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ABSTRACT

Cooperative Subcarrier and Power Allocation in OFDM based

Relaying Systems

c⃝Hamed Rasouli, 2012

Doctor of Philosophy

Electrical and Computer Engineering

Ryerson University

The increasing use of relays in wireless communication systems is a driving force to explore

innovative techniques that can improve the quality of service as well as enhance the coverage

of wireless systems. Orthogonal frequency division multiple access (OFDMA) is widely

deployed in broadband wireless systems to effectively combat the frequency selectivity of the

wireless fading channel. Wireless relays are used in practical OFDM-based wireless systems

such as WiMAX to increase the capacity and diversity order of the system. To fully exploit

the benefits of OFDMA, relaying systems require efficient management of resources, including

power and subcarriers. The difficulty in resource allocation in a relaying system is the non-

convexity of the optimization problem caused by the inter-relationship of all the resources

through the relay station. Therefore, suboptimal and heuristic algorithms are proposed to

assign power and subcarriers to the users in the relaying system while maintaining flexible

fairness in resource allocation.

In this dissertation, we improve the efficiency of subcarrier and power allocation algo-

rithms with flexible fairness in the downlink of an amplify-and-forward (AF) OFDM relaying

system. We propose an asymptotically fair subcarrier allocation algorithm that provides flex-
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ibility in the fairness index for possible improvement in the total throughput of the system

by using a group-based approach. We investigate the problem of power allocation for an

AF relaying scheme by considering three different objective functions: average SNR, aver-

age BER, and outage probability. The results are presented for various relay locations and

different total power in the system. It is shown that the solution to the power allocation

problem does not depend on the objective function when the relay is closer to the mobile

user for different objective functions. By deriving the capacity of the AF relaying, a new

parameter, called cooperation coefficient, is introduced to quantify the cooperation level

from the relaying links in the data rate of the the mobile station. Assuming flat power allo-

cation and using the cooperation coefficient parameter, a cooperative subcarrier allocation

algorithm is proposed that increases the total throughput of a multi-user OFDM relaying

system by approximately 15%. We also propose a two-step solution for subcarrier and power

allocation of an AF relaying system. In the first step, the total power is allocated to the

users and relays based on the power ratio found for the single-relay system. In the second

step, subcarriers are assigned to the users based on the cooperative subcarrier allocation

algorithms. Based on our finding, the total throughput of the system improves by 25% using

the two-step procedure. By applying the proposed asymptotically fair idea to the two-step

subcarrier and power allocation, we maintain a flexible fairness and further increase the total

throughput in an OFDM relaying system.
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Chapter 1

Introduction

Rapid development of wireless communication technologies and systems during the last

decade has provided ubiquitous high data communication to mobile users by also developing

new hardware and standards. Second-generation (2G) wireless systems were very successful

to enhance the quality of speech communications in cellular systems. Their success prompted

the development of third-generation (3G) wireless systems. While 2G systems such as GSM,

IS-95, and cdmaOne were designed to carry speech and low-rate data, 3G systems were de-

signed to provide high-data-rate services. During the evolution from 2G to 3G, a variety of

wireless systems, including GPRS and IMT-2000 has been developed [1].

The fourth generation (4G) wireless systems support comprehensive and personalized ser-

vices, providing stable system performance and quality of service. The data rates considered

for 4G systems in reasonably large areas do not appear to be feasible with the conventional

cellular architecture due to very high transmission rates and high-frequency spectrum [2].

High data rates envisioned for 4G systems are two orders of magnitude higher than those

of 3G systems. This demand creates serious power concerns, since it is well known that

for a given transmit power level, the symbol (and thus bit) energy decreases linearly with

the increasing transmission rate [3]. The spectrum that will be released for 4G systems will

almost certainly be located well above the 2 GHz band used by the current 3G systems [4].
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The radio propagation in these bands is significantly more vulnerable to non-line-of-sight

conditions, which is the typical mode of operation in today’s urban cellular communication.

One solution to these two problems is to increase the density of base stations signifi-

cantly, which results in considerably higher deployment costs, and would only be feasible

if the number of users would also increase at the same rate. On the other hand, the same

number of users will have a much higher demand in transmission rates, making the aggregate

throughput rate the bottleneck in future wireless systems. Under the working assumption

that users will not be willing to pay the same amount per data bit as for voice bits, a drastic

increase in the number of base stations does not seem economically justifiable. It is obvious

from this discussion that more fundamental enhancements in the system architecture are

necessary for the very ambitious increase in throughput and coverage requirements of future

wireless systems.

