liquid sloshing, were observed in the lower parts.

3. Much damage and failures caused by inertia forces and overturning moments were reported
around the corner joints of the shell wall plate and bottom plate.

Also, according to field reports, liquid storage tanks were mainly damaged either by excessive
axial compression due to overall bending of the tank shell or by the sloshing of the contained
liquid with insufficient free-board between the liquid surface and the tank roof.

2.3 Previous Research Studies

As mentioned previously, the dynamic response of the liquid containing tanks is considerably
associated with the fluid-structure as well as the soil-structure interaction. Studies on the fluid-
structure interaction can be found in the literature on the seismic design of concrete gravity dams
or arch dams. The seismic design of dams and that of the liquid storage tanks both involve fluid-
structure interaction; however, the dam problem differs from the tank problem in the following
points:
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• In the dam problem, the associated fluid domain is very large, consequently, modelled as a
semi-infinite region. While, the tank problem deals with a finite fluid region of relatively
small volume.

• The compressibility of the fluid is known as to having significant effects on the dynamic
response of dams; however, it is not the case in most tank problems.

• The surface wave effects are usually neglected in the dynamic analysis of dams; on the
other hand, the sloshing response is an important consideration in the seismic analysis of
the storage tanks, particularly for storage tanks of nuclear spent fuel assemblies.

The nature of sloshing dynamics in cylindrical tanks is better understood than of the prismatic
tanks. Few studies on the dynamic response of rectangular containers exist; unfortunately, in
those studies such as the ones by Housner (1957, 1963) and Haroun (1984), some limitations
exist and the flexibility of the structure is not entirely accounted. This may be due to the fact that
rectangular fluid containers are usually made of reinforced or prestressed concrete and may be
considered quite rigid dynamically. Yet, as stated by Luft (1984), for very large reinforced con-
crete pool structures used for the storage of nuclear spent fuel assemblies or prestressed concrete
water tanks, flexibility must be taken into account in the dynamic response analysis. Because, un-
der strong ground motion, flexible tank walls may undergo significant deformation. As a result,
the loads produced is different from that of rigid tank.

Housner (1963) proposed a widely used analytical model for circular and rectangular rigid tanks.
In his work, the hydrodynamic pressures were separated into impulsive and convective compo-
nents. The impulsive component is the portion of the contained liquid that moves unison with
tank structure and convective component is the portion of the liquid that experiences sloshing. In
their model, fluid was assumed incompressible and the walls were assumed to be rigid. Housner’s
theory has then served as a guideline for most seismic designs of liquid storage tanks. However,
failures of liquid storage tanks during past earthquakes suggested that Housner’s theory may not
be conservative. Haroun (1984) presented a detailed, analytical method for rectangular tanks.
In his work, the hydrodynamic pressures were calculated using classical potential flow approach
assuming a rigid wall boundary conditions.

The first finite element method for evaluating the seismic behavior of flexible tanks was proposed
by Edward (1969). Merten and Stephenson (1952), Bauer in (1958,1969), and Abramson et al
(1962) also studied the liquid-elastic container coupling within the limit of the linear theory of
small oscillations and determined the natural frequencies and mode shapes. Beam and Guist
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(1967) also reported that, for a thin elastic tank wall, the coupled frequency for the fundamental
axis-symmetric mode is much smaller than the liquid frequency with rigid walls. The influence of
wall oscillations on the liquid governing equations was examined by Ohayon and Felippa (1990).

Arya et al. (1971) studied the dynamic behaviour of the tanks that are fixed at the based and free
at the top. In their research, virtual mass due to the liquid was considered, but sloshing effect was
ignored. Later, Veletsos (1974) and Veletsos and Yang (1976,1977) presented solutions for the
dynamic pressure and impulsive mass under the assumption of certain deformation patterns of
tank walls. They assumed that the tank behaves as a cantilever beam and considered a deformed
shape of the tank system. The fluid-tank system was treated as a single degree of freedom system
in terms of the lateral displacement of the tank at the free surface level. The fluid inertial effect
was considered by an added mass concept in which an appropriate part of fluid mass is added to
the structural mass. The study was limited only to the impulsive component. A comprehensive
overview of the hydrodynamic forces on the tanks under the assumed deformation pattern, the
vibrational behaviour of the empty tanks, and the application of those results to interacting system
of water tank was also presented by Yang (1976).

Aslam (1981), presented finite element analysis to estimate the earthquake induced sloshing in
axisymmetric tank. The hydrodynamic pressure in the liquid tanks subjected to ground motion
was studied; however, in their study, the tank was assumed to behave as a rigid body.

Park et al. (1990) performed research studies on dynamic response of rectangular tanks. They
used the boundary element method to calculate the hydrodynamic pressures and finite element
method to analyze the solid wall. The governing equation for the coupled system was given.
The time history analysis was used to obtain the dynamic response of fluid storage tanks. Both
impulsive and convective effects were considered.

Subhash Babu and Bhattacharyya (1994) developed a numerical scheme based on finite element
method to estimate the sloshing height in the seismically excited tank and to calculate the re-
sulting pressure. They developed the numerical code introducing fluid-structure interaction in
two-dimensional space.

Koh et al. (1996) developed a coupled BEM-FEM to analyze the dynamic response of 3D rect-
angular tanks subjected to horizontal ground excitation. They employed an approach with a
detailed description of the behaviour of the structure accomplished by finite element modelling.
The motion of the homogeneous fluid region was described with a very small number of degrees
of freedom, by boundary element modelling (BEM). In Koh’s work, the free-surface sloshing
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motion was included within the limit of linearized boundary condition.

Kim et al. (1998) concluded that the effect of free-surface sloshing motion on the dynamic re-
sponse of the flexible structure can be insignificant; however, the sloshing motion itself may be
amplified due to the flexibility of the wall in rectangular tanks. They suggested that the 3D re-
straint condition has a significant effect on the dynamic response of the externally excited tanks.
They concluded that the 3D geometry may cause substantial amplification on the systems re-
sponses in the forms of hydrodynamic pressures and structural reactions. However, in their study,
only pair of walls orthogonal to the direction of the applied ground motion was assumed to be
flexible, and the other pair was assumed rigid.

Choun and Yun (1998) also studied the sloshing response of rectangular tanks considering linear
wave theory. In their study, the tanks subjected to horizontal ground motion had a submerged
structure. As specified by Choun et al., the sloshing response of the fluid-structure system is
very sensitive to the characteristics of the ground motion and the configuration of the system.
They concluded that, for the ground excitation dominated by low-frequency contents, the sloshing
response increases significantly; additionally, the contribution of the higher sloshing modes also
increases.

Pal et al. (1999) were also among first to use finite element method for the numerical simulation of
the sloshing response of laminated composite tanks. They applied the solution procedure to both
flexible and rigid containers to demonstrate the effect of wall flexibility on the overall sloshing
behaviour and structure response.

Premasiri (2000) also completed a concentrated research on the sloshing in the reservoirs sub-
jected to multi DOF base motion. Comparing the result of experimental test on the rectangular
tanks subjected to multi DOF base motion, with the analytical solution using linear superposition
method.

Akyildiz et al. (2006) investigated the three-dimensional effects on the liquid sloshing loads in
partially filled rectangular tanks by introducing non-linear behaviour and damping characteristic
of the sloshing motion using Volume of Fluid (VOF) techniques. They observed the effect of
factors such as tank plan configuration, water level, amplitude of excitation and the frequency
content of the ground motion on the sloshing pressure.

Arafa (2006) developed finite element formulations to investigate the sloshing response of hori-
zontally excited rectangular tanks. His work was limited to discrediting the liquid domain into
two-dimensional four-node elements, with the liquid velocity potential being the nodal degrees
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of freedom. In his work, fluid-structure interaction was included in the model to couple the liquid
motion with the rigid tank walls. In order to include the rigid enclosure in the finite element
formulation, three spring-supported pistons were attached to the liquid domain.

Livaoglu (2007) also investigated the effect of parameters such as fluid-structure interaction, soil-
structure interaction and presence of embedment on the dynamic responses of rectangular tanks.
He concluded the substantial effect of SSI on the sloshing response of the tank; especially for
flexible tanks. He also noted that the flexibility of the tank wall and FSI can significantly impact
the structural responses in the form of base shear.

Virella et al. (2007) also investigated both linear and nonlinear wave theory on the sloshing
natural periods and their modal pressure distributions for rectangular tanks. The study was with
the assumption of two-dimensional behaviour. In their study, the finite element method was
employed and again the tank was assumed to be rigid; therefore, there was no elastic interaction
between the tank and the liquid.

Ghaemmaghami and Kianoush (2010) conducted intensive research on the dynamic time-history
responses of the rectangular tanks. In their study, the responses of the rigid tanks were compared
with the identical case of flexible tank. Significant amplifications in the structural responses were
perceived. They also investigated the effect of the 3D geometry for one case of shallow tank as
well as a tall tank. The effect of vertical acceleration on the dynamic response of the liquid tank
was found to be less significant when the horizontal and vertical, when both components of the
ground motion considered together.

With a critical point of view to the previous studies, one can clearly notice that there are different
factors that need to be addressed for the dynamic analysis of rectangular tanks. It is worth to
explore the effect of the 3D geometry on the responses of the structure within the form of a more
intense research. The effects of parameters such as variable tank plan dimensions, water level,
amplitude and nature of the base motion on the sloshing profile, as well as structural responses,
need further examinations.
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2.4 Other Related Studies

2.4.1 Damping Properties

In liquid contained structures, the motion of the liquid decays due to damping forces created by
viscous boundary layers. The damping of liquid sloshing is usually caused by the viscous dissipa-
tion at the rigid boundary of the container, viscous dissipation at the free surface associated with
breaking waves, by the viscous damping in the interior fluid, and finally by capillary hysteresis at
a contact line.

The reduction of the peak hydrodynamic forces due to energy dissipation is very necessary to be
defined. However, calculation of viscous damping is a very difficult procedure and only can be
estimated from laboratory or field tests on the structure. In most cases, modal damping is used
in the computer model to visualize the nonlinear energy dissipation of the structure. Also, a very
common way to introduce damping in the analysis of the structure is to assume that damping
is proportional to mass and stiffness, like Rayleigh damping method. This method reduces the
difficulties of applying the damping matrix based on the physical properties of the structure.
It should be noted that Rayleigh damping varies with frequency; whereas, modal damping is
constant for all frequencies.

Rayleigh damping is a classical method for constructing the damping matrix, C, of a numerical
model, using the following equation:

C = α M+β K (2.1)

where C is called Rayleigh damping matrix and is proportional to the mass matrix, M, and to the
stiffness matrix, K.

In mode superposition analysis, in order to decouple the modal equations, the damping matrix
should satisfy following properties:

2ωnζn = φ
T
n Cφn (2.2)

Therefore, for Rayleigh damping, damping ratio ζ can be defined as:
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ζ =
α

2ωc
+

β ωi

2
(2.3)

where damping ratio ζ is a function of the natural frequencies also the Rayleigh damping co-
efficients α and β . Note that in Eqn.2.3, ωi and ωc , respectively, correspond to the natural
frequencies of impulsive and convective modes.

Equation 2.3 produces a curve that can be modified for modal damping values at one or two
natural frequency points. Therefore, Rayleigh damping can resemble the behaviour of the modal
damping of the liquid tank, as this coupled system has two very dominant frequencies.

Notably damping characteristic of a structure has a significant effect on its response to the ground
motion. The presence of small amplitude of damping can reduce the stresses, forces, and the
whole seismic response of the structure. In general, reinforced concrete structures have higher
damping ratio than steel structures. Because the internal damping available in elastic steel struc-
tures is largely associated with inelastic action, that occurs less in a welded steel structure, and
more in reinforced concrete. Damping properties of concrete liquid tanks are generally expected
to be of the order of 5% for the impulsive mode.

Essentially, damping depends on the tank geometry, kinematic viscosity of the liquid and liquid
level. On the other hand, Mikishev et al. (1961) showed that, in the storage tanks with rational
dimensions, viscous damping is approximately 0.5%. ACI 350.3-06 (2006) also specifies the
damping of 0.5 to 1 percent of the critical damping for the sloshing water. The damping ratio of
0.5% used for the convective component is similar in all codes and standards. While, damping
ratio for impulsive component of pressure in the liquid tanks is different in various codes and
standards. Basically, the impulsive damping ratio depends on the type of the tank, construction,
material, etc. ASCE 7 standard, the same as the ACI350.03-06 code, defines a value of 5%
damping ratio for the impulsive component of all kinds of tanks. As a result, the corresponding
response spectral acceleration is 1.5 times lower than that of convective components. On the
other hand, Eurocode 8 defines a value of 5% damping ratio for the reinforced and prestressed
concrete tanks but 2% for the steel tanks; thus, the response spectral acceleration of the impulsive
component is 1.7 times lower than that of convective pressure. New Zealand Standard (NZS
3106-1986) also employs variable damping ratio for the impulsive component depending on tank
material, aspect ratio of the geometry, etc.

The additional effects of radiation damping can also be considered, particularly for larger tanks
resting on a soft ground. The vibration of the structure strains the foundation material near the
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supports and causes stress waves to emerge into the infinite foundation. This interaction consid-
erably reduces the level of earthquake response. In this study, the tanks are assumed to be fixed
to a rigid foundation and radiational damping is not considered.

2.4.2 Design Codes and Standards for Liquid Containing Structures

Canadian design standards do not directly deal with the structural design of environmental con-
crete structures. However, a variety of other standards is available, such as; American Concrete
Institute (ACI 350.3-2006), Eurocode-8 (Eurocode-8 1998), American Water Works Association
(AWWA D-115 1995), New Zealand Standard (NZS 3106 1986), British Standard 8007 (BS 8007
1987). It may be noted that some of these codes deal with only specific types of tanks. The design
code presented by American Concrete Institute (ACI 350.3-06) is one of the most comprehensive
and preferred standards. Hereby, the procedure to calculate the dynamic properties of the excited
rectangular tank as well as the pressure distribution and resulting forces and moment will be de-
scribed. It should be noted that procedures for the seismic analysis and design of storage tanks are
generally based on the Housner’s multi-component spring-mass analogy. This mechanical model
will be described thoroughly in section 3.3.

American Concrete Institute Design Standards

ACI Committee 350.3-06 provides additional comprehensive procedure, compared to ACI-318,
for seismic analysis and design of liquid containing concrete structures. ACI 350 maintains ACI
318’s seismic design provisions to the resistance side only. ACI 350.3-06 is based on ultimate
strength design method, but the ultimate strength design of ACI is modified to account for the
serviceability limit states by including durability factors in the design load combinations. Ex-
cept for load combinations that include seismic loading, the environmental durability factor is
applied to reduce the effective stress in non per-stressed reinforcement to a level under service
load conditions, such that stress levels are considered to be in an acceptable range for controlling
the cracking.

This practice has been developed compared to traditional design provision such as ASCE 1984
and considers flexibility of the walls and its effect on amplification of the response. Also,
ACI 350-06 considers the vertical acceleration effects and employs Square-Root-of-Sum-of-the-
Squares method for combining the convective and impulsive responses.
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Dynamic Properties of Rectangular Tanks

The following procedure leads to defining the dynamic properties for the tank with uniform thick-
ness. The procedure is limited to fixed-base open top tank that is filled with water to the depth of
HL. In the first step, the structural stiffness, k , for unit width of the tank wall can be computed ac-
cording Eqn.2.4. This equation can be employed in the SI system. In Eqn.2.4, Ec is the modulus
of elasticity of the concrete. tw and h are thickness and height of the tank wall, respectively.

k =
Ec

4×103

(tw
h

)3
(2.4)

Following, the circular frequency of impulsive mode of vibration is:

ωi =

√
k
m

(2.5)

where m is the total mass per unit width of rectangular wall and is the summation of the walls
mass and the portion of the contained liquid that moves in unison with the tank:

m = mw +mi (2.6)

Also, the circular frequency of oscillation of the first mode of sloshing equals to:

ωc =
λ√
L

(2.7)

where λ =

√
3.16gtanh

[
3.16

(
HL
L

)]
, and L is the length of the tank wall parallel to the direction

of the ground motion.

American Concrete Committee 350 requires the liquid containing structure to be designed for the
following loads:

• Force due to Hydrostatic pressure

• Inertia forces due to the wall and roof of the tank
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• Both impulsive and convective hydrodynamic forces from the contained liquid

• Effect of vertical acceleration

• Dynamic earth pressures against the buried portion of the wall

This standard, adopted Housner model and separated the hydrodynamic pressure of the contained
liquid into two components. First, the impulsive component that is proportional to the wall accel-
eration and associates with the inertia forces caused by wall acceleration. Second, the convective
component that is produced by oscillation of the top part liquid. It should be noted that, for most
tanks, it is the impulsive mode that dominates the loading on the tank wall. The first convec-
tive mode is usually less profound in comparison with the impulsive mode, and the higher order
convective modes can as well be ignored.

As follows, Wi represents the resulting effect of impulsive pressure and W c symbolizes that of
convective pressure. In Housner’s model, Wi is assumed to be rigidly attached to the tank wall at
the height of hi and Wc is attached to the walls at the height of hc by springs. It should be noted
that the force resulting from impulsive pressure first acts to stress the tank wall and the convective
component of the resultant force, which depends on the tank dimension, tends to uplift the tank
if there is not enough dead load. ACI 350.3-06 defines the two equivalent weight components
of accelerating liquid adopting Housner’s equation. These equations were also adopted by NZS
1986, ASCE 1981, and ANSI/AWWA 1995.

Wi =WL×
tanh

[
0.866( L

HL
)
]

0.866( L
HL
)

(2.8)

Wc =WL×0.264(
L

HL
)tanh

[
3.16

(
HL

L

)]
(2.9)

The centre of the gravity for the equivalent impulsive mass can be calculated as follows. First,
if the base pressure is excluded the centre of gravity of accelerating liquid component can be
defined as follows:

For tanks with L
HL
� 1.333:

hi = HL×
[

0.5−0.09375
(

L
HL

)]
(2.10)
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For tanks with L
HL
≥ 1.333:

hi = HL×0.375 (2.11)

Also, by including the base pressure (IBP) the height of the centre of gravity are as follows:

For tanks with L
HL
� 0.75:

h′i = HL×0.45 (2.12)

For tanks with L
HL
≥ 0.75:

h
′
i = HL×

0.8666
(

L
HL

)
2tanh

[
0.866

(
L

HL

)] (2.13)

The centre of gravity of the convective component of the hydrodynamic pressure can be calcu-
lated according to Eqn.2.14, when excluding base pressure (EBP) and according to Eqn.2.15, by
including base pressure(IBP):

hc = HL× (1−
cosh

[
3.16(HL

L )
]
−1

3.16(HL
L )sinh[3.16(HL

L )]
(2.14)

h
′
c = HL× (1−

cosh
[
3.16(HL

L )
]
−2.01

3.16(HL
L )sinh[3.16(HL

L )]
(2.15)

Dynamic forces and Moments

Dynamic lateral forces above the base can be determined for the walls inertia, impulsive and
convective components of the hydrodynamic pressure according to equations 2.16, 2.17 and 2.18,
respectively:

PW =CiI
[

εWW

Ri

]
(2.16)

Pi =CiI
[

Wi

Ri

]
(2.17)
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Pc =CcI
[

Wc

RC

]
(2.18)

In Eqn.2.16, Eqn.2.17 and Eqn.2.18, Ci and Cc are the seismic response coefficients; I is impor-
tance factor; Ri, Rc are modification factor for rectangular tanks and can be defined as follows:

For Ti ≤ Ts

Ci = SDS (2.19)

And if Ti ≥ Ts

Ci =
SD1

Ti
≤ SDS (2.20)

where
T s =

SD1

SDS
(2.21)

and for Tc ≤ 1.6/Ts

Cc =
1.5SD1

Tc
≤ 1.5SDS (2.22)

otherwise,
Cc =

2.4SDS

T 2
c

= (2.23)

Note that, SD1 is the design spectral response acceleration, 5% damped, at a period of one second
and SDS is design spectral response acceleration, 5% damped, at short periods. Both are expressed
as a fraction of the acceleration due to gravity g . These parameters can be calculated according
to equations 2.24 and 2.25. Note that SS and S1 are the mapped spectral response accelerations
at short periods and 1 second, respectively, and can be obtained from the seismic ground motion
maps of ASCE 7-05. Fa and Fva are the site coefficients and shall be obtained in conjunction with
site classification table from ASCE 7-05.