Future Wireless Communications

The future wireless communication systems should provide ubiquitous services, the architec-

tural issues involved, and describe approaches to dynamic spectrum assignment and adaptive

resource management [5]. In addition to advanced transmission techniques [6] and multiple

antenna technologies [7], major modifications are required in the wireless system architecture

to enable an effective signal coverage in the system. The integration of relaying capability

into conventional wireless networks is perhaps the most promising architectural upgrade in

the future generation of wireless systems [2].

Wireless relays are specified in wireless system standards. The IEEE 802.16j [8–10]

amendment provides specification for mobile multihop relay features and functions to en-

hance coverage, throughput, and system capacity of WiMAX networks. There has been

an increasing trend toward the implementation of the relays in recent generation of wire-

less systems [2]. Wireless world initiative new radio (WINNER), a European Union funded

project, has made some relevant contributions to the area of wireless relaying systems [11].
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The new standards for next generation of wireless services, such as IEEE 802.16 for wireless

metropolitan area networks (WMAN) provide heterogeneous services over broadband chan-

nel. However, a successful deployment of the new standards faces a number of challenges,

e.g., scarce spectrum, complex time-varying wireless channel, and providing quality of service

for heterogeneous traffic.

1.1 Relaying in Wireless Communication

One way to combat fading effects in the system is through communication diversity; i.e.,

transmitting several independent replicas of the signal in orthogonal channels so that the

probability that all of them go into deep fade decreases. Diversity can be achieved in different

forms including temporal diversity, frequency diversity, and antenna diversity. Theoretical

studies have shown that multiple-transmit and multiple-receive antenna can provide spatial

diversity in the system [12]. The conventional antenna diversity schemes [13] have some

limitations. The spacing between antenna elements needs to be larger than half a wavelength

to avoid fading correlation and antenna coupling. In many practical wireless applications,

wireless devices are so miniaturized that such spacing between multiple antenna cannot

be employed. One of the methods to achieve spatial diversity is through the use of relay

terminals, where each relay re-transmits the signal received from a remote source to the

destination [14]. Cooperative relay terminal is an important physical layer concept that

can assist the wireless network to achieve higher throughput and coverage, lower energy

consumption and a longer lifetime of wireless routes [15].

The concept of relaying has been studied from information theory perspective in [16] for

the first time. Relaying has been suggested to be used in the earlier cellular systems to

extend the coverage for those areas that the base station cannot cover [17]. Using nearby

mobile users for relaying was proposed in [18] for total throughput enhancement. The main

idea is that after selecting a partner from the in-cell mobile users, each user detects a faded
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and noisy version of the partner’s transmit signal and combines this signal with its own to

construct its transmit signal. It was shown in [19, 20] that the cooperative system achieves

higher throughput compared to the non-cooperative one. Different relaying protocols have

been proposed for cooperation among users [21]. The transmission of the signal by the source

and relay should be done over orthogonal channels which could be in time, frequency, code or

space, to mitigate interference. The capacity of various TDMA-based relaying protocols in a

system with one source, relay and destination was analyzed in [22]. A distributed space-time

coding technique was proposed for a system with one or two assisting relays in [23, 24]. It

was shown that this design achieves a diversity gain over a point-to-point system with the

same bandwidth.

Fixed and Mobile Relays

Fixed relays are low-cost and fixed radio infrastructures without wired backhaul connections.

They store the data received from the base station (BS) and forward to the mobile stations

(MS), and vice versa. Fixed relay stations (RS) typically have smaller transmission powers

and coverage areas than a BS [25]. The IEEE 802.16j specification has incorporated fixed

relays to enhance the WiMAX performance. Fixed relay is also a very strong candidate

technology for 4G, with possible mesh extensions in a later standard release.

Mobile relays differ from fixed relays in the sense that the RSs are mobile and are not

deployed as the infrastructure of a network. Mobile relays are therefore more flexible in

accommodating varying traffic patterns and adapting to different propagation environments.

For example, when a target MS temporarily suffers from weak channel conditions or requires

relatively high-rate service, its neighboring MS’s can help and provide multihop coverage or

increase the data rate by relaying the information to the target MS. Two types of mobile

relay systems can be distinguished: moving networks and mobile user relays. The moving

network employs dedicated RS’s on moving vehicles (e.g., trains) to receive data from the BS

and forwards to the MS’s onboard, and vice versa. The purpose of the moving network is to
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improve the coverage on the vehicle. The mobile user relay enables distributed MS’s to self-

organize themselves into a wireless ad hoc network, which complements the cellular network

infrastructure using multihop transmissions. Currently, moving networks are supported by

the IEEE 802.16j WiMAX standard. A number of advanced mobile relays concepts are being

evaluated for the 4G standard.

Advantages of Relays

Fixed relays can be deployed strategically and cost effectively in cellular networks to extend

coverage, reduce total transmission power, enhance the capacity of a specific region with

high traffic demands, and/or improve signal reception. By combining the signals from the

relays and possibly the source signal from the BS, the MS is able to exploit the inherent

diversity of the relay channel.

Similar to fixed relays, mobile relays can enlarge the coverage area, reduce the overall

transmit power, and/or increase the capacity at cell edges. On the other hand, due to

their opportunistic nature, mobile relays are less reliable than fixed relays since the network

topology is highly dynamic and unstable. Theoretical studies [18] have shown that mobile

user relays have a fundamental advantage in that the total network capacity, measured as

the sum of the throughput of the users, can scale linearly with the number of users given

sufficient infrastructure support. Mobile user relay is therefore a desirable enhancement to

future cellular systems.

Challenges with Relays

The disadvantages of fixed relays are: (1) the additional delay introduced in the relaying

process and (2) the potentially increased levels of interference due to frequency reuse at the

RS’s. As the most mature cooperative multiple-input-multiple-output (MIMO) technology,

fixed relay has attracted significant support in major cellular communication standards.

However, mobile user relays also face huge challenges in routing, radio resource man-
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agement, and interference management. The major disadvantage of mobile user relays is

that MS batteries can be used up by relay transmissions even if the user does not use them.

Mobile user relays also complicate the billing problem (i.e., who shall pay the bill when a

user helps other users as a relay).

In this dissertation, we adopt fixed relay scenario due to its practicality; however, the

presented results are not dependent on whether the relays are fixed or mobile.

1.2 Radio Resource Allocation

Radio resources, such as bandwidth and transmit power, would not be sufficient to support

further communication demand unless advanced technologies are developed to achieve higher

efficiency of resource utilization [26]. The traditional approach of statically managing the

resources has resulted in a waste of scarce spectrum and power, because an extra margin

in the link budget is required to maintain an acceptable performance in worst-case fading.

Therefore, it is essential to adaptively control the resource utilization in order to achieve

higher bandwidth and/or power efficiencies, as well as to provide better quality of service

(QoS) while functioning under bandwidth and power constraints.

Orthogonal frequency division multiplexing (OFDM) is known as one of the leading can-

didates for supporting broadband and multimedia services in the future wireless systems [15].

OFDM transmission is well-known for its high spectrum efficiency and robust performance

over heavily impaired wireless links. OFDM has already been adopted in 802.11a, 802.11g,

and 802.16 standards and is now considered as one of the main air interfaces for fourth-

generation (4G) wireless systems [15].

The advantages of OFDM technique are, but not limited to:

∙ It is spectrally efficient because the subcarriers are very dense.

∙ It provides a good tool to combat the frequency-selectivity of the wireless channel.
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∙ It is easy to implement with the help of fast-fourier-transform (FFT).

∙ The OFDM-based multiple access technique provides a good tool for various levels of

QoS by assigning different number of subcarriers to different users

Subcarrier and transmit power are two crucial parameters in an OFDM system that can

be allocated dynamically to the users to increase the efficiency of the system.

Subcarriers

When there are multiple users sharing the same wireless media, independent fading expe-

rienced by the users can be exploited to achieve additional capacity gain. This is typically

referred to as multi-user diversity gain. Multi-user diversity was first explored in [27] to

increase the system throughput in the uplink of a cellular system. In OFDM systems, sub-

carriers in deep fade for a given user may not be faded for other users. Dynamically allocating

the subcarriers to users according to their channel conditions ensures that each subcarrier is

allocated to the user with high channel gains, hence effectively improving spectrum utiliza-

tion. It is quite unlikely for a subcarrier to be in deep fade for all the users in the system.