SDS =
2
3

SSFa (2.24)

SD1 =
2
3

S1Fv (2.25)

Importance factor, I, and response modification factors, Ri and Rc can be defined according to
Table 2.2 and Table 2.1, respectively:
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Table 2.1: Response modification factor R

Type of Structure
Ri RcOn or above ground Buried?

Anchored, flexible-base tanks 3.25† 3.25† 1.0
Fixed or hinged-base tanks 2.0 3.0 1.0

Unanchored, contained or uncontained tanks‡ 1.5 2.0 1.0
Pedestal-mounted tanks 2.0 - 1.0

?Buried tank is defined as a tank whose maximum water surface at rest is at or
below ground level. For partially buried tanks, the Ri value may be linearly
interpolated between that shown for on the ground and buried tank.

†Ri = 3.25 is the maximum Ri value permitted to be used for any liquid
containing concrete structure.

‡Unanchored, uncontained tanks shall not be built in locations where Ss≥ 0.75.

Table 2.2: Importance factor I

Tank Use I
Tanks containing hazardous materials? 1.5

Tanks that are intended to remain usable for emergency purposes
1.25

after an earthquake, or tanks that are part of lifeline systems
Tanks not listed in category 1 or 2 1.0

?In some cases, for tanks containing hazardous material, engineering judgement
may require a factor I ≥ 1.5

As was mentioned before, for well separated modes, lateral forces can be combined using the
SRSS method. Following equations 2.16, 2.17 and 2.18, the total base shear resulted from seismic
loading, for an open-top tank, shall be calculated as follows:

V =
√
(Pi +Pw)

2 +P2
c +P2

eg (2.26)

According to ACI 350.3-06 code, walls perpendicular to the direction of ground motion should be
loaded perpendicular to their planes. Both the leading half and trailing half should be loaded for;
wall’s own inertia, one half of resulted impulsive force and one half of convective portion. Also,
the buried portion of the tank on the trailing half should be loaded for dynamic earth and ground
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water pressure. Note that buried tanks are not in the scope of this study. Dynamic equilibrium of
the lateral forces for an on-the-ground tank is illustrated in Figure 2.1.

Walls parallel to the direction of the ground motion shall be loaded in their plane for the wall’s
own in-plane inertia force and the in-plane forces corresponding to the edge reactions from the
abutting walls.

The wall-to-floor and wall-to-wall joints of the rectangular tanks shall be designed for the earth-
quake shear forces. For this purpose, walls perpendicular to the direction of the ground motion
being investigated shall be analyzed as slabs subjected to the horizontal pressures calculated pre-
viously in this section. In addition, walls parallel to the direction of the ground motion being
investigated shall be analyzed as shear walls subjected to the in-plane forces. The shear forces
along the bottom and side joints shall correspond to the slab or the shear walls reactions.

Figure 2.1: Dynamic equilibrium of lateral forces of the tank

Bending moment, Mb, on the entire tank cross-section, just above the base of the tank wall shall
be determined according to equations 2.27, 2.28, 2.29 and 2.30:

MW = PW ×hW (2.27)

Mi = Pi×hi (2.28)
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Mc = Pc×hc (2.29)

Mb =

√
(Mi +MW )2 +M2

c (2.30)

Overturning moment, Mo, at the base of the tank, including the tank bottom and supporting struc-
ture (IBP) shall be determined according to equations 2.27, 2.31, 2.32 and 2.33:

M
′
i = Pi×h

′
i (2.31)

M
′
c = Pc×h

′
c (2.32)

Mo =

√(
M′

i +MW
)2

+M′2
c (2.33)

Pressure Distribution above the Base

Fluids exert pressure perpendicular to any contacting surface. When fluid is at rest, the pressure
acts with equal magnitude in all directions. The liquid pressure P at a given depth depends only
on the density of the liquid, ρl , and the distance below the surface of the liquid, h, and equals to:

P = ρlgh (2.34)

Figure 2.2 shows the vertical distribution of hydrostatic pressure acting perpendicular to plane of
the wall and consequently the total lateral force due to hydrostatic pressure equals to:

Ph =
1
2

γLH2
L ×B (2.35)

In Eqn.2.35, Ph is the pressure exerted on the wall, and B is the tank width. γL and HL are the
specific weight and height of the contained liquid, respectively.
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Figure 2.2: Hydrostatic pressure Ph distribution along the tank wall

Piy is the impulsive force and Pcy is the convective pressures at height y of the tank wall and can be
calculated according to Eqn.2.36 and Eqn.2.37, respectively. Figure 2.3 represents the pressure
distribution along the tank wall.

Piy =

Pi
2

[
4HL−6hi− (6HL−12hi)

(
y

HL

)]
H2

L
(2.36)

Pcy =

Pc
2

[
4HL−6hc− (6HL−12hi)

(
y

HL

)]
H2

L
(2.37)

Figure 2.3: Hydrodynamic pressure distribution along the tank wall
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Wave Oscillation

In case of the storage for the toxic liquids or when overflow may result in damages to foundation
materials, pipes, or roof, the structure should be designed either to have free-board allowance or
an overflow spillway should be provided. Also, roof structure shall be designed to withstand the
uplift pressures.

If the site specific response is employed, the maximum vertical displacement of contained liquid
in the rectangular tanks can be estimated using the following equation:

dmax =

(
L
2

)
(CcI) =

(
L
2

)
I (ηc)

(0.667SD)

g

(
2π

Tc

)2

(2.38)

In Eqn.2.38, ηc accounts the influence of damping on the spectral amplification; so, if the site
specific response spectrum is for damping ratio other than 5% of critical damping, ηc will be
applied which equals to:

ηc =
3.043

2.73−0.45lnβ
(2.39)
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Chapter 3

Mathematical Background

3.1 Introduction

The basic differential equations and boundary conditions for the lateral sloshing of the liquid-tank
system are presented in this chapter. The velocity potential function for an inviscid, irrotational
and incompressible fluid is described. Later, the velocity potential is derived for a rectangular
tank subjected to free oscillation. The basic formulations of the fluid motion in an externally
excited rectangular tank is, likewise, described in this chapter. Solution of these equations are also
presented for a specific boundary condition such as rigid tank wall. As a result, the hydrodynamic
pressure induced in partially filled rectangular tanks is estimated. It should be noted that most
of these formulations are adopted from NASA SP-106 guideline for the Dynamic Behaviour of
Liquids in Moving Containers (NASA special publications, 1966), and reviewed in such a way
to be applicable for the rectangular tanks. The resulting force and moment in an excited tank is
derived hereby. The equations described in section 3.2.1 can be employed as a simple procedure
for calculations of the sloshing frequency as well as the maximum vertical displacement of the
linear wave.

The equivalent mechanical models for the rectangular water tank in motion is reported in section
3.3. Analytical derivation of the mass-spring mechanical model and calculation of the corre-
sponding masses, forces and moments are described. Also, the simplified single mass-spring
model, proposed by Housner, is offered in section 3.3.
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3.2 Numerical Simulation of the Liquid Motion in a Rectan-
gular Tank

The problem of liquid sloshing interaction with the concrete container falls into two categories;
first, the interaction between the free liquid surface motion and the breathing elastic modes of
liquid container structure; and second, the interaction between liquid sloshing modes and the
motion of the supporting elastic structure. Only the first category is within the scope of the
present study, and in this study the tank is assumed to be fixed to the rigid foundation.

It is worth mentioning that the dynamic response of elastic liquid retaining structure interacting
with the fluid is completely different of those when the tank is rigid. Hydrodynamic pressure
induces forces on the tank walls and the developed force causes deformation of the structure,
which in return modifies the hydrodynamic pressure. The interaction of the liquid sloshing dy-
namics with elastic deformations of the tank must be considered in studying the overall systems
dynamics. These systems will be thoroughly discussed in this chapter.

For numerical simulation of the coupled system interacting with each other, which includes two
or more non-linear system, it is more practical to represent the non-linear subsystem by a linear
model. As the case of liquid and structure interaction, fluid domain can be represented by a linear
model despite the non-linear behaviour of fluid sloshing. The linear model representing sloshing
motion can be employed if the slosh motion is smaller compared to liquid depth and wave length.
This method could be employed in case of dealing with small disturbances, and while the natural
frequencies can be well separated.

3.2.1 Governing Equations

In this section, a set of equations based on physical laws will be discussed. Figure 3.1 shows
a schematic diagram of the liquid-tank system under coordinate system. A rectangular water
tank of 2a and 2b dimensions, partially filled with water to the depth of h . Owing to the three-
dimensional geometry of the problem, a Cartesian coordinate system is employed to describe the
position of any point belonging to the liquid domain. The container is assumed to be fixed to the
rigid ground. The Cartesian co-ordinate system (x,y,z) has the origin located at the centre of the
container, with oz opposing to the direction of gravity and z = h/2 coinciding the free surface of
water.
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Figure 3.1: Coordinate system used for derivation of sloshing equations

If the tank is assumed to be attached to a rigid base and the contained fluid is inviscid and in-
compressible resulting in an irrotational flow field, the velocity potential Φ contains x, y and z

components of u, v , w which are computed spatial derivation of the velocity potential:

u =
∂Φ

∂x
v =

∂Φ

∂y
w =

∂Φ

∂ z
(3.1)

The velocity potential should satisfy the 3D Laplace equation at any point in the liquid domain
respecting the assumption of the incompressible fluid:

∂u
∂ t

+
∂v
∂ t

+
∂w
∂ t

= 0 or ∇
2
Φ = 0 (3.2)

The last from of Eqn.3.2 is written in vector notation and applies to any coordinate system.

For the inviscid fluid, with either steady or unsteady flow, the equations of momentum conserva-
tion may be integrated to yield a single scalar equation referred to as Bernoulli equation:

∂Φ

∂ t
+

P
ρl

+gz+
1
2
(
u2 + v2 +w2)= f (t) (3.3)

In Eqn.3.3, P is pressure, ρl is the fluid density, and g is the acceleration due to gravity corre-
sponding to negative z direction. f (t) is the constant of the integration. As u, v, and w components
of velocity are assumed to be small, squared values of these quantities are also small compared to
first order values and can be neglected. As a result, if the constant value of f (t) can be observed
into Φ, the Bernoulli equation will be linearized to the following form:
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∂Φ

∂ t
+

P
ρl

+gz = 0 (3.4)

Assuming η(x,y, t) sloshing displacement to be very small and using the small wave theory, the
linearized boundary condition at the free surface may also be written to Eqn.3.5. As the natural
frequencies of sloshing are involved in the time derivation of the potential flow, Eqn.3.5 clearly
shows the relationship between gravential field and natural frequencies of sloshing.

1
g

∂ 2Φ

∂ t2 +
∂Φ

∂ z
= 0 z = h/2 (3.5)

Boundary Conditions

The linearized dynamic boundary conditions for the model illustrated in Figure 3.1 will be de-
scribed here. For an open-top tank, the surface is free to move and p = ρgη at z = h/2, so if
η(x,y,z, t) represents the small displacement of the liquid, the unsteady Bernoulli equation can
be written as:

∂Φ(x,y,z, t)
∂ t

+gη(x,y,z, t) = 0 at z = h/2 (3.6)

Clearly, the liquid at the free surface always remains at the free surface. Therefore, in addition
to dynamic boundary condition, the kinematic boundary condition also should be satisfied. The
kinematic boundary condition at the free surface relates the surface displacement to the vertical
component of the velocity at the surface, and the equation is formed as:

∂η

∂ t
=

∂Φ

∂ z
= w (3.7)

At the wet surface of the tank, the fluid velocity in the direction perpendicular to the tanks wall
should be equal to the tanks velocity, νn(t), perpendicular to wall’s own plane (n stands for the
normal direction). Note that this assumption is only applicable for the cases when the tank motion
is not rotational, and if the viscous stresses are negligible.
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∂Φ

∂n
= νn(t) (3.8)

For the tanks with rigid walls, νn(t) equals to grounds velocity. However, for the case of flexible
wall, the wall’s velocity is the summation of the ground velocity and its relative velocity due to
wall flexibility.

3.2.2 Solution of the Equations for a Rectangular Tank Subjected to Hori-
zontal Motion

In this section, the solutions of the equation of motion for a rectangular tank is described. This
method is adopted from NASA-SP-106. For simplicity, the motion of the tank is assumed to be
harmonic and variant with time, as exp(iΩt), where Ω is the frequency of the motion. In this
case, the displacement can be expressed as X(t) =−iX0 exp(iΩt).

The real displacement is equal to X0 sinΩt. The velocity components of the tank walls are v =

w = 0 and u = iX0Ωexp(iΩt). Therefore, the boundary conditions at the wet surfaces of the tank
walls are denoted as:

n.∇Φ = iX0ΩeiΩt (3.9)

Eqn.3.9 will be reduced to Eqn.3.10 for the wet surface of the wall perpendicular to X axis. This
equation states that, at the wall surface, the x component of the velocity is equal to the imposed
horizontal velocity in x direction (n is the unit vector normal to the surface):

n .∇Φ =
∂Φ

∂x
(3.10)

As follows, solutions of Eqn.3.10 will be used to determine the sloshing motions. Initially, the
tank is considered to be stationary, and the solutions for this case are conventionally called the
eigenfunctions of the problem.

The potential solutions of interest are assumed to be harmonic in time, for instance exp(iΩt). For
much of this discussion, the time dependence of Φ can be ignored, but when time derivatives are
needed, they are included by multiplying the potential by iΩ. The Φ(x,y,z) eigenfunctions are
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found by the method of separation of variables, in which Φ(x,y,z) is assumed to be the product
of three individual functions of ξ (x) , ψ(y) and ζ (z) of the coordinates. Therefore, Eqn.3.2 for
Φ = ξ ψζ can be rewritten as:

1
ξ

d2ξ

d x2 +
1
ψ

d2ψ

d x2 +
1
ζ

d2ζ

d x2 = 0 (3.11)

In Eqn.3.11, each of the ratios shall be positive or negative constants. Thus, the solutions of
different combination of negative and positive value should be satisfied at the boundary conditions
for particular cases. Solutions of Eqn.3.11 resulted in the determination of the natural frequency
as well as the wave shape according to Eqn.3.12 and Eqn.3.13 respectively:

ω
2
n = π(2n−1)

(g
a

)
tanh

[
π(2n−1)

(
h
a

)]
(3.12)

δ (x, t) =−2BFi

aωn
(2n−1)sinh

[
π(2n−1)

(
h
a

)]
sin
[
π (2n−1)

(x
a

)]
(3.13)

where BF is constant value resulted from solution of the Eqn.3.11.

On the other hand, if the tank is forced by an external motion, the boundary condition at the free
surface and bottom of the tank are the same as one for the free oscillation. Therefore, once more,
if the rectangular tank is forced by a horizontal motion in X direction, the boundary conditions in
Eqn.3.9 reduce to:

∂Φ

∂x
= ΩX0 eiΩt f or x =±a/2 (3.14)

∂Φ

∂y
= 0 f or y =±b/2 (3.15)

∂Φ

∂ z
= 0 f or z =−h/2 (3.16)

Then, satisfying Eqn.3.14 and Eqn.3.15, the trial solution is assumed to be:
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Φ =

{
A0 x+

∞

∑
n=1

An sin
[
λn

x
a

]{
cosh

[
λn

z
a

]
+ tanh

[
λn

h
2a

]
sinh

[
λn

z
a

]}}
eiΩt (3.17)

Where λn = (2n−1)π and, BF , the constant value from the solution of the Eqn.3.11 is replaced
by An (n indicates that the constant depends on the mode number). In Eqn.3.17, if A0 is equal to
ΩX0 , the potential Φ will satisfy all the wall boundary conditions. Lastly, Φ from Eqn.3.17 can
be substitute in Eqn.3.6 to satisfy the boundary condition at the free surface, and changes to:

−Ω
2

{
ΩX0x+

∞

∑
n=1

An sin
(

λn
x
a

)[
cosh

(
λn

h
a

)
+ tanh

(
λn

h
2a

)
sinh

(
λn

h
a

)]}
+

g

{
∞

∑
n=1

An

(
λn

a

)
sin
(

λn
x
a

)[
sin
(

λn
x
a

)
+ tanh

(
λn

h
2a

)
cosh

(
λn

h
a

)]}
= 0 (3.18)

This equation, in effect, specifies the integration constants An in terms of X0. But to determine
them explicitly, the x in the first term of Eqn.3.18 has to be written as a Fourier series of sin(λn/a)

terms (which is possible because the sin(λn/a) terms are orthogonal over the interval −a/2 ≤
x≤ a/2). This process gives:

x =
∞

∑
n=1

(
2a2

λ 2
n

)
(−1)n−1 sin(λnx/a) (3.19)

By substituting Eqn.3.19 and Eqn.3.12, the final expression for the velocity potential is:

Φ(x,z, t) = A0eiΩt .

{
x−

∞

∑
n=1

4a(−1)n−1

λ 2
n

(
Ω2

ω2
n −Ω2

)
sin
[
λn

x
a

]
.
cosh [λn (z/a+h/2a)]

cosh [λn (h/a)]

}
(3.20)

Generally, the hydrodynamic pressure in a partially filled moving container has two separate
components. One is directly proportional to the acceleration of the tank and is caused by part
of the fluid moving in unison with the tank, which is known as impulsive pressure. The second
is known as convective pressure and experiences sloshing at the free surface. By relating the
impulsive component to the interaction between the wall and the liquid and neglecting the free
surface sloshing, Eqn.3.20 should satisfy a new boundary condition as ∂Φ

∂ z = 0 at z=+h/2 . Thus,
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the impulsive potential function Φi can be acquired using Eqn.3.21:

Φi (x,z, t) = A0eiΩt

{
x−

∞

∑
n=1

4a(−1)n−1

λ 2
n

sin
[
λn

x
a

]
.
cosh [λn (z/a+h/2a)]

cosh [λn (h/a)]

}
(3.21)

Convective potential function can also be obtained by assuming, Φ= Φi +Φc , and according to
Eqn.3.22:

Φc (x,z, t) = A0eiΩt

{
∞

∑
n=1

4a(−1)n−1

λ 2
n

(
Ω2

ω2
n −Ω2

)
sin
[
λn

x
a

]
.
cosh [λn (z/a+h/2a)]

cosh [λn (h/a)]

}
(3.22)

The forces and moments acting on the tank can be determined by integrating the unsteady part
of the liquid pressure, P , over the tank wall area. For a horizontally excited rectangular tank, the
exerted force is:

Fx = 2×
+h/2ˆ

−h/2

+b/2ˆ

−b/2

P |x=a/2 dydz =−2ρb

+h/2ˆ

−h/2

∂Φ

∂ t
|x=a/2 dz (3.23)

With substituting the potential function from Eqn.3.20, the linearized form of Eqn.3.23 with
respect to the unsteady pressure can be rewritten as:

Fx0

−iΩ2X0mliq
= 1+8

a
h

N

∑
n=1

tanh [(2n−1)πh/a]

(2n−1)3
π3

Ω2

ω2−Ω2 (3.24)

In Eqn.3.24, mliq is the mass of the liquid and Fx0 is the amplitude of the oscillating force.

It should be noted that Eqn.3.24 is derived with the assumption of viscous effect and damping to
be ignored. Therefore, according to Eqn.3.24, in cases that the frequency of the motion is close
to the frequency of the sloshing, extreme forces will be exerted. Besides, when the frequency of
the motion is very small, the summation in Eqn.3.24 reaches the value of zero. In that case, the
force is the only product of the liquid mass and the tank acceleration, as if the liquid is frozen.

In addition, for theΩ ≫ ωn , the summation is independent of the ω and again moves as a rigid
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body with a mass that is less than the total mass of the contained liquid. This indicates that some
portion of the liquid (near the free surface) moves separately from the tank. Accordingly, by
neglecting the free surface sloshing, the exerted force can be calculated according Eqn.3.25:

Fx0

−iΩ2X0mliq
= 1−8

a
h

N

∑
n=1

tanh [(2n−1)πh/a]

(2n−1)3
π3

(3.25)

Exerted moment acting about Y axis on the tank is computed as follows:

My =−2bρ×
+h/2ˆ

−h/2

z
∂Φ

∂ t
|x=a/2 dz− 2bρ×

a/2ˆ

−a/2

x
∂Φ

∂ t
|z=−h/2 dx (3.26)

After performing the indicated integrations, simplifying the result with various algebraic and
hyperbolic transformations, and rearranging the results to make for easy comparisons with the
force, it is found that the moment is:

My0

−iΩ2X0mliqh
=

1
12

(a/h)2 +8(a/h)

∞

∑
n=1

tanh [(2n−1)(πh/a)]

(2n−1)3
π3

.

{
1
2
− 2(a/h) tanh [(2n−1)(πh/2a)]

(2n−1)π
+

g
hω2

n

}
Ω2

ω2−Ω2 (3.27)

Similarly, by neglecting the free surface sloshing for the cases that Ω ≫ ωn , the moment acting
about Y axis is computed as follows:

My0

−iΩ2X0mliqh
=

1
2
+8(a/h)

∞

∑
n=1

tanh [(2n−1)(πh/a)]

(2n−1)3
π3

(3.28)

When a rectangular tank is subjected to an external horizontal motion, the excitation causes the
contained liquid to experience vertical displacement, which is referred to as sloshing height. If the
equation of motion (Eqn.3.20) satisfies the free surface boundary condition, the wave amplitude
can be calculated as follows:

δ =− iΩ2X0eiΩt

g

{
∞

∑
n=1

4a(−1)n−1

(2n−1)2
π2

(
ω2

n
ω2

n −Ω2

)
sin
[
(2n−1)π

x
a

]}
(3.29)
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3.3 Equivalent Mechanical Models

A realistic representation of the liquid dynamics inside its closed containers can be approximated
by an equivalent mechanical system. The technique of equivalent mechanical models is a very
useful mathematical tool for solving the complete dynamic problem of complicated systems. The
principals for constructing a mechanical model are based on the following conditions:

• The equivalent masses and moments of inertia must be preserved and the centre of gravity
must remain the same for small oscillations.

• The system must possess the same modes of oscillations and produce the same damping
forces.

• The force and moment components under certain excitation of the model must be equivalent
to the ones produced by the actual system.

Historically, mechanical models were first developed for tanks with rigid walls. Housner (1963)
was the first to propose such a mechanical model for circular and rectangular rigid tanks. Wozniak
and Mitchell (1978) have generalized the Housner’s model for short and slender tanks. Veletsos
and Yang (1977) have used a different approach to arrive at a similar type of mechanical model
for circular rigid tanks. Subsequently, Haroun and Housner (1981) and Veletsos (1984) have
developed mechanical models for flexible tanks. Malhotra et al. (2000) have further simplified
the flexible tank model of Veletsos (1984).

For the case of rectangular tank under ground motion, when the flexible wall is interacting with
the contained liquid, it is more practical to substitute the non-linear behaviour of the sloshing
surface with a linearized equivalent mechanical system representing the sloshing motion. As
mentioned previously, for constructing a mechanical model the equivalent masses should be the
same as the liquid mass. Preserving the first principle, the liquid in the tank can be replaced by
a set of mass-spring-dashpot systems or by a set of pendulums. Figures 3.2 and 3.3 show two
different mechanical systems that can be used to represent the motion of liquid in the seismically
excited tank.

If the fluid free surface remains planar without rotation of its nodal diameter, the system can be
described by a linear equation for the first antisymmetric mode, that is equivalent to a pendulum
describing small oscillations. As illustrated in Figure3.2, each pendulum represents one sloshing
mode, also a rigidly attached mass is chosen to represent the effect of the liquid that moves in

39



unison with the tank as impulsive component. As previously was described, the first antisym-
metric wave represents the first fundamental convective mode and possesses the lowest natural
frequency. Waves with two or more peaks with higher natural frequencies can also occur. The
mechanical model shown in Figure3.2 can constitute these higher order waves by incorporating
additional pendulums for each mode. It should be noticed that the magnitudes of the pendulum
for higher order modes are very small compared with the fundamental mode; thus, higher order
modes are usually of little concern. As follows, derivation of the parameters corresponding to
each of these mechanical models will be described.

Figure 3.2: Pendulum-mass mechanical model representing different modes

Figure 3.3: Mass-spring mechanical model
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3.3.1 Parameters for the Mass Spring Model

To preserve the static properties of the liquid contained rectangular tanks, the summation of
rigidly attached component of the liquid and different sloshing modes of liquid should be the
same as liquid mass:

mo +∑mn = mliq (3.30)

In both mechanical models present in Fig.3.2 and Fig.3.3, m0 represents the mass of the liquid for
the impulsive component of the pressure and mn symbolizes the mass of the liquid corresponding
to nth modes of sloshing. Again, to satisfy the static properties, the centre of gravity of the model
must be the same elevation as the liquid:

moHo +∑mnHn = 0 (3.31)

It should be noted that H0 and Hn represent the centre of gravity of the impulsive mass and
the one for the nth modes of sloshing, respectively. In addition to static properties of the tank,
the mechanical model should duplicate identical modes of oscillation, equivalent sloshing forces,
moments, and natural frequencies. In order to preserve the natural frequencies of sloshing modes,
the stiffness characteristic of the spring, which is attached to nth modes of sloshing, should satisfy
the following equation:

√
kn

mn
= ωn (3.32)

Where ωn represents the natural frequency of the nth mode of sloshing.

Respecting the third principles of the mechanical model, the forces exerted in the +X direction
by the mechanical model should be the same as the lateral forces exerted on the tank walls by
sloshing of the liquid for a horizontal excitation. The net force in the +X direction produced by
the mechanical model is given by the reverse inertia forces:

−F = moẌo +∑mn
(
Ẍo + ẍn

)
(3.33)

and the moment exerted on the tank can be computed according to Eqn.3.34 (the second part of
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equation represents the moment caused by vertical offset of masses):

−M = ∑mnhnẍn−g∑mnẍn (3.34)

Accordingly, the equation of the motion for each spring-mass is expressed as:

mn(Ẍo + ẍn)+Knxn = 0 (3.35)

So, if the tank was excited by the frequency of Ω, and ground displacement of X(t)=−iXoexp(iΩt),
Eqn.3.35 shall be rewritten as:

xn =−
iΩ2Xo

ω2
n −Ω2 (3.36)

With these equations, the amplitudes of the force and moment on the tank can be expressed
analytically as:

Famp

iΩ2mliq
=−

[
1+∑

mn

mliq

(
Ω2

ω2−Ω2

)]
Xo (3.37)

Mamp

iΩ2Xomliq
= ∑

mn

mliq

(
HnΩ2 +g
ω2−Ω2

)
(3.38)

Thus, if mcn and kcn , respectively, represent the equivalent mass and spring stiffness of the nth

mode, they can be calculated by comparing with the lateral forces exerted on the tank by sloshing
liquid, and according to Eqn.3.39 and Eqn.3.40:

mn =
8mliqa/h

π3(2n−1)3 tanh
[
(2n−1)

πh
a

]
(3.39)

kn =
8mliqg

hπ2(2n−1)2

(
tanh

π (2n−1)h
a

)2

(3.40)

Likewise, if the moment created by x−translation of the tank is duplicated by the mechanical
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system, the axial elevation of the masses also is defined by:

Hn =
h
2
−2a

tanh
[
(2n−1) πh

2a

]
(2n−1)π

(3.41)

The simplified single-spring-mass model was extended by Housner (1957) for application in the
liquid tank system, and is shown in Figure3.4. In this mechanical model, the force exerted by the
sloshing water would correspond to Mc ,and Mi stands for the mass that is rigidly attached to the
tank wall and bottom experiencing the same acceleration as the tank.

Figure 3.4: Single convective mass model proposed by Housner

Generally, a single convective mass is used, as higher modes of sloshing have negligible influence
on the force exerted in the container, even if the fundamental frequency of the structure is close
to the natural frequency of sloshing. According to Housner’s method, the equivalent mass for the
impulsive component and the corresponding height as well as the ones for convective component
can be calculated using Eqn.3.42 and Eqn.3.43 respectively:

Mi = M
tanh0.85 L/h

1.7L/h
(3.42)

hi =
3
8

h

{
1+α

[
M
Mc

(
L
h

)2

−1

]}

Mc = M
(0.83) tanh1.6 h/L

1.6h/L
(3.43)

43



hc = h

1− 1
3

M
Mc

(
L
h

)2

−0.63β
L
h

√
0.28

(
M
Mc

L
h

)2

−1


where α = 1.33 and β = 2.0.

In Housner’s model, if the tanks is assumed to behave rigidly under ground motion, the maxi-
mum value of horizontal movement of the convective mass relative to the tank wall, corresponds
to the maximum vertical oscillation of the free surface. In addition, corresponds to the maximum
horizontal convective force exerted on the tank wall. In Figure 3.4, d , shows the vertical dis-
placement of the water. If the tank is excited by the initial displacement of the convective mass
as x =Ac sinΩt , the maximum sloshing height for the rectangular tank is:

d =
0.527Lcoth(1.58 h

L)
g

Ω2θhL −1
(3.44)

Where θh represents the angular amplitude of free oscillation at the fluid surface, based on the
assumption of a plane water surface and equals to:

θh = 1.58
Ac

L
tanh

(
1.58

h
L

)
(3.45)

The maximum vertical displacement of the free surface can be re-written as follows:

d =
0.84Ac

(
kcg
Mcg

)
1− Ac

L

(
kc L
Mcg

) (3.46)

and

kc = 3
M2

c
M

gh
L2 (3.47)

3.3.2 Parameters for the Pendulum Model

In the pendulum model shown in Figure 3.2, each pendulum represents one sloshing mode. A
rigidly attached mass is also chosen to duplicate the effect of the liquid that moves unison with the
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structure. Matching the hydrodynamic forces due to horizontal excitation, to the total forces due
to the mechanical model consisting of pendulums and rigid mass, the following characteristics
will be defined for the system:

The equivalent masses for each sloshing mode (mn represents the nth modes pendulum mass and
ln represents nth modes pendulum length):

mn =
8ρlBL2

(2n−1)3
π3

tanh(2n−1)
πHL

L
(3.48)

ln =
L

(2n−1)π
coth(2n−1)

πHL

L
(3.49)

Hn = ln +HL/2− 2L
(2n−1)π

tanh(2n−1)
πHL

L
(3.50)

Accordingly, the rigid mass is:
mo = mliq−∑mn (3.51)
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Chapter 4

Finite Element Methodology

4.1 Introduction

Finite Element Method (FEM) is among the methods that can be used for the analysis and design
of civil and mechanical engineering structures. Application of finite element method in simu-
lations of dynamic events has become very practical. Due to cost effectiveness and practical
procedure, this method is used to have the highest possible confidence in the computed results.
This chapter presents the theories of finite element method used for dynamic analysis of concrete
rectangular LCS. The results of analysis based on the full finite element models will be discussed
later in chapter 5.

The appropriate mathematical model was chosen for the fluid-structure interaction in the rectan-
gular tank and was discussed in chapter 3. Now, in chapter 4, the finite element solution of the
model will be discussed. Derivation of FEM formulation for the system is discussed hereby. In
this chapter, the solutions of the differential equation for the coupled fluid-structure system will
be described. Derivation of Finite Element formulation for the structure domain is discussed in
section 4.2.1. Formation of the coupling matrix for the coupled system of Tank-Fluid is also pre-
scribed in section 4.2.2. Modelling of the fluid domain is described in section 4.2.3. Finally, the
solution of the coupled system in time-domain is discussed in section 4.2.4.
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4.2 Finite Element Modelling of the Coupled Systems

For a coupled system, such as the one of concern in this study, there are unknown forces at
the interface; therefore, neither of the domains can be solved independently of the other. In a
partially filled water tank, coupling occurs on domain interfaces via the boundary conditions. In
these cases, physically different problems interact; but, it is possible to consider coupling between
the domains that are physically similar. In this chapter, derivation of the coupling matrix, which
relates the pressure of the liquid element at the interface to the equivalent structural force and
reverse, will be discussed. Also, derivation of the equation of motion by finite element method,
for the tank structure as well as the one for the contained fluid is described hereby.

In this study, direct integration method will be employed. Note that, for the case of multi or single
DOF system that the acceleration of the ground motion varies arbitrarily with time, analytical
solution is nearly impossible. Therefore, the dynamic response of the rectangular tank will be
solved by numerical time-stepping method for integration of differential equations. Note that
the time stepping is not an exact procedure. However, if this method meets requirement such as
convergence, stability and accuracy, can be used with confidence. Among different time-stepping
methods, Newmark method will be employed in this study.

4.2.1 Finite Element Modelling of the Tank Structure

For the tank structure, formulation of the equation of motion by finite element method can be
summarized in the following steps:

• Idealize the system as an assemblage of a finite number of elements that are only connected
at nodes

• Define the degree of freedom at each node, and DOF of the whole system

• For each finite element, form the stiffness matrix, K, and form the stiffness matrix for the
whole system

• Create the mass matrix, M, for each individual element; then, assemble the mass matrix for
the system

• Form the damping matrix, C
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• Form the force-displacement and inertia force-acceleration relation for each element

• Then assemble the transformation matrix that relates the force and displacement for each
element to the force and displacement of the assemblage

• Assemble the element matrices to determine the stiffness and mass matrices and applied
force vector for the system

• Finally, formulate the equation of motion for the finite element assemblage

Figure 4.1 represents a system that contains of a finite number of element having one DOF at
each node. In this system, Mn represents the mass of each element.

The mass matrix for the structure is:

[
M
]
=



M1 . . . . .

. M2 . . . .

. . M3 . . .

. . . . . .

. . . . Mn−1 .

. . . . . Mn


(4.1)

The mass matrix
[
M
]

is a diagonal matrix and in general it can be a non-diagonal symmetric
matrix.

Similarly, the stiffness matrix is also assembled as:

[
K
]
=



K11 K12 K13 . . K1n

K21 K22 . . . .

K31 . K33 . . .

. . . . . .

. . . . Kn−1 .

Kn1 . . . . Kn


(4.2)

Damping matrix for the tank structure is:
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[
C
]
=



C11 C12 C13 . . C1n

C21 C22 . . . .

C31 . C33 . . .

. . . . . .

. . . . Cn−1 .

Cn1 . . . . Cn


(4.3)

Figure 4.1: An example of a system discredited to a finite number of elements

Therefore, the inertia forces are, FI =
[
M
][

ü
]
:

FI =



FI1

FI2

.

.

FI(n−1)

FI(n)


=



M1 . . . . .

. M2 . . . .

. . . . . .

. . . . . .

. . . . Mn−1 .

. . . . . Mn


×



ü1

ü2

.

.

ün−1

ün


(4.4)

Damping forces can be written as, FD =
[
C
][

u̇
]
:

FD =



FD1

FD2

.

.

FD(n−1)

FD(n)


=



C11 C12 C13 . . C1n

C21 C22 . . . .

C31 . C33 . . .

. . . . . .

. . . . Cn−1 .

Cn1 . . . . Cn


×



u̇1

u̇2

.

.

u̇(n−1)

u̇n


(4.5)

Similarly, the forces due to elasticity are, Fs =
[
K
][

u
]
:
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FC =



FS1

FS2

.

.

FS(n−1)

FS(n)


=



K11 K12 K13 . . K1n

K21 K22 . . . .

K31 . K33 . . .

. . . . . .

. . . . Kn−1 .

Kn1 . . . . Kn


×



u1

u2

.

.

u(n−1)

un


(4.6)

In order to have the system satisfying the dynamic equilibrium, the external forces applied on
the system shall be equal to the internal forces. As a result, the equation of motion for the tank
structure shall be written according to Eqn.4.7:

[
ft
]
=
[
M
][

ü
]
+
[
C
][

u̇
]
+
[
K
][

u
]

(4.7)

and if the system is subjected to base acceleration, the equation of motion is:

[
ft
]
−
[
M
][

üg

]
=
[
M
][

ü
]
+
[
C
][

u̇
]
+
[
K
][

u
]

(4.8)

In the coupled system such as water tank, the external load acting on the system may be separated
to two components. First, f , as the force due to hydrodynamic pressure, and f1, as the resultant
of any other forces acting on the system. Therefore, Eqn.4.8 shall be re-written as:[

f
]
+
[

f1

]
−
[
M
][

üg

]
=
[
M
][

ü
]
+
[
C
][

u̇
]
+
[
K
][

u
]

(4.9)

If in Eqn.4.9,
[
F1

]
=
[

f1

]
−
[
M
][

üg

]
, equation of motion for the tank structure derived by finite

element method can be expressed as:[
M
][

ü
]
+
[
C
][

u̇
]
+
[
K
][

u
]
=
[
F1

]
+
[

f
]

(4.10)

4.2.2 Coupling Matrix of Liquid-Tank System

As mentioned previously, at the interface of the coupled domains, there are some unknown forces
induced by the interacting boundary elements. Likewise, in the coupled liquid-tank system, the
hydrodynamic pressure of the liquid in motion exerts equivalent of structural force at the wet
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surface of the wall. The coupling matrix [Q] that relates the pressure to the force is:

[
Q
]
×
[
P
]
=
[

f
]

(4.11)

In Eqn.4.11, P is the pressure and f is its equivalent structural force. The coupling matrix can
be found by the virtual work theory. Accordingly, the work done by the pressure at the interface
element of the fluid domain and the structure shall be equal to the work done by equivalent nodal
forces on the interface boundary element. The virtual work theory, for a line element on the
interaction boundary in 2D model, as demonstrated in Figure 4.2, shall be expressed as:

ˆ
PeUnds =

[
fe

]T[
δ

]
=
[

fx1 fy1 fx2 fy2

]


u1

v1

u2

v2

 (4.12)

Figure 4.2: A two-dimensional element at the fluid domain and structure domain interaction
boundary

In Eqn.4.12, Pe and Un are the pressure and the normal displacement along the element interface,
respectively. Node that, e refers to the element at the interaction boundary. [ fe] is the force vector
of the element and [δ ] is the displacement of the element. Moreover, fx1 and fy1 represent the
nodal forces at node 1 in X and Y directions, respectively. Similarly, for node 2, the nodal forces
are shown by fx2 and fy2. For the interface element, u and v symbolize the X and Y components of
the nodal displacement. Therefore, by introducing shape function Ni at each node, the following
equation shall be written to relate nodal displacement to element displacement:
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u = N1u1 +N2u2 (4.13)

v = N1v1 +N2v2 (4.14)

According to Eqn.4.13 and Eqn.4.14, the normal displacement along the interface element sur-
face is:

Un = un + vn = ηN1u1 +ηN2u2 +βN1v1 +βN2v2 (4.15)

Where in Eqn.4.15, η and β are the absolute values of the normal vector on the boundary in the
global directions of X and Y . Eqn.4.15 can be written as:

Un =
[
ηN1 βN1 ηN2 βN2

]


u1

v1

u2

v2

 =⇒ Un =
[
Ns

n

]T[
δ

]
(4.16)

In addition, fluid shape function can relate the pressure at each node of the interface element to
the element pressure. Thus, if

[
N f ] is the fluid shape function, the relation between the nodal

pressure and the element pressure can be expressed as:

P =
[
N f
]T[

Pe
]
=
[
N f

1 N f
2

][P1

P2

]
(4.17)

By substituting Eqn.4.16 and Eqn.4.17 in Eqn.4.12, the virtual work equilibrium can be ex-
pressed as:

[
f e
]
=

ˆ

se

[
Ns

n

][
N f
]T

ds
[
Pe
]
=
[
Qe
][

Pe
]

(4.18)

In Eqn.4.18, [Qe] is the coupling matrix that relates the element pressure [Pe] to structural forces
[ f e] at the interface element. For a two-dimensional interface element, the coupling matrix can
be expressed as follows:
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[
Qe
]
=

ˆ

se

[Ns
n]
[
N f
]T

ds

[
Qe
]
=

ˆ

se


ηNs

1

βNs
1

ηNs
2

βNs
2


[
N f

1 N f
2

]
ds

[
Qe
]
=

ˆ

se


ηNs

1N f
1 ηNs

1N f
2

βNs
1N f

1 βNs
1N f

2

ηNs
2N f

1 ηNs
2N f

2

βNs
2N f

1 βNs
2N f

2

ds (4.19)

Eqn.4.19 is valid for a typical two-dimensional coupled system of fluid-structure, and for the
elements that have two DOF at each node. Two-dimensional modelling of the system is a very
simple and practical method in engineering problems. However, as mentioned before, for a more
realistic simulation of the fluid-structure system, a three-dimensional model is preferred. The
coupling matrix for a 3D system with a four node interface element that has three degrees of
freedom of x, y, and z at each node, can be written as:

[
Qe
]
= ϖ

1ˆ

−1

1ˆ

−1



α1Ns
1Ns

1N f
1 α1Ns

1Ns
1N f

2 α1Ns
1Ns

1N f
3 α1Ns

1Ns
1N f

4

β1Ns
1Ns

1N f
1 β1Ns

1Ns
1N f

2 β1Ns
1Ns

1N f
3 β1Ns

1Ns
1N f

4

γ1Ns
1Ns

1N f
1 γ1Ns

1Ns
1N f

2 γ1Ns
1Ns

1N f
3 γ1Ns

1Ns
1N f

4

. . . .