Dynamic subcarrier allocation (DSA) takes advantage of this fact and assigns subcarriers to

the users based on the instantaneous subcarrier gains.

Transmit Power

Adaptive power allocation (APA) allocates power levels on the respective subcarriers so

that the data rate is maximized subject to the constraint on the total transmit power.

The solution of this problem can be found using the Lagrange multiplier technique [28],

even though the problem is combinatorial or non-convex. According to the solution, more

power is allocated when the channel gain is high and vice versa. This algorithmic solution is

popularly known as water-filling [29]. The joint DSA and APA determines the subcarrier and

power allocation to all the users in the system. In principle, allocating different power levels
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to individual subcarriers should improve the performance. However, previous studies [30]

have shown that performance improvements are marginal over a wide range of signal-to-noise

ratios (SNRs) for a system without relays.

1.3 Research Focus and Motivation

Relaying techniques are integrated with OFDM based wireless systems to improve the system

performance by taking advantage of both techniques. To fully exploit the benefits of relaying

in an OFDM system, efficient management of resources, such as subcarriers and power, is

required. Relaying systems should manage their spectral resources in order to maximize

their performance metrics such as throughput and fairness in the system. The relay station

parameters play a major role in the resource allocation to the active users in the OFDM

relaying system. The difficulty in the optimization is the non-convexity of the objective

function in the resource optimization problem.

Many resource allocation schemes have been proposed in the literature for non-cooperative

OFDM systems to realize the multiuser diversity [31]. In general, two major categories of

resource allocation problems are proposed in the literature for non-cooperative systems ac-

cording to the objective function of the optimization problem [32]:

∙ Maximizing the data rate for a given power budget (rate adaptive maximization)

∙ Minimizing the total transmit power for a given data rate (power margin minimization)

In [33], subcarrier, bit, and power allocation were jointly optimized to minimize the

total transmit power (margin adaptive) under the constraints of each users minimal data

rate. This work was followed by numerous research investigations of how to appropriately

formulate the optimization problem for various communications scenarios, how to balance

the overall system performance and QoS constraints and, how to implement the algorithms in

real-time. Max-Min subcarrier allocation algorithm was proposed to ensure fairness among
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the non-cooperative users with sacrificing the throughput [34]. It was shown in [35] that by

following a two-step greedy subcarrier allocation and then water-filling power allocation, the

system achieves its maximum throughput (rate adaptive). This two-step procedure greatly

reduces the complexity of the resource allocation problem in the system and we also resort

to two-step procedure.

Due to the importance of relaying techniques in OFDM systems, researchers have recently

focused on the subcarrier and power allocation strategies specifically for OFDM relaying

systems [36]. A system with a single base station communicating with multiple users over

orthogonal channels with multiple relays was considered in [37]. The optimization problem

was formulated for a multi-user decode-and-forward (DF) relaying system and a heuristic

algorithm was proposed to find a suboptimal relay assignment and power allocation over

each relay transmit power. A resource allocation scheme for multiuser relaying systems with

selective relaying was investigated in [38]. Selective relaying is a technique through which

the source adaptively chooses to relay on certain subcarriers depending on the potential

gains [39]. A heuristic solution was proposed in [38] composed of three steps. The first step

was to sub-optimally allocate the subcarriers to different users based on proportional rate

fairness. The next step was a two-step iterative approach to find relay decisions and power

allocation at the source during the first phase and at the relay during the second phase. The

last step is a water-filling algorithm to allocate power at the source during the second phase

to all non-relaying subcarriers. Subcarrier allocation was considered in [40] to maximize

the sum-rate in the downlink of a decode-and-forward (DF) OFDM relaying systems with

a total power constraint. Three heuristic algorithms were proposed and it was shown that

the OFDM relaying systems with the proposed algorithms outperform the OFDM system

without relays. The optimum power allocation for a multi-hop relaying system with different

number of hops was investigated for DF relays in [40].

Another subcarrier and relay allocation algorithm was proposed in [41] to satisfy the

minimum rate of the users in an OFDM relaying system. Relay stations were assigned to
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mobile stations and subcarriers were allocated to mobile stations to satisfy the minimum

rate requirements in either non-cooperative mode (i.e., direct communication with the base

station) or in cooperative mode with one of the available relay stations. Simulation results

showed that the presented algorithm achieved a near optimal resource allocation.