. . . .

. . . .

α4Ns
4Ns

1N f
1 α4Ns

4Ns
1N f

2 α4Ns
4Ns

1N f
3 α4Ns

4Ns
1N f

4

β4Ns
4Ns

1N f
1 β4Ns

4Ns
1N f

2 β4Ns
4Ns

1N f
3 β4Ns

4Ns
1N f

4

γ4Ns
4Ns

1N f
1 γ4Ns

4Ns
1N f

2 γ4Ns
4Ns

1N f
3 γ4Ns

4Ns
1N f

4


24×4

×
∥∥tξ × tη

∥∥dξ dη

(4.20)

In which:

tξ =
{

∂x
∂ξ

, ∂y
∂ξ

, ∂ z
∂ξ

}
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tη =
{

∂x
∂η

, ∂y
∂η

, ∂ z
∂η

}
ϖ =

´
Ae‖tξ×tη‖dξ dη

∑
8
i=1
´

Ae Ns
i Ns

i ‖tξ×tη‖dξ dη

In Eqn.4.20, N f
i is the shape function for the liquid and Ns

i is the shape function of the structure.
Moreover, αi , βi and γi are the direction cosines of the nodes of the interface element at the
interaction boundary.

4.2.3 Finite Element Modelling of the Liquid Domain

The governing equation of motion for the liquid in a moving rectangular tank was described in
Chapter 3. Moreover, the boundary conditions at the interface of the fluid and structure domain as
well as the one at the free water surface were discussed. Moreover, it was stated that the velocity
potential, Φ , should satisfy the wave equation at any point in the liquid domain, respecting the
assumption of incompressible fluid as:

∂Φ(x,y,z, t)
∂n

= νn(t) at boundary Γ1 (4.21)

In Eqn.4.21, vn(x,y,z, t) is the component of velocity on the boundary along the direction of the
outward normal n. Then:

∇
2
Φ(x,y,z, t) = 0 (4.22)

Figure 4.3 represents the schematic illustration of the liquid domain and the boundaries. In cases
that the tank motion is not rotational, and if the viscous stresses are negligible, the boundary
condition at the wet surface of the tank wall is:

vn =
∂w
∂ t

(4.23)

where w is the normal displacement of the structure.

Under horizontal ground motion, the linearized dynamic boundary conditions for the 3D model
illustrated in Figure 3.1 is written in the form of Eqn.4.24 at the free surface of the liquid.
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Figure 4.3: Schematic illustration of liquid domain and boundaries

1
g

∂ 2Φ

∂ t2 +
∂Φ

∂ z
= 0 at boundary Γ2 (4.24)

At the boundary Γ2, if the sloshing displacement is denoted by η , pressure, P, in terms of sloshing
can be calculated according to Eqn.4.25. Note that in Eqn.4.25,ρ is the fluid density.

P
ρ
=−gη− ∂Φ

∂ t
(4.25)

Using finite element formulation, the velocity potential, Φ , is:

Φ =
n

∑
i=1

Ni(x,y,z).Φi(t) (4.26)

where Ni are the shape functions at the boundary element. Substituting equations 4.22, 4.21, 4.24
and 4.26, the weighted residual form of the governing equation might be expressed as:

ˆ

V

Ni

[
∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2

]
∑N jΦ jdV −

ˆ

Γ1

Ni
∂

∂n ∑N jΦ jdΓ1
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And this equation can be expanded to Eqn.4.28:
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Moreover, V is the element volume, Γ1 and Γ2 are the area across the boundaries as shown in
Figure 4.3, and Γe = Γ1 +Γ2. If the small slopes are assumed at the interface of the liquid and
structure, the following equation shall be formed:

∂N j

∂n
=

∂N j

∂ z
at Γ2 (4.29)

As a result, Eqn.4.28 can be rewritten as:
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Therefore, using finite element formulation of the fluid domain and using the discredited formu-
lation of Eqn.4.22, the wave equation can be written in the following form:

[
G
][

P̈
]
+
[
H
][

P
]
=
[
F
]

(4.31)

In Eqn.4.31, Gi, j = ∑Ge
i, j and Hi, j = ∑He

i, j are constant coefficient for each element. Those
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coefficients can be calculated according to Eqn.4.32 and Eqn.4.33, respectively. Coefficient Fi =

∑Fe
i can be calculated from Eqn.4.34, at each step of the analysis for individual element. Again,

P is also the pressure vector.

Ge
i, j =

1
g

ˆ
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Ni ∑N jdΓ (4.32)
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Fe
i =

ˆ

Γe

Ni
∂P
∂n

dΓ (4.34)

Note that in Eqn.4.31, F is the force acting on the liquid domain. As was mentioned before,
this force depends on the boundary condition and at the interface element, F can be calculated
obtained from Eqn.4.35 as:

[
F
]
=−ρ

[
Q
]T ({

Ü
}
+
{

Üg
})

(4.35)

In Eqn.4.35, [Q] is the coupling matrix that relates the pressure of the liquid to the equivalent
nodal structural forces and reverse.

{
Ü
}

is the acceleration vector of the nodes at the bound-
ary element in the structural domain, and

{
Üg
}

is the ground acceleration vector applied to the
system. Therefore, equation of the motion for the interface element in the fluid domain can be
written as: [
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If in Eqn.4.36,
[
F2

]
= −ρ [Q]T
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}

, the equation of motion for the fluid domain can be ex-
pressed as: [
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4.2.4 Solution of the Moving Liquid-Tank System in Time Domain

Now that the equation of motion for the liquid domain, the equation of motion for the structure
domain, as well as the coupling matrix for this coupled system, is identified, displacement and
pressure can be obtained for each time step. For much of this conversation, Eqn.4.9 and Eqn.4.37
has been combined to create a matrix formulation as Eqn.4.39:[

M 0
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[
C 0
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][
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]
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(4.38)

This equation can be expressed as:[
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Among different time-stepping method, Newmark’s method will be employed. Accordingly,
parameters from Eqn.4.39 and their derivations can be solved based on following equations:[
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P̈

]
i
+
[
β (∆t)2

][Ü
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Where typical selection for γ is 1/2 and 1
6 ≤ β ≤ 1

4 . To avoid iteration and to use incremental
quantities, equations 4.40 and 4.41 can be rewritten. As follows, the steps for this method will be
explained:
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58



1. a =
1

β4t

[
M
]
+

γ

β

[
C
]

b =
1

2β

[
M
]
+4t

(
γ

2β
−1
)[

C
]

2. 4

[
F̂1

F̂2

]
i

=4

[
F1

F2

]
i

+a

[
U̇

Ṗ
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Ü

P̈

]
i

=
1

β (4t)24

[
U

P

]
i

− 1
β4t

[
U̇

Ṗ
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This implicit method shall be started from the time step (i = 1), as the tank is in the stationary
position, to calculate the initial parameters. Then, repetition shall be done for the next time step,
(i+1). It should be noted that, for the Newmark formulation, parameters of β = 0.505 and
γ = 0.252 are used in ANSYS program. These values are satisfactory within the scope of this
study in term of stability and accuracy. Further information on the direct integration method can
be found in studies reported by Bathe(1999) and Zienkiewisc (1977). Also, other methods for the
time stepping analysis are discussed by Chopra (1995).
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Chapter 5

Dynamic Response of Rectangular Tanks:
FEM Modelling, Results and Discussions

5.1 Introduction

This chapter is divided into seven sections. In this chapter, the effects of three-dimensional ge-
ometry on the dynamic response of the partially filled rectangular water tanks are discussed.
Parametric studies are conducted to investigate the effect of different factors such as tank plan
dimensions, water level, and ground motion frequency content on the dynamic response of the
3D water tanks. The results of finite element analysis are presented for twenty seven rectangular
tank configurations.

In this study, ANSYS (version 12.1) finite element program is used for the analysis purposes.
Finite element implementation of the partially filled rectangular tank in ANSYS program, for both
two-dimensional and three-dimensional geometries, are presented in section 5.2. Mesh sensitivity
of the model is discussed in section 5.2.1.

In section 5.3, the results of modal analysis on the flexible 2D and 3D rectangular tanks are
presented. The modal analysis of free liquid oscillations in a partially filled container is employed
to determine the free surface natural frequencies and the corresponding free surface mode shapes.
The fundamental frequencies of impulsive mode of vibration are also calculated. The values of
natural frequencies and effective mass ratios are conducted and compared with those according
to current practice.
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In section 5.4, time history analysis are conducted on both 2D and 3D tank models using finite
element method (FEM). The sloshing heights of water are calculated at the critical locations. To
investigate the effects of 3D geometry on the response of externally excited tanks, the results of
3D models are compared with the corresponding 2D simulations and are presented.

Moreover, in the 3D models, in order to investigate the effects of interaction of waves at the corner,
the sloshing height is also calculated at the corner of the rectangular tanks and are compared with
the sloshing heights at other locations. Two comparisons are made for each tank model: First,
in order to introduce a practical method for design free-board, the peak sloshing height at the
corner of the tank is compared with the peak sloshing heights at the middle of the walls. Second,
to investigate the occurrence of constructive or destructive interference, at the time that the peak
sloshing height occurs at the corner of the tank, that value is compared with the sloshing heights
in X and Y directions.

Later, the effects of the frequency content of the ground motion on the sloshing response of
the 3D tank models are investigated. For this purpose, time history analysis are conducted on
three rectangular tanks by applying three different ground motions. Moreover, by subjecting the
rectangular tank models to two different external excitation, the effects of the frequency content
of the earthquake on the amplification of the sloshing height at the corners relative to those at
the middle of the walls are investigated. Finally, sloshing heights calculated in this study are
compared with available methods in literature and to the results of the ACI 350.3-06 code.

In section 5.5, by introducing flexible boundary condition, the hydrodynamic pressure distri-
bution is calculated along the wall height of 3D tank models. The results are compared with
corresponding 2D models to determine the effect of 3D restraint condition on the hydrodynamic
pressure. Pressure distributions are also estimated for the 2D rigid tanks. The lateral distribution
of the hydrodynamic pressure is also presented. For 2D rigid tanks, distribution of the impulsive
component of the hydrodynamic pressure is compared with the analytical method.

Moreover in section 5.6, the resulting base shear and base moments are computed using FEM.
Time histories of the impulsive and convective components of the base shear and the overturning
moment at the ground level are presented and are compared with the results of the 2D models.
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5.2 Application of Finite Element Program

There are different methods available to apply finite element approach to simulate liquid motion in
tanks. First, to model the sections assuming plane strain behaviour. In that case, two-dimensional
grids can be employed to model the cross section of the tank parallel to X direction as well as the
one parallel to Y direction, separately. Second method is the subdivision of the total liquid into
small volumes, which produces a three-dimensional mesh. In this study, the liquid-tank system is
modelled in both 2D and 3D geometries.

The rectangular concrete water tank shown in Figure 5.1 is the subject of the study. The cross
section parallel to the short side wall is adopted for X direction, along with the cross section
parallel to the long side as Y direction. Twenty seven tank configurations are modelled in ANSYS
(version 12.1) program. Different tank configurations and their symbols are presented in Table
5.1. As follows, in this thesis, Hw and tw represent the height and thickness of the tank wall,
respectively. 2Lx and 2Ly represent inside dimension of the tank wall for shorter and longer side
wall, respectively. HL is also the water depth, and Htop is the height of the empty portion of the
tank. Points A and B are located at the water surface at the middle cross section of longer and
shorter side walls, respectively. Point C is at free water surface at the corner of the rectangular
tank between points A and B.

Tank identifying symbols summarized in Table 5.1 contain three items. First parameter is a letter
such as S, M and T , symbolizing tanks with water level of 5.5, 8.0, and 11.0m, respectively.
Second parameter starts with letter X , followed by a two digit number, demonstrating dimension
of the tank wall parallel to X direction and the third parameter starts with letter Y representing the
dimension of the tank wall parallel to Y direction followed by a two digit number.

Tanks are divided into three groups. Group 1, Group 2 and Group 3 of tanks, which contain
tanks with shorter side wall dimension of 20m, 30m and 40m, respectively. It should be noted
that tanks in groups 1 and 2 have a wall thickness of 600mm and tanks in group 3, 1200mm.
Moreover, tank height, Hw, in groups 1, 2 and 3 are 6.0, 8.5 and 12.0m, respectively.

Material properties for the structure domain and the fluid domain are as follows:

Structure domain: ρc = 2300 kg/m3 Ec = 2.644× e10 Pa ν = 0.17

Fluid domain: ρl = 1000 kg/m3 Bl = 2.1× e9 Pa

Where ρc, Ec and ν are density, modulus of elasticity and Poisson’s ratio for the tank structure.
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ρl and Bl are density and bulk modulus of the fluid domain.

Figure 5.1: Schematic configuration of the tank

Table 5.1: Selected tank configurations for this study

Shallow (HL = 5.5 m) Medium (HL = 8.0 m) Tall (HL = 11 m)
Hw = 6.0 m, tw = 0.6 m Hw = 8.5 m, tw = 0.6 m Hw = 12 m, tw = 1.2 m

2Lx 2Ly 2Lx 2Ly 2Lx 2Ly

Group 1
SX20Y40 20 40 MX20Y40 20 40 TX20Y40 20 40

SX20Y60 20 60 MX20Y60 20 60 TX20Y60 20 60

SX20Y80 20 80 MX20Y80 20 80 TX20Y80 20 80

Group 2
SX30Y40 30 40 MX30Y40 30 40 TX30Y40 30 40

SX30Y60 30 60 MX30Y60 30 60 TX30Y60 30 60

SX30Y80 30 80 MX30Y80 30 80 TX30Y80 30 80

Group 3
SX40Y40 40 40 MX40Y40 40 40 TX40Y40 40 40

SX40Y60 40 60 MX40Y60 40 60 TX40Y60 40 60

SX40Y80 40 80 MX40Y80 40 80 TX40Y80 40 80

For three-dimensional modelling, the tank is assumed to be a symmetric structure with four side
flexible walls. It is also assumed that the tank is anchored at its base, and the effect of uplift pres-
sure is ignored. Tanks are assumed to be rigidly attached to rock foundation, and the soil-structure
interaction effect is neglected. Tank walls are modelled as iso-parametric solid elements (Solid 45
- ANSYS program) with eight nodes, which have three degrees of freedom (DOF) at each node.
The liquid domain is also modelled by three-dimensional iso-parametric fluid elements (Fluid 80
- ANSYS program) having three DOF at each of eight nodes.
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It should be noted that Fluid 80 elements include special surface effects, which may be thought
of as gravity springs used to hold the surface in place. This is performed by adding springs to
each node, with the spring constants being positive on the top of the element, and negative on
the bottom. Note that gravity springs are located only on the face of elements located at the
free surface plane. Gravitational acceleration is applied on the tanks used in this study, since
they are open top tanks. It should be noted that fluid elements at a boundary are not attached
directly to structural elements; but, they have separate, coincident nodes that are coupled only
in the direction normal to the interface. Couplings are applied at the wet surface of the wall as
well as the bottom of the tank. Figure 5.2 shows the schematic illustration of a 3D iso-parametric
solid/fluid element as well as the finite element simulation of the whole tank in 3D space.

It is observed that the accuracy of the finite element method depends on the number of elements.
In order to achieve a reasonable mesh size for the dynamic analysis, length of the walls are divided
into 30 elements in X direction. The walls parallel to Y direction are also divided into 60 number
of elements. This descritizing is employed for both structure and fluid domain. In both X and
Y directions, mesh ratio of 15 is employed; therefore, the size of the elements closer to walls
are smaller than those in the middle of the tank. Moreover, the water depth is divided into 22
segments, and the portion of the wall that is in contact with the contained water is also divided
into 22 elements. Htop is also is divided into two elements for groups 1 and 2, where Htop is also
is divided to four elements for group 3. Wall thickness and the bottom slab are divided into two
elements for groups 1 and 2, where they are divided into four elements for tanks in group 3.

Additionally, in order to obtain two-dimensional modelling, the structure is simulated using four-
node elements (Plane 42 - ANSYS program) with two DOF; translations in X and Y direction at
each node. In 2D models, tanks are assumed to have plane strain behaviour. To get more accurate
results in 2D plane strain models, fluid domain is modelled with both four-node iso-parametric el-
ement (Fluid 79 - ANSYS program) as well as the four node acoustic element (Fluid 29 - ANSYS
program). The 4-node acoustic element has the DOF of pressure at each node. Acoustic element
is used to calculate the resulting forces and moments, as well as the hydrodynamic pressure distri-
bution along the height of the walls. On the other hand, iso-parametric elements are employed to
estimate the sloshing height. It should be noted that Fluid 79 element similarly includes surface
effects.

In 2D models, when the Fluid 79 element is used for introducing the fluid domain, the length of
the tank is divided to 240 elements. In those cases, finer mesh is used to calculate more accurate
value for the sloshing height. However, as the acoustic element has the DOF of pressure at each
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node, coarser mesh is used to reduce the computational effort. In this case, both liquid domain
and the structure are divided into 60 elements in the horizontal direction. Other parameters such
as Htop ,HL , H f and tw are following the same divisions as the 3D models, as was described
earlier. Figure 5.3 illustrates the finite element simulation of the tank for 2D geometries as well
as the schematic figure for a 2D acoustic element.

Figure 5.2: (a) Schematic 3D, 8-node iso-parametric element, (b) 3D model of a partially filled
rectangular tank

Figure 5.3: (a) 2D acoustic element, (b) Two dimensional model of a partially filled rectangular
tank

5.2.1 Mesh Sensitivity

Finite element methods have been used for many years with success in the analysis of complex
structures. Accuracy and convergence properties of these models should be investigated when
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these models are used to represent a structure. Accuracy studies are usually based on the numer-
ical solution for restricted problems for comparison with known results. Convergence studies are
carried out to investigate the numerical results as the number of elements increase.

As the first step of this study, the possible error is to be estimated by selecting the appropriate
mathematical model to represent the object being analyzed. The mathematical model for this
study is derived in Chapter 3 for a rigid rectangular tank. Same model is used to calculate the
maximum pressure at the bottom of rigid tank. The analysis goal is to compute the exact solution
of bottom pressure named Pex and then calculate its value using FEM which is Pf em. It should be
noted that the term Pex depends only on the definition of the mathematical model and not on the
method used for finding an approximate solution. Therefore, it does not depend on mesh quality,
type, and size of elements. The FE pressure at the bottom of two rigid tank models are compared
with the exact solutions. It should be noted that the convergence study is done on cases SX30Y60
and TX20Y60.

FEM error can be found according to:

error =
Pex−Pf em

Pex
(5.1)

The variations of ratio of the FE bottom pressure to the analytical pressure with the number of
mesh divisions are shown in Figure 5.4 for 2D rigid shallow and tall tank models. It is found that
the discretization errors are equal to 1.66 and 0.03 percent for the proposed 2D models with water
level of 5.5 and 11.0m, respectively. This range of error is acceptable for numerical analysis. A
detailed comparison between analytical and FE results will be discussed later in Section 5.5.

Figure 5.4: Finite element discretization error: (a) 2D shallow tank model (b) 2D tall tank model
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5.3 Modal Analysis

Sloshing is defined as any motion of the free liquid surface inside its container, and it is caused
by any disturbance to a partially filled liquid container. It should be noted that the liquid surface
in a partially filled container can move back and forth at infinite number of natural frequencies,
but it is the lowest few modes that are most likely to be excited by the ground motion.

In this section, modal analysis is employed to determine the free surface natural frequencies and
the corresponding free surface mode shapes. Figure 5.5 represents the mode shape related to the
first fundamental mode of sloshing for a typical 3D tank model. This figure shows the fundamen-
tal anti-symmetric wave. This mode has the lowest natural frequency. It is worth mentioning that,
at the first anti-symmetric mode, the wave has zero amplitude at the centre of the tank (x = 0).
This leads to a positive peak at one wall, and a negative peak at the apposite wall. For higher
sloshing modes, there are intermediate peaks, and the number of peaks increases with number of
modes.

Figure 5.6 shows a sketch of the first three modes and the relative shift of the centre of gravity
of the contained liquid. It is noticed that for the same maximum wave amplitude, the centre of
gravity shift, for the fundamental mode (n = 1), is substantially greater than that of the other
modes. Since the centre of mass oscillation is the source of the slosh-induced forces, the wave
corresponding to the first mode of sloshing produces a much greater force than any other modes.

Figure 5.5: Mode shape related to the first fundamental mode of sloshing for a typical 3D model
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Figure 5.6: First three sloshing mode shapes

Figure 5.7: Mode shape related to the impulsive mode for a typical 3D model

In this study, natural frequencies and mode shapes for the impulsive modes are also calculated.
Figure 5.7 is the mode shape for the impulsive mode.

The natural periods of the first mode of sloshing and the impulsive mode, as well as the mass
ratios corresponding to those modes are calculated using FEM. Results are summarized in Tables
5.2, 5.3 and 5.4 for the 3D models of shallow, medium and tall tanks, respectively. More detailed
discussions on the calculations of the natural frequencies are described in Chapter 3.
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Table 5.2: Time periods and mass ratios for 3D Shallow tanks with HL = 5.5m

Convective Impulsive Convective Impulsive
X Y

Tc mc/m Ti mi/m Tc mc/m Ti mi/m

Case sec sec sec sec

SX20Y40 6.05 0.433 0.147 0.158 11.22 0.507 0.117 0.058
SX20Y60 6.05 0.442 0.153 0.162 16.56 0.535 0.119 0.052
SX20Y80 6.05 0.446 0.155 0.164 21.96 0.546 0.118 0.0341

SX30Y40 8.56 0.504 0.147 0.110 11.22 0.527 0.139 0.081
SX30Y60 8.56 0.515 0.153 0.113 16.56 0.556 0.137 0.039
SX30Y80 8.56 0.520 0.155 0.114 21.96 0.568 0.139 0.041

SX40Y40 11.22 0.534 0.147 0.079 11.22 0.534 0.147 0.079
SX40Y60 11.22 0.549 0.153 0.086 16.56 0.567 0.147 0.056
SX40Y80 11.22 0.554 0.155 0.087 21.96 0.580 0.148 0.013

Table 5.3: Time periods and mass ratios for 3D Medium tanks with HL = 8.0m

Convective Impulsive Convective Impulsive
X Y

Tc mc/m Ti mi/m Tc mc/m Ti mi/m

Case sec sec sec sec

MX20Y40 5.49 0.387 0.293 0.212 9.60 0.51 0.196 0.091
MX20Y60 5.49 0.396 0.318 0.215 13.95 0.55 0.204 0.070
MX20Y80 5.50 0.400 0.328 0.217 18.38 0.57 0.200 0.050

MX30Y40 7.50 0.487 0.294 0.150 9.60 0.53 0.265 0.110
MX30Y60 7.50 0.498 0.319 0.153 13.95 0.58 0.261 0.058
MX30Y80 7.50 0.503 0.329 0.155 18.37 0.60 0.264 0.057

MX40Y40 9.60 0.484 0.295 0.115 9.60 0.48 0.295 0.115
MX40Y60 9.60 0.551 0.320 0.118 13.95 0.59 0.295 0.076
MX40Y80 9.60 0.557 0.329 0.119 18.37 0.61 0.299 0.015
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Table 5.4: Time periods and mass ratios for 3D Tall tanks with HL = 11.0m

Convective Impulsive Convective Impulsive
X Y

Tc mc/m Ti mi/m Tc mc/m Ti mi/m

Case sec sec sec sec

TX20Y40 5.22 0.251 0.227 0.258 8.57 0.374 0.126 0.128
TX20Y60 5.23 0.260 0.262 0.261 12.17 0.433 0.135 0.096
TX20Y80 5.23 0.265 0.275 0.263 15.88 0.460 0.130 0.069

TX30Y40 6.85 0.352 0.230 0.194 8.57 0.400 0.196 0.143
TX30Y60 6.86 0.365 0.265 0.198 12.17 0.463 0.188 0.080
TX30Y80 6.86 0.372 0.278 0.201 15.88 0.493 0.193 0.077

TX40Y40 8.57 0.412 0.229 0.150 8.57 0.412 0.229 0.150
TX40Y60 8.57 0.430 0.264 0.156 12.17 0.480 0.231 0.099
TX40Y80 8.57 0.430 0.279 0.158 15.88 0.493 0.226 0.059

Modal analysis is also conducted for the 2D models. The periods are calculated for the funda-
mental convective and impulsive modes using FEM. These values are as well estimated according
to ACI 350.3-06 code for seismic design of concrete LCS and according to the Potential Function
(PF) approach. They are summarized in Tables 5.5, 5.6 and 5.7 for the shallow, medium and tall
2D tank models, respectively. It should be noted that the code values are very similar to those of
analytical results.

For the 2D models, comparison of the results from FEM and ACI code and potential function
(PF) approach shows that the FE results are in a good agreement with the analytical value for the
convective component. This is mainly because in this study, the linearized wave equation is used
in FE method similar to PF method and ACI code. Although the value of the convective mode
periods calculated by FEM are slightly higher than PF method and ACI code, which is due to
flexibility of the wall.

On the other hand, the impulsive components are calculated based on lumped mass assumption
according to ACI code and fluid is assumed to be rigidly attached to the cantilever wall; however,
in the FEM, the coupled systems (as discussed in chapter 4) are solved with flexible wall boundary
conditions. As a result, some discrepancies are observed between the natural frequencies and the
mass ratios for the impulsive responses.
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More details on the calculation of the sloshing frequencies and mass ratios are available in litera-
ture by Karamanos et al. (2006) and Patkas and Karamanos (2007).

Table 5.5: Natural frequencies, time periods and mass ratios for 2D Shallow tanks

Convective Impulsive
PF FEM ACI FEM ACI

L Tc fc Tc mC/m Tc mC/ml fi Ti mi/m Ti mi/ml

m sec Hz sec sec Hz sec sec
20 6.06 0.17 6.06 0.46 6.03 0.67 6.42 0.156 0.036 0.10 0.79
30 8.60 0.12 8.62 0.52 8.56 0.75 6.42 0.156 0.028 0.10 0.81
40 11.22 0.09 11.22 0.57 11.17 0.79 6.42 0.156 0.019 0.10 0.82
60 16.56 0.06 16.57 0.60 16.48 0.81 6.42 0.155 0.023 0.10 0.11
80 21.95 0.05 21.96 0.62 21.84 0.82 6.42 0.156 0.046 0.10 0.08

Table 5.6: Natural frequencies, time periods and mass ratios for 2D Medium tanks

Convective Impulsive
PF FEM ACI FEM ACI

L Tc fc Tc mC/m Tc mC/ml fi Ti mi/m Ti mi/ml

m sec Hz sec sec Hz sec sec
20 5.49 0.18 5.50 0.42 5.47 0.56 2.97 0.34 0.28 0.22 0.45
30 7.49 0.13 7.51 0.52 7.46 0.68 2.96 0.34 0.20 0.22 0.31
40 9.59 0.10 9.61 0.58 9.55 0.74 2.96 0.34 0.15 0.22 0.23
60 13.93 0.07 13.95 0.63 13.86 0.79 2.96 0.34 0.11 0.22 0.15
80 18.35 0.05 18.37 0.65 18.26 0.81 2.96 0.33 0.08 0.22 0.12

Table 5.7: Natural frequencies, time periods and mass ratios for 2D Tall tanks

Convective Impulsive
PF FEM ACI FEM ACI

L Tc fc Tc mC/m Tc mC/ml fi Ti mi/m Ti mi/ml

m sec Hz sec sec Hz sec sec
20 5.22 0.19 5.23 0.28 5.21 0.45 3.25 0.31 0.35 0.18 0.58
30 6.85 0.15 6.86 0.39 6.83 0.59 3.22 0.31 0.26 0.19 0.42
40 8.57 0.12 8.57 0.46 8.53 0.67 3.21 0.31 0.21 0.19 0.32
60 12.16 0.08 12.17 0.53 12.10 0.75 3.21 0.31 0.15 0.36 0.21
80 15.87 0.06 15.88 0.57 15.97 0.79 3.21 0.31 0.11 0.36 0.16
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5.4 Time History Analysis

In this section, the seismic responses of partially filled rectangular tanks under external excita-
tions in both longitudinal and transverse directions are investigated. Time history analyses are
conducted to calculate the response of the systems at each time step. FEM is employed to cal-
culate sloshing heights for the 2D and 3D models. In this section, the variations of the wave
amplitude with time are discussed.

For the three-dimensional tank model, the cross-section parallel to the short side wall is adopted
for X direction and N-S component of El-Centro (1940) earthquake is applied. The direction
parallel to the long side wall is also adopted for Y direction and is subjected to the E-W component
of El-Centro (1940) earthquake. The components of the El-Centro (1940) earthquake record are
scaled in such a way that the peak ground acceleration of the N-S component is 0.4g , and that
of E-W component is 0.27g and are shown in Figure 5.8. To reduce the computational efforts,
analyses are done for the first 20 seconds of the excitation, with time intervals of 0.02 seconds.
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Figure 5.8: Horizontal components of El-Centro earthquake: (a) N-S, (b) E-W

For the 2D analysis, the same division is employed separately for the X and Y directions of the
tank models. Note that, for each rectangular tank, two different 2D models are prepared. For
the cross sections parallel to the shorter and longer side walls, adopted for analysis in X and Y

directions, respectively.

For the 3D models, the sloshing heights are calculated at the free surface of the water at the middle
cross section of the walls in X and Y directions and at the corner of the tank, which are called
points A, B and C, respectively. For the 2D models, the critical point at the free water surface
interfacing with the wet surface of the wall is named point A when the analysis is conducted on
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the cross section parallel to the short side wall. Likewise, the point under investigation is named
point B when the E-W component of the ground motion is applied parallel to the long side wall.
Note that 2D models are unable to predict sloshing height at the corner of the rectangular tanks.

5.4.1 Effect of Three-Dimensional Geometry on the Sloshing Height

It should be noted that, in cases where the length to width ratio of the rectangular container is
quite large, as used in current practice, a 2D model based on the cross-section parallel to the short
side wall may be used to determine the sloshing response of the container for the ground motion
acting parallel to the cross section. On the other hand, 3D modelling of the tank represents a more
realistic simulation of the tank behaviour and predicts higher values for the wave heights at the
middle of the short and long side walls in comparison with 2D models. As follows, the differences
between calculated sloshing heights for 2D and 3D models as well as the effect of factors such
as tank plan dimensions and water level are discussed in this section. Values of sloshing heights
calculated using FEM are summarized in Tables 5.8 and 5.9, for the 3D and 2D tank models,
respectively.

Table 5.8: Maximum sloshing height of 3D models conducted by FEM

Maximum Sloshing height (mm) - (Group 1)

Point A B C A B C A B C

SX20Y40 673 475 1067 SX20Y60 661 524 620 SX20Y80 662 468 878
MX20Y40 518 679 953 MX20Y60 521 576 705 MX20Y80 520 573 788
TX20Y40 539 750 1007 TX20Y60 564 639 735 TX20Y80 566 636 741

Maximum Sloshing height (mm) - (Group 2)

Point A B C A B C A B C

SX30Y40 654 480 696 SX30Y60 653 532 863 SX30Y80 652 473 517
MX30Y40 774 682 1071 MX30Y60 783 583 860 MX30Y80 772 581 622
TX30Y40 894 757 1355 TX30Y60 904 659 965 TX30Y80 900 658 760

Maximum Sloshing height (mm) - (Group 3)

Point A B C A B C A B C

SX40Y40 383 479 668 SX40Y60 385 535 583 SX40Y80 384 474 563
MX40Y40 459 683 927 MX40Y60 500 598 830 MX40Y80 518 595 687
TX40Y40 744 750 878 TX40Y60 675 741 817 TX40Y80 667 651 832
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Table 5.9: Maximum sloshing height of 2D models conducted by FEM

Maximum Sloshing height (mm) - (Group 1)

Point A B A B A B

SX20Y40 627 478 SX20Y60 627 525 SX20Y80 627 467
MX20Y40 522 676 MX20Y60 522 592 MX20Y80 522 583
TX20Y40 532 726 TX20Y60 532 683 TX20Y80 532 678

Maximum Sloshing height (mm) - (Group 2)

Point A B A B A B

SX30Y40 498 477 SX30Y60 498 526 SX30Y80 498 467
MX30Y40 770 676 MX30Y60 770 592 MX30Y80 770 583
TX30Y40 846 726 TX30Y60 846 683 TX30Y80 846 678

Maximum Sloshing height (mm) - (Group 3)

Point A B A B A B

SX40Y40 335 477 SX40Y60 335 526 SX40Y80 335 467
MX40Y40 510 676 MX40Y60 510 592 MX40Y80 510 583
TX40Y40 608 726 TX40Y60 608 683 TX40Y80 608 678

In this study, according to Tables 5.8 and 5.9, it can be observed that in both 2D and 3D tank
models, for the tanks with the same plan dimensions, the peak sloshing heights in both directions
increase with water level. Basically, when the water level increases in the tank, the period of
sloshing mode decreases and becomes closer to that of the external excitation; therefore, results
in higher sloshing height. It is observed that the sloshing heights are more profound in tall tank
models in comparison with medium and shallow tank models; although, it should be noted that
the normalized sloshing height against the water depth is more profound for the shallow tank
models in comparison with the tank models with the same plan dimensions and greater water
level.

Moreover, according to Tables 5.8 and 5.9, respectively for the sloshing height of 3D and 2D tank
models, it is observed that in shallow tanks, the peak sloshing height at the middle cross section
of the wall parallel to X direction decreases when the length of the wall increases. Same trend
is observed for the sloshing height at the middle cross section of the wall parallel to Y direction.
Similarly, for medium height and tall height tank models, sloshing decreases as the length of the
wall increases. Because, as are shown in Tables 5.2, 5.2 and 5.7, the period of the sloshing mode
increases when the length of the walls increases; and as a result, the sloshing height decreases. It
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should be noted that when the natural frequency of the tank is higher, its value becomes closer to
the frequency of the ground excitation; and as a result, the sloshing height increases.

To describe the effect of the tank plan dimensions on the sloshing height, the peak sloshing
heights are presented for three cases of tall tank models. All of them have water depth of 11.0m

and the length of walls parallel to X direction is 40.0m. These tanks are referred to as TX40Y40,
TX40Y60 and TX40Y80, with the corresponding lengths of the walls parallel to Y direction equal
to 40.0, 60.0 and 80.0m, respectively. For case TX40Y40, the time histories of sloshing heights
for both 2D and 3D models are shown in Figure 5.9. For the 3D model, the peak wave height at
the middle cross section of the long side wall, point A, is 744mm. This value is 22% higher than
the value conducted by the 2D model (608mm). If B and L, respectively, represent the length of
the wall perpendicular and the one parallel to the direction under investigation, for this case, B/L

ratio equals to 1.0.

For case TX40Y60, time histories of slosh heights of both 3D and 2D models are shown in Figure
5.10. Note that, the B/L ratio for case TX40Y60 is 1.5. For the 3D model of tank TX40Y60,
the peak wave amplitude at point A is 675mm, similarly, it is 11% higher than that of 2D model.
Similarly, as is demonstrated in Figure 5.11, for the 3D model of case TX40Y80, the sloshing
height at point A is 666mm and is 10% higher than the 608mm slosh height obtained using the
2D model. The B/L ratio for case TX40Y80 is 2.0.

It can be observed that the three-dimensional geometry has a significant effect on the sloshing
characteristics. The amplification of sloshing response of the 3D model in comparison with 2D
response is more significant when B/L ratio is smaller.
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Figure 5.9: Time history of sloshing of TX40Y40: (a) 3D model, (b) 2D model
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Figure 5.10: Time history of sloshing of TX40Y60: (a) 3D model, (b) 2D model
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Figure 5.11: Time history of sloshing of TX40Y80: (a) 3D model, (b) 2D model

The relative increase of sloshing height in 3D model in comparison with 2D model seems to
be very sensitive to water level as well. To demonstrate this relation, time histories of sloshing
heights are also presented for three other tank size configurations. These tanks have plan dimen-
sion of 30m× 60m. These tanks are referred to as SX30Y60, MX30Y60 and TX30Y60, with
water depth of 5.5, 8.0 and 11.0m, respectively.

Figure 5.12 shows the time history of sloshing height of case SX30Y60 for both 3D and 2D
models. The peak sloshing height at middle cross section of the long side wall, point A , is 653mm

for the 3D model and is 31% higher than the 498mm sloshing height at point A for the 2D model.

76



It should be noted that, for this case, L/HL and B/L ratios are 5.45 and 2.0, respectively. Sloshing
height at point B is 532mm for the 3D model and is 1% higher than that of the 2D model. It
should be noted that when the sloshing height is being calculated at point B , the E-W component
of the ground motion is applied parallel to Y direction, and the 2D model is formed based on the
cross section parallel to the Y direction. In this case, L/HL and B/L ratios are 10.91 and 0.5,
respectively.

Figure 5.13 shows the variation of the slosh height with time for tank model MX30Y60. It is
observed that the maximum sloshing height at point A is 783mm for the 3D models. This value
is 2% higher the sloshing height of 770mm for the 2D model. In this case, the difference is
insignificant. It should be note that, for this medium height tank, L/HL and B/L ratios are 3.75
and 2.0, respectively.

The time history of sloshing height, for both 3D and 2D models, are presented in Figure 5.14 for
the tall tank, TX30Y60. As is shown, the peak sloshing height at point A for the 3D model is
904mm and is 6% higher than the 846mm sloshing height obtained from the 2D model. In this
case, L/HL and B/L ratios are 2.73 and 2.0, respectively.
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Figure 5.12: Time history of sloshing of SX30Y60: (a) 3D model, (b) 2D model
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Figure 5.13: Time history of sloshing of MX30Y60: (a) 3D model, (b) 2D model
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Figure 5.14: Time history of sloshing of TX30Y60: (a) 3D model, (b) 2D model

Summarizing the results, the sloshing height is compared for all of tank configurations summa-
rized in Table 5.1. It is observed that the effect of the walls parallel to the direction of excitation
cannot be ignored for the cases with smaller values of B/L ratios. For these cases, the differences
in wave height obtained from 3D and 2D models are more profound. Figure 5.15 shows the ratios
of sloshing height in 3D models in comparison with the 2D models, against L/HL ratio. It can
be concluded that, in general, 3D models estimate slightly higher values for the sloshing height
in comparison with the 2D models. The maximum difference between the results of 3D and 2D
tank models are 7%, 31% and 22% for groups 1, 2 and 3, respectively.
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As discussed previously and according to Figure 5.15, it can be concluded that the sloshing re-
sponse is sensitive to L/HL ratio. However, as this ratio reaches the value of 10, the response of
the 3D models becomes very close to that of 2D models. A similar trend to sloshing response
was reported by Kim et al. (1998). As discussed previously, for the tanks with ratio of B/L

greater than 2.0, the response of 2D and 3D models approaches to similar values. This fact may
justify the use of 2D models for the tanks that have B/L and L/HL ratios greater than 2.0 and 10,
respectively.
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Figure 5.15: Sloshing height comparison between 3D and 2D models against L/HL

In order to consider the effect of three-dimensional geometry, the amplification coefficient α ,
may be applied to the sloshing height obtained from 2D models:

• For B/L≥ 2.0 and L/HL ≥ 10.0, α = 1.0

• For B/L≥ 2.0 and L/HL < 10.0, α = 1.2

• For B/L < 2.0 and L/HL < 10.0, α = 1.3

5.4.2 Sloshing at Tank Corners

Wave interference is a phenomenon that occurs when two waves meet while travelling along the
same medium. The interference of waves causes the medium to take on a shape that results from
the net effect of the two individual waves upon the particles of the medium. Wave interference
can be constructive or destructive in nature. Constructive interference occurs at any location
along the medium where the two interfering waves have a displacement in the same direction.
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Destructive interference occurs at any location along the medium where the two interfering waves
have displacement in the opposite directions. Figure 5.16 displays the free water surface profile
of the maximum sloshing for a typical shallow tank model. Due to the constructive interaction of
the waves in X and Y directions, the peak height is at the corner of the tank. Note that, in current
practice, two-dimensional models are used to calculate the sloshing height of the seismically
excited tank; however, 2D models are unable to predict the slosh height at the corner of the tank,
which is significantly higher than other locations.