The margin-adaptive bit and power loading problem was investigated for a system with

an amplify-and-forward relay in [42]. Simulation results have shown that the proposed

approaches in [42] could improve the power efficiency of the system. A comprehensive cen-

tralized radio resource management algorithm for the downlink of an OFDM cellular system

with fixed relays was discussed in [43]. In their proposed algorithm, factors such as the

opportunities in frequency, spatial, and diversities irrespective of the geographical relay de-

ployment, were exploited, and a fairness-aware joint routing and scheduling algorithm was

proposed.

Criticisms of Existing Work

The proposed solutions for resource allocation in the non-cooperative OFDM systems may

not be suitable for the OFDM relaying system and may not provide the desirable level of

throughput and fairness in an OFDM relaying system. Furthermore, no solution has been

proposed so far to achieve a specific level of fairness when absolute fairness is not required

in the system. Most of the proposed algorithm for the multi-user relaying system are yet

heuristic and hard to implement as well. Moreover, they do not take advantage of the

pre-existing solutions already proposed for non-cooperative multi-user systems.

Motivation for Current Work

In this dissertation, we formulate the problem of subcarrier and power allocation in the

downlink of an OFDM-based multi-user relaying system and introduce a new framework for

cooperative subcarrier allocation. We introduce “cooperation coefficient” as a parameter

that quantifies the cooperation between mobile station and relay station, and propose to
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apply this parameter for modifying the objective value in any non-cooperative subcarrier

allocation algorithm. There are non-real-time applications that do not require instantaneous

fairness. We formulate the problem of asymptotically fair subcarrier allocation and propose

a solution that provides flexible fairness in the system. We will consider a unified relaying

system model with homogenous mobile stations and propose our two-step subcarrier and

power allocation algorithms based on the cooperation coefficient and the asymptotically fair

subcarrier allocation.

1.4 Research Contributions

This dissertation,

1. first proposes a two-step asymptotically fair subcarrier allocation scheme as a tool to

balance throughput and fairness in the non-cooperative OFDM system,

2. then derives closed-form expressions for unified performance comparison with optimum

relay locations and different allocated power ratio,

3. derives closed-form expressions for the optimum power distribution ratio in an amplify-

and-forward relaying system based on three different objective functions,

4. introduces cooperation coefficient as a parameter to quantify the level of cooperation in

the relaying system and proposes a two-step subcarrier and power allocation algorithm

in the downlink of a multi-user OFDM relaying system to optimally allocate resources.

Figure 1.1 shows the inter-relationship between different chapters of this thesis. In this

dissertation, we improve the throughput of the subcarrier and power allocation algorithms

in the downlink of an amplify-and-forward OFDM relaying system with flexibility in fairness

and simplicity in implementation.
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Figure 1.1: Inter-relationship diagram between the chapters.

1.5 Thesis Outline

The remainder of this dissertation is organized as follows. In the next chapter, we present

a brief overview of the OFDM system and the main characteristics of the wireless fad-

ing channel, and present the general relaying system model considered in this thesis. The

benchmark non-cooperative subcarrier allocation algorithms, such as throughput-oriented,

fairness-oriented and asymptotically fair algorithms are reviewed in Chapter 3. In Chapter

4, we review the different relaying schemes and compare their performance in terms of aver-

age SNR, capacity, average BER and probability of outage. We then present the problem of

power allocation in a single-user AF relaying system in Chapter 5. The closed-form expres-

sions are derived for different objective functions, namely, average SNR, average BER and

outage probability. The optimum power distribution ratio are compared for these different

objective functions and different relay locations. In Chapter 6, we introduce the concept of
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cooperation coefficient for an AF relaying and analyze its properties. We formulate the prob-

lem of resource allocation in an AF relaying system and heuristically solve it by a two-step

subcarrier and power allocation procedure by using the concept of cooperation coefficient.

Finally, we conclude the dissertation in Chapter 7 and present some directions for the future

work. The inter-relationship between different chapters of this dissertation is illustrated in

Figure 1.1.
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Chapter 2

OFDM Wireless Systems: Basic

Concepts and General Model

The emerging wireless transmission technologies such as WiMAX [15] has increased the data

rate and range of wireless communications beyond the limits of the conventional technologies.