Figure 5.16: Free water surface when the maximum sloshing occurs for a typical shallow tank

In this section, two different investigations are made on the 3D tank models: First, the maximum
sloshing at the corner of the tanks are compared with the maximum sloshing heights at points A

and B. Second, for each case under discussion, at the time that the maximum sloshing occurs at
point C, the amplifications of the wave heights at the corners relative to those at points A and B are
calculated. The purpose of the first investigation is to find a practical method that is applicable
for design application, and the second investigations are made to determine the formation of
constructive and destructive wave interference.

The sloshing height at the corner of the tank is compared to the sloshing height at the middle
cross section of the walls, in both X and Y directions. Three different tank configurations having
plan dimensions of 20m×40m are discussed. The depth of water for these tanks are 5.5m, 8.0m

and 11.0m and are referred to as SX20Y40 (shallow), MX20Y40 (medium) and TX20Y40 (tall),
respectively.

Figure 5.17 shows the time history of the sloshing behaviour of the 3D model for tank SX20Y40.
It can be observed that the maximum sloshing height of the free surface water in the direction
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perpendicular to longer dimension (at point A) is 673mm. The value of the maximum sloshing
in the direction parallel to the long side wall (at point B) is 475mm. It is observed that due to
applying both longitudinal and transverse component of the earthquake, interaction of the waves
initiates a major movement of the surface water at the corner of the tank. The water surface at the
corner of the tank shifts about 1067mm. This value is 58% higher than the peak displacement at
point A. The maximum sloshing height at the corner of the shallow tank is 124% higher than that
at point B. The maximum sloshing at points A, B and C respectively happen at 17.7sec, 2.44sec

and 11.46sec of the analysis, and phase differences are observed.

It should be noted that, at 11.46s of the analysis, when the sloshing height reaches its peak value
of 1067mm, the sloshing height at point A is higher than the one at point B and equals to 623mm.
It is observed that at the same time, sloshing height at the corner of this shallow tank model is
71% higher than that at point A. It should be noted that for 3D model of case SX20Y40, the
natural frequency of first sloshing mode in X direction is 0.165Hz and in Y direction is 0.089Hz.
The difference between the natural frequencies in X and Y direction is 49%. As a result, the
waves in X and Y directions form in different phases.

Figure 5.18 shows the time history of sloshing height for the case MX20Y40. The 3D model
estimates the maximum sloshing height of 518mm at point A and 679mm at point B. The absolute
maximum wave shift of 953mm at the corner of the medium tank occurs at 11.44s. This value is
84% more than the peak sloshing height at middle cross section of the long wall at point A. In
addition, it is 41% more than the peak displacement at the middle cross section of the short wall
at point B. For MX20Y40, the maximum sloshing heights at points A and B respectively happens
at 13.28sec and 16.7sec.

On the other hand, at the time that the maximum sloshing occurs at the corner of the tank, the
sloshing height at point B is higher than that at point A and is 637mm. At 11.44s of analysis,
the sloshing height at the corner of the tank is 49% higher than the sloshing height at point B. It
should be noted that the natural frequencies of sloshing mode in X and Y directions are 0.182Hz

and 0.104Hz. It should be noticed that the difference between natural frequencies in X and Y

directions is 42% for tank model MX20Y40.

As shown in Figure 5.19, for the 3D model of the tall tank model (TX20Y40), the free water
surface at the middle cross section of the long side wall (Point A) shifts up to 539mm. The
maximum slosh height at point B is 750mm. For this tall tank model, wave height at the corner
of the tank reaches the value of 1007mm. This value is 86% more than peak slosh height at point
A and 34% more than that at point B. The peak sloshing heights at points A, B and C respectively
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happen at 9.12sec, 18.28sec and at 18.2s of excitation.

In addition to the peak sloshing height at 18.2s, there is another peak height happening at 8.12s of
analysis and is 814mm. At the same time, the sloshing height at point A is 539mm. It is observed
that, for this case, the sloshing height at the corner of the tank is 51% higher than that at point A.
It should be noted that the natural frequencies of sloshing in X and Y directions are 0.191Hz and
0.117Hz, respectively. The difference between those frequencies is 38%.
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Figure 5.17: Time history of sloshing height for case SX20Y40

-1.2
-0.8
-0.4

0
0.4
0.8
1.2

0 5 10 15 20

Sl
os

hi
ng

 (
m

)

Time (s)

Point A
Point B
Point C

Figure 5.18: Time history of sloshing height for case MX20Y40
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Figure 5.19: Time history of sloshing height for case TX20Y40
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In this study, it is observed that for the tanks of the same plan dimensions, the amplification of
slosh wave at the corner of the tank relative to those at the middle of the walls is more profound
for the tanks with greater water depth. In tall and medium tanks, by comparing the differences
between sloshing frequencies in X and Y directions, it is observed that the difference is lower for
the tall tank; and as a result, the possibility of constructive waves interference at the corner of the
tank may be higher for the taller tank.

On the other hand, for the shallow tanks, the difference between sloshing frequencies in X and Y

direction is higher in comparison with medium and tall height tank. However, as shallow tanks
have lower natural frequencies for the sloshing modes in comparison with the medium and tall
height tank, it is possible that the waves in X and Y directions both are forming with greater time
periods between peaks. As a result, the possibility of constructive waves interference at the corner
of the tanks may be higher for shallow tanks, in comparison with medium and tall tanks.

In addition to water level, tank plan dimension has a significant effect on the sloshing behaviour
of rectangular tanks. To investigate this effect, time history responses of sloshing height are pre-
sented for three shallow tanks having different plan dimensions. Figure 5.20 shows the sloshing
height for a three-dimensional shallow tank having plan dimension of 40m×40m which is named
SX40Y40. It may be noticed that B/L ratio is 1.0. For this square tank, the maximum sloshing
heights at points A and B are 383mm and 479mm, respectively. The maximum responses occur at
10.38sec and 2.44sec for X and Y directions, respectively. On the other hand, the peak sloshing
height at the corner of this square tank is 668mm. It should be noted that maximum sloshing
height at the corner of this tank model is 75% higher than that at point A, and is 39% more that
the maximum sloshing height at point B.

It should be noted that, for this square shallow tank, the natural frequencies of sloshing modes
are identical in X and Y direction. As a result, the waves perpendicular to each other interact with
similar phase at the corner of the tank. It is observed that at 15.38s of the excitation, at the time
the peak sloshing height occurs at the corner of the tank, the sloshing height at point A is 336mm.
At that time, the sloshing height is increased by 98% at the corner of the tank in comparison with
the middle of the wall.

The sloshing height is also calculated at points A, B and C for case SX40Y60. In this case, the
tank has plan dimension of 40m× 60m and the B/L ratio for this tank is 1.5. Time history of
sloshing is presented in Figure 5.21. It is observed that the maximum sloshing height at points A

and B are 385mm and 535mm, respectively. The maximum sloshing height at the corner of the
tank is 583mm, which is 52% and 9% more than the maximum sloshing height at points A and
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B, respectively. The maximum sloshing heights at points A, B and C occur at 10.38, 11.9 and
10.49sec, respectively.

For the 3D model of SX40Y60, at 10.49s of the analysis, when the peak sloshing happens at the
corner of the tank, the sloshing heights at points A and B are 360mm and 222mm, respectively.
The sloshing height at the corner at the same time is 61% more than the one at point A. It should
be noted that the natural frequencies of sloshing in X and Y direction for this tank differ by 32%.
As a result, in comparison with the square tank, the possibility of formation of the wave of the
water in those directions is less to be in a similar phase.

Figure 5.22 shows the time history of sloshing at points A, B and C for the shallow tank SX40Y80.
Length of the tank walls parallel to X and Y directions are 40 and 80m, respectively. The B/L

ratio for this tank is 2.0. It is observed that the maximum sloshing height at point A is 384mm.
The sloshing height at point B is 474mm. For points A and B, the maximum sloshing height is
at 10.38sec and 2.44sec, respectively. On the other hand, the maximum sloshing height at the
corner of the tank is 563mm and happens at 10.46sec, which is 47% and 19% higher than the
ones at points A and B, respectively.

For SX40Y80, the frequencies of sloshing are 0.089 and 0.046Hz in X and Y directions, respec-
tively; and, the difference is 48%. As a result, at 18.2s of the excitation, the sloshing height is
181mm in X direction, while the sloshing height in Y direction is 360mm. Therefore, at 18.2s of
the excitation, the sloshing height at the corner of the tank reaches a maximum of 474mm and is
58% higher than that at point B.

It is observed that the amplification of wave height at the corner of the tank as compared to the
middle of the wall is profoundly related to the tank plan dimensions. If B and L, symbolize
the length of the tank wall perpendicular and parallel to the direction of the ground motion,
respectively; the higher amplifications at the corners relative to the middle of the walls happen
for the case with a smaller value of B/L ratio. Because when the B/L ratio is relativity small, the
natural sloshing frequencies of the tank in X and Y directions are closer values; and as a result,
there is a higher chance that the waves in X and Y directions reach to a higher level at closer
time, and cause constructive interference. As a result, when the waves interact at the corner of the
tank, there is a profound increase in the wave height. As was mentioned, the peak wave height
at the corner of a square tank, with B/L ratio of 1.0, is increased by 75% in comparison with
the maximum sloshing height at the middle of the wall. It should be noticed that, for the square
tank, the peak sloshing happens at the corner of the tank, and at the exact time, this value is 98%
higher than the sloshing height at the middle of the wall. This increase happens for the cases that
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are subjected to different excitation in X and Y directions. It should be noted that cases that are
subjected to exactly the same earthquake in both X and Y directions will be covered in section
5.4.3.
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Figure 5.20: Time history of sloshing height for SX40Y40
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Figure 5.21: Time history of sloshing height for SX40Y60
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Figure 5.22: Time history of sloshing height for case SX40Y80

From the results of the sloshing heights of the rectangular water tank models subjected to the El-
Centro earthquake, it is observed that in order to calculate the peak sloshing height at the corner
of a rectangular tank, amplification coefficient β may be applied to the maximum sloshing height
at the middle of the tank wall. Note that the coefficient, β , shall be applied to the greater value of
the sloshing heights in X and Y directions:
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• For B/L≥ 2.0, β = 1.4

• For B/L < 2.0, β = 1.6

5.4.3 Effect of Earthquake Frequency Content

As previously mentioned, the sloshing behavior of the water tank is profoundly effected by fac-
tors such as tank plan dimensions and water level, as well as the frequency content and the peak
acceleration of the earthquake. The effects of earthquake frequency content on the sloshing char-
acteristic of the 3D rectangular tank are discussed in this section.

In this section, three rectangular tanks, are subjected to three different ground motion records.
The sloshing heights at point A are calculated for SX30Y80, MX30Y80 and TX30Y80. Note
that the longitudinal components recorded for 1994 Northridge, 1940 El-Centro and 1957 San-
Francisco earthquakes are used as excitations of the tank-liquid system. The components are
scaled in such a way that the peak ground acceleration in the longitudinal direction reaches 0.4g,
as shown in Figure 5.23. The acceleration response spectrum are also shown in Figure 5.24.

A good indicator of the frequency content of the ground motion is the ratio of peak ground
acceleration (PGA), which is expressed in units of g, to peak ground velocity (PGV), expressed
in units of (m/s). Earthquake records may be classified according to the frequency content ratio
into three categories; high PGA/PGV ratio when PGA/PGV > 1.2, intermediate PGA/PGV ratio
when 1.2 > PGA/PGV > 0.8, and low PGA/PGV ratio when PGA/PGV < 0.8. The Northridge
record has low frequency content; the El-Centro has intermediate frequency contents and the
San-Francisco record has the high frequency content. It should be noted that the predominant
period for Northridge record is 0.708sec and for the El-Centro and San-Francisco earthquakes
are 0.50sec and 0.22sec, respectively.

In addition, the power spectral density (PSD) functions for the three ground motions are shown in
Figure 5.25. Power spectral density function (PSD) shows the strength of the variations (energy)
as a function of frequency. The centre of the masses of the PSD functions are located at 2.04Hz,
3.20Hz and 6.21Hz for Northridge, El-Centro and San-Francisco records, respectively. These
values correspond with natural periods of 0.48sec, 0.31sec and 0.16sec, respectively. According
to PSD concept, the significant amount of energy of the ground motion is concentrated at the cen-
tre of the mass of PSD function. As a result, the maximum response of the structure is expected
under the ground motion record which has the nearest centre of mass location to the fundamental
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natural period or frequency of the structure.
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Figure 5.23: Scaled longitudinal components of earthquake records: (a) 1994 Northridge (b) 1940
El-Centro (c) 1957 San-Francisco
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Figure 5.24: Acceleration response spectrum of earthquake records: (a) 1994 Northridge (b) 1940
El-Centro (c) 1957 San-Francisco

Figure 5.26 represents the comparison of the sloshing height conducted for three tanks that are
subjected to three earthquake records that have the same peak acceleration but different frequency
content. For the first ten seconds of the record, the sloshing heights are calculated at point A and
compared for SX30Y80, MX30Y80 and TX30Y80. It is observed that the frequency content of
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Figure 5.25: PSD function: (a) Northridge (b) El-Centro (c) San-Francisco

the earthquake has a significant effect on the sloshing height. As is shown, although the three
records have the same peak acceleration, the sloshing height is higher when the centre of the
mass of PSD functions of the record is at lower frequency.
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Figure 5.26: Relative sloshing height: (a) SX30Y80, (b) MX30Y80, (c) TX30Y80
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5.4.4 Effect of Earthquake Frequency Content on Wave Interference

In section 5.4.2, it was observed that, for some tanks, the maximum sloshing heights at the corner
of the 3D tanks are smaller than the peak sloshing height at the middle of the wall. For instance;
in the 3D models of cases SX30Y80, MX30Y80 and TX30Y80. The time histories of sloshing
are presented for these tank models, in Figures 5.27, 5.28 and 5.29, respectively. It should be
noted that the N-S component of the excitation is applied in X direction, and the E-W component
is applied in Y direction. As a result, the direction and the peak accelerations are different in X

and Y directions.

For the 3D model of case SX30Y80, time history of sloshing height is shown in Figure 5.27. It can
be observed that the maximum sloshing in X direction is 652mm and happens at 13.96sec of the
analysis. At that time, the slosh height in Y direction is negative 228mm. As a result, at 13.96sec

of the analysis, the sloshing height at the corner of the tank is lower relative to that at point A

and is 424mm. Clearly, the phase difference between sloshing in X and Y directions caused the
decrease in the sloshing height at the corner of the tank. On the other hand, the negative peak at
the corner of the tank is 517mm and happens at 15.68sec of the excitation. At the same time, the
absolute sloshing height in X andY directions are 332mm and 187mm, respectively. It is observed
that when the maximum sloshing height happens at the corner of the tank, the sloshing height at
point C is 56% higher than that at point A.

It should be noted that the El-Centro earthquake is considered as an intermediate frequency earth-
quake, and the predominant period for this record is 0.5sec. When such an earthquake is applied
to the tank, especially when the B/L ratio is high, the chance that wave may cause constructive in-
terference is less. Because, when the B/L ratio is high, the phase difference between the sloshing
in X and Y direction may be large.

For the medium tank, MX30Y80, the sloshing height variation with time is presented in Figure
5.28. It can be observed that beside the peak sloshing height at time 19.96sec, there is another
peak in the sloshing height which happens at 15.68sec of the excitation. In that case, the peak
negative sloshing height in X direction is 767mm while the sloshing height in Y direction is pos-
itive 149mm. Interaction of these waves at the corner of the tank causes slosh height of 543mm.
Again, phase difference causes a reduction in sloshing height and destructive interference hap-
pens. It should be noticed that, at 2.92sec, sloshing height at the corner has a relatively higher
value and reaches 581mm. At the same time, the sloshing height at point B is 403mm. In this
case, the sloshing height at the corner is 44% higher than the one at the middle of the wall.

89



The time history sloshing response of the tall tank, TX30Y80, is shown in Figure 5.29. It is
observed that, at 15.58sec of the analysis, the sloshing height reaches its peak negative value of
872mm in X direction. However, at the same time, the sloshing height in Y direction has positive
value of 297mm. As a result, the absolute sloshing at the corner of the tank is 545mm and lower
than those at the middle of the wall. Similarly, the phase difference between sloshing in X and
Y direction causes a decrease in sloshing height. On the other hand, the peak sloshing height at
the corner of the tank is 760mm happening at 19.4sec. At the same time, the sloshing height in
X and Y directions are 571mm and 218mm, respectively. In this case, the sloshing height at the
corner is 33% higher than that at the middle of the wall.
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Figure 5.27: Time history of sloshing height of SX30Y80

-0.8
-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

0 5 10 15 20

Sl
os

hi
ng

 (
m

)

Time (s)

Point A
Point B
Point C

Figure 5.28: Time history of sloshing height of MX30Y80
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Figure 5.29: Time history of sloshing height of TX30Y80
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To investigate the interaction of waves subjected to similar ground motions, 3D tank models are
also subjected to similar earthquake in X and Y directions. For this purpose, some of the tanks de-
scribed in Table 5.1, are subjected to the longitudinal components recorded for 1994 Northridge
earthquake. The components are scaled in such a way that the peak ground acceleration in the
longitudinal directions reach 0.4g, as shown in Figure 5.23(a). It should be noted the peak ac-
celeration is at 2.69 seconds after the start of the excitation, obviously, there is high energy pulse
at 2.69sec. This earthquake record is considered as a low frequency content ground motion, and
the predominant period for this record is higher than the one for the El-Centro record and equals
to 0.708sec. Note that, points A, B and C, as defined in previous sections, are located at the free
water surface at the middle cross section of the walls perpendicular to X and Y directions and
at the corner of the tank, respectively. Preliminary, analysis was conducted for the first 15sec

of the excitation, and it was observed that the peak sloshing happens during the first 5sec of the
analysis. Therefore, the results are presented for the first 10sec of the analysis with time intervals
of 0.01sec.

Time histories of sloshing are presented for three tanks having plan dimension of 30m× 80m .
Figure 5.30 represents the time history of sloshing height at three critical points, for shallow tank
model SX30Y80. It is observed that when the scaled longitudinal components of Northridge
earthquake is applied on the tank, both in X and Y directions, the sloshing heights at points A

and B are 501mm and 493mm. The absolute peak sloshing heights at points A and B happen,
respectively, at 2.51sec and 2.53sec of the analysis. It should be noticed that the peak sloshing
height at points A and B are happening with a very small phase difference. It is observed that
the peak absolute sloshing height at the corner of the tank happens at 2.53sec after the start of
analysis and is 979mm. The sloshing height at point C is 95% and 98% higher than those at points
A and B, respectively. It is observed that, in this case, constructive interference occurs.

For medium height tank model, MX30Y80, subjected to 1994 Northridge earthquake, time his-
tory of sloshing height is presented in Figure 5.31. In this case, the peak negative sloshing heights
at points A and B are 642mm and 612mm and happen at 2.56 and 2.54 seconds of the excitation,
respectively. Similar to the shallow tank model, the peak sloshing height in X and Y directions
happen with a very small phase difference. On the other hand, the peak negative sloshing height
at the corner of medium height tanks happens at 2.55sec after the start of analysis and is 1100mm.
The sloshing height at point C is 71% and 79% higher than those at points A and B, respectively.

Figure 5.32 shows the time history of sloshing heights for tall tank model, TX30Y80. For this
tank model, the peak sloshing height at point A is 681mm and happens at 2.55s. At point B, the
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peak sloshing height is 607mm and happens at 2.54s. Similarly, in this tank model, the peak slosh
heights in X and Y directions happen almost at the same time. As a result, water waves interact
with each other with their peak sloshing heights and initiate 1187mm vertical displacement at the
corner of the tank at 2.56s. At the time, the sloshing height at point C is 75% greater than that at
point A.
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Figure 5.30: Time history of sloshing height of SX30Y80 - Northridge
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Figure 5.31: Time history of sloshing height of MX30Y80 - Northridge
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Figure 5.32: Time history of sloshing height of TX30Y80 - Northridge

Maximum sloshing heights for the 3D models, subjected to 1994 Northridge earthquake, are
summarized in Table 5.10. Comparing the results of these 11 tank models, it can be concluded
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that for the tanks of the same plan dimensions, sloshing heights at middle of the walls as well as
those at the corners of the tanks, increase with water height. A similar trend is observed for the
cases that are subjected to El-Centro record. Also, in tanks with the same water level, sloshing
height decreases in X direction when the length of the wall parallel to X direction increases. A
similar trend is observed for the sloshing heights in Y direction. This trend can be justified by the
fact that, in tanks with the same water height, the period of the sloshing mode increases when the
length of the walls increases, and as a result, the sloshing height decreases.

Table 5.10: Maximum sloshing height of 3D models subjected to Northridge earthquake

Maximum Sloshing height (mm) - (Group 1)
Point A B C A B C A B C

SX20Y40 - - - SX20Y60 514 497 995 SX20Y80 - - -
MX20Y40 663 590 1120 MX20Y60 - - - MX20Y80 - - -
TX20Y40 671 620 1180 TX20Y60 - - - TX20Y80 - - -

Maximum Sloshing height (mm) - (Group 2)
Point A B C A B C A B C

SX30Y40 500 503 988 SX30Y60 501 498 984 SX30Y80 501 493 980
MX30Y40 - - - MX30Y60 - - - MX30Y80 642 612 1100
TX30Y40 - - - TX30Y60 674 614 1192 TX30Y80 681 607 1187

Maximum Sloshing height (mm) - (Group 3)
Point A B C A B C A B C

SX40Y40 493 500 983 SX40Y60 - - - SX40Y80 495 491 975
MX40Y40 - - - MX40Y60 - - - MX40Y80 - - -
TX40Y40 - - - TX40Y60 - - - TX40Y80 - - -

It is observed that when similar low frequency excitations, with identical acceleration and fre-
quency content, are applied in X and Y directions, clearly, the sloshing height at the corner of
the rectangular tank reaches much higher values. Waves generated in X and Y directions interact
at the corner of the tank, and both waves may have their peak height with a very small phase
difference. Therefore, amplitude of the wave at the corner is significantly high. It is observed that
the sloshing height at the corner in some cases is almost 100% higher than the sloshing height at
the middle of the walls. It is observed that for shallow tanks, at the time the maximum sloshing
happens at the corner of the tank, sloshing height at point C is 96% higher than those at the middle
of the walls. For medium and tall height tanks, these ratios are 71% and 75%, respectively. It
should be note that these ratios are given relative to the greater value of the sloshing heights at
the middle of long or short side wall.

It was observed that, for the low frequency ground motion with the high energy pulse, the ampli-
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fication of the sloshing height at the corner of the tank, relative to the middle of the wall is more
profound. For those cases, the sloshing height at the corner of the tank can be calculated by sum-
mation of the peak sloshing heights in X and Y directions that are obtained from the 3D models.
Note that in this study, only limited number of tank models are subjected to low frequency ground
motion, and then a method is recommended for calculating the sloshing height at the corner of
such models. However, this method is conservative for deeper tanks.

Figure 5.33 shows the water surface for the medium height tank model (MX30Y80) subjected to
Northridge earthquake both in X and Y directions. It can be observed that at the time that the
maximum sloshing happens at the corner of the tank, the waves generated in X and Y directions
are formed with vertical displacements in the same directions, either positive or negative.

In section 5.4.2, it is observed that the amplification of wave height at the corner of the tank
against the one at the middle of the wall is profoundly related to the tank plan dimension and
water height. On the other hand, in sub-section 5.4.4, it is observed that the frequency content
of the external excitation also has a significant effect on the sloshing height at the corner of the
tanks. It is observed that when a low frequency content earthquake is applied to the system, the
sloshing height at the corner is more likely to be higher in comparison with those at the middle
of the walls.

Figure 5.33: Sloshing for MX30Y80 tank model - Northridge earthquake

5.4.5 Comparison of FEM Sloshing Heights with other Methods

In this study, the sloshing characteristic of the rectangular tanks are investigated using FEM,
incorporating wall flexibility and liquid damping properties. It is observed that the sloshing re-
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sponse of the rectangular tanks is very sensitive to 3D geometry and frequency content of the
earthquake. This response in found profoundly affected by water depth and tank plan dimension.

It should be noted that, in this study, tanks are subjected only to the horizontal components of
earthquake. As stated by Kana (1979), the sloshing responses of the tanks that are excited ver-
tically are rather insignificant. Ghaemmaghami and Kianoush (2010) also confirmed that when
the effect of both horizontal and vertical components of the earthquake are being investigated the
effect of the vertical component is insignificant.

To verify the sloshing height calculated in this study, the vertical displacement of the water in
the horizontally excited rectangular tank is also calculated by the current analytical formulation
and according to Eqn. 5.2. It should be noted that, in this study, the linear wave theory is used
and consequently there is a linear relation between the pressure and the sloshing wave height.
(NASA-SP-106)

dmax =

(
4L
π2

) ∞

∑
n=1

(
1

(2n−1)2
Sa (ωn,ξn))

g

)2


1/2

(5.2)

Where L is the length of the tank and g is acceleration gravity. Sa(ωn,ξn) is the spectral response
acceleration at period Tn =

2π

ωn
corresponding with the damping ratio of ξn.

It can be seen that, as a consequence of Eqn. 5.2, the sloshing waves form due to gravity. In
the absence of gravity no sloshing wave forms at the surface of the water. In addition, according
to Eqn. 5.2, the maximum vertical displacement of the water is proportional to the spectral
acceleration associated with the natural frequencies of each mode. These values are less than the
peak horizontal ground acceleration. The value of sloshing heights at middle cross section of the
wall are calculated based on response-spectrum modal superposition method and summarized in
Table 5.11.

Virella et al. (2008) suggested that the sloshing response is dominated by the first mode and
contribution of higher order sloshing modes can be neglected for the calculation of the sloshing
pressure and surface wave amplitude. Therefore, Eqn. 5.2 can be simplified for the first funda-
mental mode of sloshing and is used to verify the proposed model. Figure 5.34 represents the
acceleration response spectrum of the longitudinal component of scaled El-Centro earthquake,
considering 0.5% damping for convective and 5 % damping for impulsive. These graphs are used
to calculate the sloshing height.
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Figure 5.34: Acceleration response spectrum of scaled (N-S) El-Centro earthquake: (a) 0.5 %
damping, (b) 5% damping

Housner in 1963 suggested the following formulation for calculating the sloshing height in hori-
zontally excited rectangular tanks.

dmax =

0.527(
L
2
)coth

(
1.58

2h
L

)
g

ω2θh(
L
2
)
−1

(5.3)

In Eqn. 5.3, θh, is the angular amplitude of free oscillation of the fluid surface. This equation now
being employed for the calculation of the required free-board in ACI 350.3-06 code. Moreover,
the design sloshing heights are calculated according to Housner’s formulation and are presented
in Table 5.12. The design sloshing height is calculated at the Imperial Valley location where
SDS = 1.0g. Importance factor, I, equal to 1.0 is used.

For all three groups of tanks explained previously, the sloshing height calculated according to
finite element 3D and 2D models are compared with the results of the analytical approach (RSM)
and ACI code. It should be noted that the value of the sloshing heights for the 3D models are the
average of the sloshing heights in the middle cross-section of the long side walls when the N-S
component of the El-Centro earthquake is applied parallel to shorter side walls plane with length
symbolized as L. Those sloshing heights are average of the results of the cases that have identical
shorter wall dimension. For the 2D models, the sloshing heights are calculated in the direction
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Table 5.11: Analytical sloshing height

Maximum sloshing height
(mm)

Point L A L A L A
(m) (m) (m)

Shallow S1 20 229 S2 30 186 S3 40 141
Medium M1 20 188 M2 30 293 M3 40 169

Tall T1 20 212 T2 30 352 T3 40 252

Table 5.12: Design sloshing height according to ACI 350.5-06

Maximum sloshing height
(mm)

Point A A A , B B B
L L L L L

(m) (m) (m) (m) (m)
Shallow 20 660 30 491 40 385 60 266 80 192
Medium 20 802 30 647 40 526 60 369 80 280

Tall 20 885 30 772 40 660 60 487 80 384

parallel to the X coordinate, when the N-S component of the El-Centro earthquake is applied in
X direction. For 2D models as well the length of the tank wall is symbolized as L.

The comparisons are presented in Figures 5.35, 5.36, and 5.37 for group 1 (L = 20m), group 2
(L = 30m), and group 3 (L = 40m) respectively. As discussed previously, results show that 3D
models generally estimate higher values in comparison with 2D models. This directs that 3D
geometry has a significant effect on the sloshing response of the tank. It can be perceived that, for
group 1 of the tanks, ACI code overestimates the value of vertical displacement of the water. The
results also confirmed that response-spectrum method (RSM) underestimates value of sloshing in
comparison with both 3D and 2D models.

It should be noted that the amplification factor, α , introduced in the section 5.4.1 can be em-
ployed to calculate the design sloshing height at the middle of the tank walls, and is applicable
to the values of the sloshing height estimated according to ACI code. However, the amplifica-
tion coefficient β , introduced in section 5.4.2, seems to calculate very conservative values for the
sloshing height at the corner of the tanks, and can be modified as follows to estimate the design
sloshing height:
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• For B/L≥ 2.0, β = 1.3

• For B/L < 2.0, β = 1.5

Note that for the low frequency ground motion, the amplification of the sloshing height at the
corner of the tank, relative to the middle of the wall is more profound. For these cases, a con-
servative method to estimate the peak sloshing height at the corner of the rectangular tank is to
use the summation of the peak sloshing heights in X and Y directions. Similarly, this method is
applicable to the sloshing heights estimated according to ACI code. The ACI sloshing heights
should be amplified by the amplification coefficient α to consider the effects of 3D geometry.

Finally, the sloshing height values calculated by FEM are compared with the experimental results
of shaking table test conducted by Koh et al. (1998). The test was directed using 6-DOF shaking
table on a three-dimensional tank model made of acrylic plates with density of 1200 kg/m3. The
modulus of elasticity equals to 2.9× 109 N/m2 and Poisson’s ratio as 0.35. The measured peak
table peak acceleration was 0.22g. The scaled (N-S) El-Centro earthquake was used as the input
ground motion in the direction perpendicular to the long side wall (X direction). To determine the
viscous damping ratio, the test was first completed on the empty tank, and this ratio was found to
be nearly 5%. Two water level gauges were placed at the middle cross section of the longer side
wall to measure the vertical displacement of the free surface water.

In this study, a finite element model of the tank tested experimentally is analyzed. The tank has
the following dimensions.

Lx = 1.1 m Ly = 0.57 m Hw = 0.9 m HL = 0.7 m tw = 0.035 m

Figure 5.38 shows the time history of the wave height at the middle cross section of the long
side wall for both experimental results and numerical. The sloshing heights at the middle cross
section of the long side wall (X) calculated using FEM are in a satisfactory agreement with the
experimental results. The slight difference can be justified as a result of discrepancies in the
input data of the ground motion for the shaking table. Moreover, as a result of increase in energy
dissipation during the experiment which leads to changes in fluid damping properties, the sloshing
height calculated by FE is higher than the experimental results.
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Figure 5.35: Sloshing height for the tanks with L = 20 m (Group 1)
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Figure 5.36: Sloshing height for the tanks with L = 30 m (Group 2)
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Figure 5.37: Sloshing height for the tanks with L = 40 m (Group 3)
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Figure 5.38: Time history of sloshing for the small tank comparing FEM and experimental results

5.5 Hydrodynamic Pressure on the Walls

5.5.1 Vertical Pressure Distribution

The hydrodynamic pressures along the height of the walls are calculated for all tanks considered
in this study. The hydrodynamic pressures are calculated at the middle cross section of the long
side wall and at the middle cross section of the shorter side wall. Theses values are combined
by both impulsive and convective components of the hydrodynamic pressure. The results are
presented for 3D and 2D models to investigate the effect of the 3D geometry condition on the
response of the rectangular tanks. Among different tanks under investigation, the results are
presented for some of the tanks.

Figure 5.39 shows the hydrodynamic pressure distribution along the height of a shallow tank
model named as SX30Y60. It should be noted that this case represents the same shallow tank
as discussed by Ghaemmaghami (2010). The tank wall has thickness of 0.6m, and the tank is
modelled by appropriate flexible boundary conditions. The values of hydrodynamic pressures are
calculated along the height of the tank. According to Figure 5.39, the peak hydrodynamic pressure
along the height of the wall seems to be amplified by 27% in 3D model in comparison with
the peak hydrodynamic pressure in 2D model. During the 20sec of the analysis, the maximum
hydrodynamic pressure at the bottom of the 3D tank is 22kPa. The hydrodynamic pressure at
the free water surface of the 3D model is 8.0kPa. On the other hand, for the 2D model, peak
hydrodynamic pressure at the bottom of the tank and at the free surface are 19kPa and 7.4kPa,
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respectively. It is observed that in the 3D model, the hydrodynamic pressure at the bottom of the
tank is amplified by 18% in comparison with that of 2D model. Also, the hydrodynamic pressure
at the free water surface of the 3D model is amplified by 7% in comparison with 2D model. It
should be noted that, for this tank model, B/L and L/HL ratios are 2.0 and 5.45, respectively.
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Figure 5.39: Vertical hydrodynamic pressure distribution for SX30Y60 for 2D and 3D models

Figures 5.40 and 5.41 show the hydrodynamic pressure distribution along the height of the tanks
with water depth of 8.0m and 11.0m, respectively. As shown in Figure 5.40, for MX30Y60, the
impulsive and convective component of the pressure are also amplified due to 3D geometry. The
maximum the hydrodynamic pressure at the bottom of the 3D tank model is 31kPa. Moreover,
the maximum pressure at the free surface water is 9.7kPa. For the 2D model, the hydrodynamic
pressure at the bottom of the tank and at the free water surface are 11.6 and 30kPa, respectively.
It should be noted that for the 3D model, the hydrodynamic pressure at the tank bottom is in-
creased by 4% in comparison with 2D model. Also, the at the free surface of the water is minus
17%. The maximum hydrodynamic pressure along the height of this medium tank model is am-
plified by 23%, in comparison with the peak hydrodynamic pressure along the height of the 2D
model. It should be noted that, for tank model MX30Y60, B/L and L/HL ratios are 2.0 and 3.75,
respectively.

Figure 5.41 shows the pressure distribution for the tank model TX30Y60 with HL = 11.0m. It
should be noted that, for this tank model, B/L and L/HL ratios are 2.0 and 2.73, respectively. In
this case, for the 3D model, the maximum hydrodynamic pressure at the bottom of the tank and at
the free water surface are 36kPa and 14kPa, respectively. As shown in this figure, the maximum
hydrodynamic pressure at the bottom of the tank in the 3D tank are increased by 3% against 2D
tank model. Comparing the results of 3D models with the 2D models, the hydrodynamic pressure
at the free water surface drops by 13%. It should be noted that the maximum hydrodynamic
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Figure 5.40: Vertical hydrodynamic pressure distribution forMX30Y60 for 2D and 3D models

pressure along the height of the 3D model is 41% higher than that of the 2D model.
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Figure 5.41: Vertical hydrodynamic pressure distribution forTX30Y60 for 2D and 3D models

The pressure distributions are also presented for three other tank plan dimensions with larger
values of B/L ratio. These tanks have longer side wall length of 80m ; whereas, the other walls
are 20m. Again the results are available for different water depth level. The tanks are named
as SX20Y80, MX20Y80 and TX20Y80 with water level of 5.5, 8.0 and 11.0m respectively. It
should be noted that, for theses tanks, B/L ratios equal to 4.0. L/HL ratios are 3.64, 2.5 and 1.82
for SX20Y80, MX20Y80 and TX20Y80, respectively.

Figure 5.42 shows the hydrodynamic pressure distribution for the tank model SX20Y80. For the
3D model, the hydrodynamic pressure at the bottom of the tank is 21kPa and at free surface is
7.7kPa. For the 2D model, hydrodynamic pressure at the bottom and at the free surface are 19 and
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7.2kPa, respectively. As can be observed, the hydrodynamic pressure at the bottom is amplified
by 13% and at the free water surface is increased by 7%. The peak hydrodynamic pressure along
the height of wall in the 3D model is 26kPa and is 21% higher than that for 2D model.

Figures 5.43 and 5.44 show the pressure distribution along the height of MX20Y80 and TX20Y80,
respectively. As is shown in Figure 5.43, for the tank with HL = 8.0m (MX20Y80) the hydrody-
namic pressure at the surface of the water in the 3D model is 9.6kPa; on the other hand, for the
2D model, it is calculated as 11kPa and is decreased by 16%.

For tank model TX20Y80, hydrodynamic pressure at the free water surface is estimated as 13kPa

for the 3D and is 23% less in comparison with the 2D model. The hydrodynamic pressure at the
bottom of the 3D tank model is 32kPa and is 10% lower than that for the 2D model. The peak
hydrodynamic pressure along the height of 3D tank models is 35kPa for case MX20Y80 and
52kPa for TX20Y80 which are increased by 2 % and 18%, respectively, in comparison with the
2D models.

0

1

2

3

4

5

6

0 10 20 30

Pressure (kPa)

3D
2D

Figure 5.42: Vertical hydrodynamic pressure distribution for SX20Y80 for 2D and 3D models

Summarizing the results, the peak hydrodynamic pressures along the height of the tank walls are
compared for all of tank configurations summarized in Table 5.1. Figure 5.45 shows the ratios of
the peak hydrodynamic pressures along the height of the tank walls in 3D models in comparison
with the 2D models, against L/HL ratio. In this study, it is observed that the 3D models calculate
higher value for the peak hydrodynamic pressure along the height of the walls with a maximum
difference of 46%.
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Figure 5.43: Vertical hydrodynamic pressure distribution for MX20Y80 for 2D and 3D models
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Figure 5.44: Vertical hydrodynamic pressure distribution for TX20Y80 for 2D and 3D models

5.5.2 Lateral Hydrodynamic Pressure Distribution

In this section, the lateral distribution of the hydrodynamic pressure on the tank wall is presented
for shallow tank model SX30Y60. The hydrodynamic pressures is accompanied by both impul-
sive and convective components. Dimension of the tank is as follows:

LX = 15m LY = 30m HL = 5.5m HW = 6.0m tW = 600mm

It should be noted that in the 3D tank model, the hydrodynamic pressure distribution varies along
the height of the tank wall as well as in the horizontal direction over the tank wall. If the tank is
subjected to external acceleration in the direction perpendicular to the longer wall, hydrodynamic
pressure at the corner of the tank is lower than that at the middle cross section of the wall. Figure
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5.46 illustrates the 3D hydrodynamic pressure distribution.

Figure 5.46: Hydrodynamic pressure distribution on the 3D tank model (case SX30Y60)
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5.5.3 Comparison of FEM Hydrodynamic Pressure with Analytical Ap-
proach

In this study, the hydrodynamic pressures acting on the wall of the rectangular tanks are cal-
culated introducing impulsive wave absorbency boundary condition and fluid viscous damping
conditions. In current analytical method, the impulsive pressure distribution can be calculated
using potential function method. As stated before, this method ignores both flexible boundary
condition and fluid viscosity. The following equation derived by Haroun and Housner (1981) will
be used to verify the hydrodynamic pressure distribution along the rigid tank wall:

P =
∞

∑
n=1

2(−1)n
ρl

λ 2
i,n.Hl

tanh(λi,nLx)cos(λi,ny) ü(t) (5.4)

Where λi,n = (2n−1)π , and ü(t) = üg(t). For the rigid boundary condition, the acceleration
along the height of the wall is the same as the acceleration of the ground.

To verify the proposed model, the results of the FEM calculations of the rigid tanks are compared
with the analytical solution. It should be noted that the rigid tanks are modelled in 2D geometry
and energy dissipation is ignored. These tanks have width of 30m, and water depth of 5.5, 8.0
and 11 m for shallow (s), Medium (M), and tall (T) tank, respectively. The comparison of impul-
sive pressure is shown in Figure 5.47. These comparisons show that FEM results are in a good
agreement with analytical solution for the 2D rigid tanks.