To efficiently utilize the spectrum and overcome the deficiencies of wireless fading channels,

orthogonal frequency division multiplexing (OFDM) has been introduced. OFDM technique

mitigates the multipath fading and the interference in the faded radio environment very

effectively. It also provides a robust and flexible tool for dynamic resource allocation in the

wireless system. Due to these reasons, we adopt OFDM as the medium access scheme in

this thesis.

In this chapter, we briefly review the characteristics of wireless channel and the challenges

in the design of wireless communication systems. Then, we present an overall review of

multiple access schemes and explain how OFDM can improve the performance of a wireless

system. We explain the OFDM system model more explicitly next and discuss how it can

be incorporated into dynamic resource allocation. The chapter ends with the discussion of

our relay-based communication system model which is the core of this thesis work.
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2.1 Wireless Fading Channel

Transmission over wireless channel poses large attenuation and random variation in the

received signal. We characterize these attenuation and variation in this section. Signal at-

tenuation is mainly caused by path-loss due to the dissipation of the radiated power in the

propagation channel. Path-loss models generally assume that it is a function of transmitter-

receiver distance. Shadowing is caused by large obstacles between the transmitter and re-

ceiver that attenuate the signal power through absorbtion, reflection, scattering and diffrac-

tion. Shadowing causes slow variations in the received signal with respect to signal duration

and is sometimes referred to as “slow fading” in the literature. Path-loss and shadowing are

also known as “large-scale fading” in the modeling of a wireless channel [12].

Multipath fading, also known as “small-scale fading”, is caused by constructive and de-

structive addition of different multi-path components of the signal introduced by the wireless

channel. This causes time-varying reception of the signal at the receiver. Multipath fading

causes frequency selective fading and inter-symbol interference (ISI). Frequency selectivity

of the channel results from destructive interference of the transmitted signal and causes deep

fading in some frequency components of the received signal. Time dispersion of the received

symbol causes interference to the next received symbol and results in ISI at the receiver. The

traditional technique to combat ISI is to use equalizers at the receiver. Doppler effect occurs

as a result of relative motion of transmitter and receiver. It causes frequency dispersion of

the original signal over a larger frequency band.

In this thesis, we need to model the wireless channel for analyzing the performance of

the proposed resource allocation algorithms. Hence, we present the mathematical model of

the radio channel in the next section that will be used in the simulation and analysis of the

proposed resource allocation algorithms in the later chapters.
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2.2 Mathematical Model of Radio Channel

We model the wireless communication channel as a linear time variant system as done in [12].

By considering multipath fading and the Doppler effect, the wireless impulse response is

time-variant and is written as:

ℎ(�, t) =

Np−1
∑

p=1

ap(t)e
j(2�fDp t+�p)�(� − �p(t)), (2.1)

� ��

δ(τ) τ1 τ2
τNp

a1 a2
aNp

Σ h(t, τ)

Figure 2.1: Multipath channel model.

where ap(.), fDp , �p, Np and �p(.) refer to the complex-valued amplitude, Doppler frequency,

phase constant, number of multipaths, and delay profile for path p respectively. The equation

for ℎ(�, t) in (2.1) can be interpreted as a tapped delay line as shown in Figure 2.1. In practice,

the number of taps can be very large. Therefore, only those taps with a delay greater than

the inverse of the input signal bandwidth are considered. Fading characteristics depend on

delay spread, coherence bandwidth and Doppler spread. We explain these characteristics

and their effects on frequency selectivity and ISI as follows.

Delay Spread

Delay spread shows how much the delay terms in (2.1) are spread over time. To define

this parameter, we use the time invariant model of the channel. The channel time-invariant

impulse response is a simplified version of time-variant channel impulse response in (2.1)
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without the time index. It can be written as:

ℎ(�) =

Np−1
∑

p=0

ap�(� − �p) (2.2)

The mean of the channel delay, �̄ , is defined as

�̄ =

∑Np−1
p=0 ∣ap∣2�p
∑Np−1

p=1 ∣ap∣2
(2.3)

To quantify the amount of delay spread in the wireless channel, we use the root mean

square (RMS) of the channel delay as follows:

�RMS =

∑Np−1
p=0 ∣ap(�p − �̄ )∣2
∑Np−1

p=0 ∣ap∣2
(2.4)

RMS of the delay spread represents the weighted variance of the delay spread proportional

to the energy of the received signal. The symbol duration of the received signal, Ts, should

be much larger than �RMS to prevent ISI at the receiver.