5.6 Base Reactions

In this section, the reactions of the flexible tank models are obtained in 3D space and comparisons
are made with 2D results. The base shear and peak moments at the bottom of the tanks are
calculated. The values for the peak base shear and moment at the bottom of the 3D tank walls
are calculated in both X and Y directions. These values, for the three-dimensional models, are
divided by the length of the walls to estimate the average base shear and moment on a 1 m strip
of the wall. The peak values are summarized in Tables 5.13, 5.14, and 5.15 for shallow, medium
and tall tanks, respectively.
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Figure 5.47: Comparison of the hydrodynamic pressure distribution: (a) Shallow tank, (b)
Medium tank, (c) Tall tank

Table 5.13: Peak base force and moment at base of walls for the shallow tanks (HL = 5.5m)

Case
FX MY FY MX

kN/m kN.m/m kN/m kN.m/m

Group 1
SX20Y40 397.02 (0.98)? 683.19 (1.25) 378.52 (1.33) 1082.35 (0.83)
SX20Y60 453.58 (1.12) 638.83 ( 1.17) 518.63 (1.38) 1864.38 (0.68)
SX20Y80 433.08 (1.07) 620.99 ( 1.13) 607.28 (1.47) 2820.13 (0.67)

Group 2
SX30Y40 463.68 (1.04) 707.15 ( 0.75) 366.35 (1.29) 1010.69 ( 0.78)
SX30Y60 435.48 ( 0.98) 775.48 ( 0.82 ) 466.63 (1.24) 2167.48 (0.79)
SX30Y80 492.39 (1.11) 737.16 (0.78) 575.88 (1.40) 3249.72 (0.78)

Group 3
SX40Y40 532.61 ( 1.07) 978.57 (0.63) 354.61 (1.24) 1058.00 (0.81)
SX40Y60 579.41 (1.17) 1152.76 (0.74) 450.86 (1.20) 2108.80 (0.77)
SX40Y80 551.33 (1.11) 1203.22 (0.77) 517.88 (1.26) 3428.37 (0.82)

?Values in bracket shows the ratio of the 3D response over the 2D response
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Table 5.14: Peak base force and moment at base of walls for the medium height tanks (HL = 8.0m)

Case
FX MY FY MX

kN/m kN.m/m kN.m/m kN/m

Group 1
MX20Y40 674.18 (1.01)? 1648.97 (1.05) 567.81 (1.25) 1765.31 (1.06)
MX20Y60 665.04 (0.93) 1580.29 (1.20) 753.36 (1.21) 3570.13 (0.96)
MX20Y80 671.91 (0.94) 1559.05 (1.19) 895.99 (1.29) 5267.38 (0.82)

Group 2
MX30Y40 761.70 (0.87) 1686.58 (1.04) 514.42 (1.13) 1599.17 (0.96)
MX30Y60 748.91 (0.86) 1670.61 (1.03) 621.8 (1.00) 3153.84 (0.85)
MX30Y80 750.73 (0.86) 1671.38 (1.03) 742.66 (1.07) 4702.26 (0.73)

Group 3
MX40Y40 841.11 (1.05) 2553.27 (0.86) 499.26 (1.10) 1531.47 (0.92)
MX40Y60 821.23 (1.03) 2689.49 (0.91) 683.92 (1.10) 3202.46 (0.86)
MX40Y80 816.65 (1.02) 2772.19 (0.94) 795.79 (1.14) 4807.39 (0.75)

?Values in bracket shows the ratio of the 3D response over the 2D response

Table 5.15: Peak base force and moment at base of walls for the tall height tanks (HL = 11.0m)

Case
FX MY FY MX

kN/m kN.m/m kN.m/m kN/m

Group 1
TX20Y40 1380.71 (1.03)? 7371.25 (1.18) 1233.46 (1.20) 6149.21 (2.15)

TX20Y60 1560.97 (1.16) 7423.39 (1.19) 1626.84 (1.32) 6104.98 (1.14)

TX20Y80 1408.58 (1.05) 6916.10 (1.11) 2041.77 (1.41) 7192.02 (0.84)

Group 2
TX30Y40 1600.89 (1.05) 6900.96 (1.39) 1160.92 (1.13) 5101.69 (1.78)

TX30Y60 1783.87 (1.18) 6325.41 (1.28) 1517.77 (1.23) 5481.83 (1.02)

TX30Y80 1593.48 (1.05) 5911.97 (1.19) 1869.40 (1.29) 8605.22 (1.01)

Group 3
TX40Y40 1790.52 (1.09) 6376.70 (1.23) 980.80 (0.95) 4754.96 (1.66)

TX40Y60 1940.92 (1.18) 6235.14 (1.20) 1193.26 (0.97) 6308.68 (1.17)

TX40Y80 1743.62 (1.06) 5972.44 (1.15) 1517.41 (1.05) 9984.14 (1.17)

?Values in bracket shows the ratio of the 3D response over the 2D response
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5.6.1 Base Shear

Three cases with the similar plan dimensions are chosen to represent the time histories of the
structural responses. Figures 5.48, 5.49 and 5.50 show the time history of the base shear in the
direction perpendicular to the long side wall for the SX40Y80, MX40Y80 and TX40Y80 tank
models, respectively. The tanks have plan dimension of 40m×80m.

Figure 5.48 shows that, in 3D model of SX40Y80, the maximum base shear is 551 kN/m. However,
the peak base shear in 2D model reduces to 496 kN/m and happens at the similar time. In this case,
base shear is increased by 11% due to 3D geometry condition.

In Figure 5.49, time history of the base shear for both 3D and 2D models are shown for tank
model MX40Y80. The peak base shear for the 3D model is 816 kN/m. This is amplified by 2% in
comparison with the peak shear of 800 kN/m for the 2D model.

Similarly, as shown in Figure 5.50, the base shear of tank model TX40Y80 is higher in the 3D
model, in comparison with 2D model, and is amplified by 6%. Peak shear happened at 2.38
second of excitation for both models and is 1743 kN/m and 1637 kN/m for the 3D and 2D models,
respectively.
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Figure 5.48: Time history of the base shear of SX40Y80: (a) 3D model, (b) 2D model
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Figure 5.49: Time history of the base shear of MX40Y80: (a) 3D model, (b) 2D model
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Figure 5.50: Time history of the base shear of TX40Y80: (a) 3D model, (b) 2D model

It is observed that the 3D models estimated much higher values for base shear in comparison with
the 2D models; particularly, when the analysis is done on the cross section parallel to long side
wall. Basically, when the tank is modelled in 2D geometry for a plane-strain section, the effect of
the walls parallel to the direction of the excitation is ignored. However, especially when the B/L

ratio is smaller than 1.0, this fact can not be ignored. The inertia forces of the long side walls is
relatively high to be ignored.

In order to consider the effect of three-dimensional geometry, the amplification coefficient f , can
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be introduced to amplify the base shear:

• For B/L≥ 1.0, f = 1.3

• For B/L < 1.0, f = 1.5

where B and L are dimension of the tank wall perpendicular and parallel to direction under inves-
tigation, respectively.

Figure 5.51 shows the changes in the ratio of the peak base force values for 3D models over 2D
models, against L/HL ratios. It can be observed that the 3D models result in higher values as
compared with 2D models.
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Figure 5.51: 3D/2D peak base shear against L/HL

5.6.2 Overturning Moment

For the 3D and 2D rectangular tank, the overturning moments are calculated at the ground level.
Values of the overturning moment are summarized in Tables 5.48, 5.49 and 5.50 for the 3D tank
models. Among all the tanks under investigation, three tank models with plan dimension of
20×60 m2 are selected to present the time histories of the overturning moments.

For the 3D tank models, the overturning moment is calculated about Y axis, when the N-S com-
ponent of El-Centro earthquake is applied perpendicular to Y axis. The results of the overturn-
ing moment at the ground level in the 2D models are also presented for the cases that the N-S
component of the ground motion is applied to the tanks with L = 20m. Figures 5.52, 5.53 and
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5.54 illustrate the time histories of the moments for the tank models SX20Y60, MX20Y60 and
TX20Y60, respectively.

For the 3D model of SX20Y60, the value of the absolute maximum value of impulsive over-
turning moment is 602 kN.m/m. However, the impulsive overturning moment in the 2D model is
498 kN.m/m. In comparison with the 2D model, the impulsive component of the overturning mo-
ment at the ground level for the 3D models is increased by 21%. The peak convective component
of the moment for the 3D shallow model is 153 kN.m/m and for the 2D models, is 134 kN.m/m. The
convective component is as well increased by 14%.

Figure 5.53 shows the time history of the impulsive and convective components of the moment
for the medium height tank model (MX20Y60). For this case, the total moment is calculated 20%
higher for the 3D model. The peak impulsive moment for the 3D and 2D model are 1597 kN.m/m

and 1361 kN.m/m, respectively, both happening at 2.38sec. However, the absolute maximum value
of convective component are estimated similar value of 130 kN.m/m for 3D and 2D models. In
comparison with the 2D model, it is observed that the impulsive and convective components of
the overturning moment in the 3D model are increased by 17% and 0%, respectively.

Moreover, for the tank model TX20Y60, the results are shown in Figure 5.54. Both 3D and 2D
models follow a similar trend for the moment; however, the peak moment for the 3D model is
19% higher than that of 2D model. The peak impulsive moment is 7284 kN.m/m for the 3D model
happening at 2.38sec. For the 2D model, however, the impulsive moment is 6283 kN.m/m . On the
other hand, the convective pressure is calculated as 421 kN.m/m for the 3D model and is 25% less
than that of 2D model.

Figure 5.55 illustrates the ratio of the maximum base moment values for 3D models over 2D
models against length to height ratios.
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Figure 5.52: Time history of impulsive and convective component of moment (My) of SX20Y60:
(a) 3D model, (b) 2D model
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Figure 5.54: Time history of impulsive and convective component of moment (My) of TX20Y60:
(a) 3D model, (b) 2D model
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Figure 5.53: Time history of impulsive and convective component of moment (My) of MX20Y60:
(a) 3D model, (b) 2D model
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Figure 5.55: 3D/2D peak overturning moment against L/HL
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Chapter 6

Summary, Conclusions, Recommendations
and Future Studies

6.1 Summary

In spite of a wide range of studies on the dynamic response of the liquid containing structures,
many design issues remain unsolved. Additional factors that need attention include; wall flex-
ibility, three-dimensional geometry, direction and frequency content of the ground motion and
the full time-domain simulation. It should be noted that, in the current practice, two-dimensional
models are employed to estimate the dynamic response of the rectangular tanks. On the other
hand, 3D modelling represents more realistic simulation of the tank behaviour. In this context,
the primary objective of the present work is to investigate some of such effects to improve the
design procedure of the seismically excited rectangular tanks.

Goals are set to find a simplified method to introduce the effect of three-dimensional geometry
on the sloshing height and to introduce the effect of 3D geometry on the hydrodynamic pressure
and structural responses. Moreover, goals are to investigate the effect of frequency content of
the ground motion on the sloshing height. The result of the present work can be used for code
applications.

In this study, flexibility of the wall is addressed to predict the dynamic response of 3D rectangular
tanks. It should be noted that this study is limited to the linear elastic analysis of the open-top
rectangular tanks that are anchored at the base and filled with water. In this study, tanks walls
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are considered to have constant thickness over the height of the walls and the un-cracked section
properties are used. It should be noted that the behaviour of tank with cracked section properties
result in minor changes in convective terms and the sloshing behaviour is almost independent
of the flexibility characteristics of the side walls. In this study, tanks are assumed to be rigidly
attached to rock foundation and soil-structure interaction effect is ignored.

In this study, small wave amplitude or linear wave theory is used for evaluating the seismic per-
formance of the LCS. However, there are some assumptions and limitations in this theory for
simulating the actual behaviour of the sloshing. Note that the vertical component of the ground
acceleration only causes insignificant effect on the surface elevation and hydrodynamic pressure;
as a result, the effects of the vertical component of the ground motions are ignored in this study.

Parametric studies are conducted to investigate the effect of parameters such as tank plan dimen-
sions, water depth and frequency content of the earthquake on the dynamic response of 3D tank
models. The results of the modal analysis, as well as time history analysis of the rectangular
tanks, are offered for twenty seven tank models. For time history analysis, tanks are subjected to
the horizontal components of the 1940 El-Centro earthquake. It should be noted that the compo-
nents of the ground motion are scaled in such a way to have the peak ground acceleration (PGA)
of 0.4g in N-S direction and 0.27g in E-W direction and these components are applied in X and Y

directions, respectively. To investigate the effect of the frequency content of the ground motion,
three tank models are subjected to three different earthquake records, namely 1994 Northridge,
1940 El-Centro and 1957 San-Francisco earthquakes with identical PGA. In addition, eleven 3D
tank models are subjected to a low frequency content earthquake record, namely 1994 Northridge,
and the sloshing heights are calculated at the corners and are compared to the ones at the middle
cross section of the walls.

For this purpose, finite element method is used to predict the response of the seismically excited
rectangular water tanks. The finite element program, ANSYS, with fluid-structure interaction
analysis capabilities is used for dynamic modal and time history analysis.

The natural frequencies of the first convective and impulsive mode of vibration are calculated for
both 2D and 3D models. The sloshing heights calculated by 3D models are compared with the
corresponding sloshing heights that are calculated by 2D models. The analysis results of the 2D
and 3D models in the form of the hydrodynamic pressure and structural responses are discussed.
Lateral hydrodynamic pressure distribution is also presented. A detailed comparison between
current finite elements results and other methods and experimental results available in literature
is given.
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6.2 Conclusions

Based on the studies reported in this thesis, the following conclusions are drawn:

1. The natural frequencies of the first sloshing mode and the impulsive mode yield similar
values for the 2D and 3D models. For the 2D models, comparison of the results from FEM
and ACI code and potential function (PF) approach shows that the FE results are in a good
agreement with the analytical value and ACI results for the convective component. The
value of the convective mode period is slightly higher for the FEM as compared to ACI.
This is due to flexibility of the wall. However, for the impulsive modes, discrepancies are
observed before the results of FEM with the ACI 350.6-06 standard. This is also due to
effect of wall flexibility for the coupled system considered in the proposed method.

2. Sloshing heights of the 3D models are higher in comparison with the 2D models. It is
observed that this difference depends on factors such as tank plan dimensions and water
level. If L and B, respectively, represent the length of the wall parallel and perpendicular to
the direction of the ground motion and HL the depth of the contained liquid; it is observed
that the sloshing response is very sensitive to L/HL ratio. However, as this ratio reaches the
value of 10 and beyond, the sloshing response of the 2D tank model becomes very close to
that of 3D tank model. It is observed that for the cases with L/HL ratio smaller than 10, the
sloshing height of the 3D model is higher than that of 2D models. For the cases with B/L

ratio greater than 2.0, the response is 10% higher, and for the cases that B/L ratio is smaller
than 2.0, the sloshing height in the 3D model is 20% higher than the 2D model.

3. Sloshing height at the corner of the 3D tanks found to be much higher than other locations.
This is due to interaction of the waves formed in X and Y directions. The amplification of
the wave at the corner of the tank relative to those at the middle of the walls found to be very
sensitive to tank plan dimensions and water level. Comparing the results of the sloshing
heights of 27 tank models subjected to an intermediate frequency content earthquake record
such as 1940 El-Centro earthquake, it is found that the maximum sloshing at the corner of
the rectangular tank is up to 60% higher than the greater value of the peak sloshing height
at the middle of the shorter side or longer side walls. In the 3D models, it is found that
the amplification of the sloshing height at the corner relative to the sloshing height at the
middle of the wall is sensitive to the tank plan dimension. For the cases with B/L ratio
greater than 2.0, the response at the corner is amplified up to 40%. Also, for the cases with
B/L ratio smaller than 2.0, the response is amplified up to 60%.
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4. It was observed that the sloshing height at the middle of the wall is very sensitive to the
frequency content of the ground motion. For the records of the identical peak acceleration,
higher sloshing height occurred when the centre of gravity of the power spectrum function
is located at lower frequency and closer to the natural frequency of the sloshing mode.

5. It is found that the occurrence of constructive wave interference at the corner of the tank
is sensitive to frequency content of the ground motion. When the low frequency content
earthquake record is applied, at the time that the peak sloshing happens at the corner of the
tanks, the sloshing height at the corner of the tank is almost 100% higher than that at the
middle of the wall for shallow height tank models. The amplification is found to be 71%
and 75% for the medium height and tall height tank models, respectively. It was observed
that, for the low frequency ground motion with the high energy pulse, the amplification
of the sloshing height at the corner of the tank, relative to the middle of the wall is more
profound. For those cases, the sloshing height at the corner of the tank can be calculated
by summation of the peak sloshing heights in X and Y directions that are obtained from
the 3D models. Note that in this study, only a limited number of tank models are subjected
to the low frequency ground motion, and then a method is recommended for calculating
the sloshing height at the corner of such models. However, this method is conservative for
deeper tanks.

6. The hydrodynamic pressure along the height of the flexible walls tend to be amplified due to
3D geometry. The effect of the 3D geometry is more significant on impulsive behaviour of
the tall tank models in comparison with the shallow tank models; also, it is very sensitive to
L/HL ratio. The peak hydrodynamic pressure along the height of the tank wall is amplified
up to 46%. It is also observed that the hydrodynamic pressure changes in the longitudinal
direction, as well. It is observed that when the tank wall is subjected to ground motion
perpendicular to its plane, the pressure at a location closer to the corner is lower than the
pressure at the middle of the wall.

7. The 3D geometry may cause a significant increase in time domain response of the structure.
Structural reactions of the 3D model are found to be greater than that for the 2D models.
For tanks with B/L ratio smaller than 1, the amplification is up to 50%, and for the tanks
with B/L ratio greater than 1, it is 30%. In other words, it is observed that the 2D models,
significantly, underestimate the base shear parallel to the long side walls as compared with
2D models.
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6.3 Code Recommendations

In order to consider the effect of three-dimensional geometry, the amplification coefficient α , can
be applied to the sloshing height obtained from 2D model:

• For B/L≥ 2.0 and L/HL ≥ 10.0, α = 1.0

• For B/L≥ 2.0 and L/HL < 10.0, α = 1.2

• For B/L < 2.0 and L/HL < 10.0, α = 1.3

From the results of the sloshing heights of the rectangular water tanks subjected to the El-Centro
earthquake, it is concluded that in order to calculate the peak sloshing height at the corner of a
rectangular tank, amplification coefficient β , can be applied to the sloshing heights conducted
from the 2D models. Note that the coefficient, β , shall be applied to the greater value of the
sloshing in X and Y directions:

• For B/L≥ 2.0, β = 1.3

• For B/L < 2.0, β = 1.5

The coefficient β is applicable to the results of the sloshing heights calculated according to ACI
350.5-06 code for seismic design of liquid containing concrete structures. The ACI sloshing
heights should be amplified by the corresponding amplification coefficient α to consider the effect
of 3D geometry.

It is observed that when similar low frequency excitations, with identical acceleration and fre-
quency content, are applied in X and Y directions, the sloshing height at the corner of some tanks
is almost 100% higher than the sloshing heights at the middle of the walls. For these cases, a
conservative method to estimate the peak sloshing height at the corner of the rectangular tanks is
to use the summation of the peak sloshing heights in X and Y directions.

6.4 Future Studies

In this study, a limited number of parameters are investigated. Other studies can be carried out
to investigate the effects of parameters such as liquid properties, as well as variation of the tank
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wall thickness over the wall height.

In this study, only a limited number of tank models are subjected to the low frequency ground
motion, and then a method is recommended for calculation of the sloshing height at the corner of
such models. However, the method is conservative for deeper tanks. In future studies, more tank
models can be developed and analyzed in order to develop a more detailed comparison.

Since this study is based on linearized wave theory, the effect of non-linear sloshing wave can
also be considered in the future work. A nonlinear surface boundary condition will lead to more
accurate results beyond the parameters used in current study.

Moreover, the effect of soil-structure interaction can be investigated. Also, additional tank models
with top roofs can be studied to simulate the resulting pressure on tank roofs due to impact of the
free surface sloshing.
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