Coherence Bandwidth

Coherence bandwidth, Bc, is a parameter that quantifies the frequency dispersion of the

wireless channel. The minimum frequency difference between f1 and f2 required for the

channel response to be uncorrelated is called coherence bandwidth of the channel. The

frequency autocorrelation function of the wireless channel can be written as:

R(Δf) = E{H(f, 0)H∗(f −Δf, 0)}, (2.5)

where (.)∗ denotes the complex conjugate. H(f, t) is the time-variant channel transfer func-

tion. The coherence bandwidth, Bc, is the spectral width over which ∣R(Δf)∣ is zero outside

of it. To avoid distortion of signal at the receiver, the signal bandwidth should be smaller

than the channel coherence bandwidth, Bc. Frequency selective fading can be assumed flat
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fading over a bandwidth less than Bc. Coherence bandwidth and delay spread are known to

be inversely related; i.e., Bc ≈ 1
�RMS

[44].

Doppler Spread

Doppler spread or frequency dispersion, fd, quantifies the time-varying nature of the wireless

channel and results in time-selectivity of the wireless channel. Doppler spread causes the

received signal to be spread in the frequency domain. The time autocorrelation function of

the wireless channel is written as:

R(Δt) = E{H(0, t)H∗(0, t−Δt)}. (2.6)

The coherence time, Tc, is the minimum time duration for which R(Δt) can be assumed

zero. If the signal duration is greater than Tc the channel would change during the trans-

mission. Coherence time and Doppler spread are related by:

Tc ≈
1

fmax
d

, (2.7)

where fmax
d is the maximum Doppler spread. If the bandwidth of the signal is larger than

fmax
d the effect of Doppler spread is negligible.

2.3 Multiple Access Techniques

Multiple users require access to the wireless resources in the system without interfering

with one another. Therefore, multiple access protocols are introduced for communication in

wireless multi-user systems to satisfy each user’s quality of service (QoS) requirements. In

this section, we briefly review the most popular multiple access schemes.
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Frequency Division Multiple Access (FDMA)

FDMA divides the radio resource into non-overlappping frequency bands. These frequency

bands are exclusively allocated to users in an FDMA system. The main issue in the FDMA

systems is the design of sharp filters at the receiver to cancel the interference caused by adja-

cent channels. FDMA was used in the first generation (1G) of cellular mobile communication

systems such as AMPS and DECT standards. The main advantages and disadvantages of

FDMA can be listed as follows [44]:

Advantages:

∙ The amount of ISI is low and no equalization is required.

∙ System complexity and overhead is low.

Disadvantages:

∙ Costly bandpass filters are required to minimize adjacent channel interference.

∙ Duplexers are needed for transmission and reception.

Time Division Multiple Access (TDMA)

TDMA divides the radio resource into non-overlapped time slots. These time slots are

exclusively allocated to users in a TDMA system. TDMA was used in the second generation

(2G) of cellular mobile communication systems such as GSM and IS-95. The main advantages

and disadvantages of TDMA can be listed as follows [44]:

Advantages:

∙ Duplexers are not required since users use different time slots for transmission and

reception.

∙ Battery can last longer since the transmissions are not time-continuous.

Disadvantages:
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∙ Adaptive equalization is required at the receiver.

∙ High time synchronization is needed at the transmitter and receiver.

Code Division Multiple Access (CDMA)

Users share the total radio resource in frequency and time in CDMA systems. CDMA

employs spread-spectrum technology which assigns distinct codes to different users. The

code is a pseudo-noise (PN) sequence with near-zero cross correlation. The signal sequence

is spread over a large bandwidth and appears noise-like for the non-intended users. CDMA

is used in second and third generation (3G) cellular mobile communication system such as

IS-95 and WCDMA. The main advantages and disadvantages of CDMA can be listed as

follows [44]:

Advantages:

∙ Multipath fading is substantially reduced since the signal spread over a large band-

width.

∙ There is a soft capacity limit in the system as the quality of service degrades as the

number of users increases.

Disadvantages:

∙ Interference is very high in the system due ot the nature of CDMA scheme.

∙ Accurate power allocation scheme is required and the near-far problem occurs due to

high power transmissions.

Orthogonal Frequency Division Multiple Access (OFDMA)

OFDMA divides the radio resource into overlapped orthogonal frequency bands by using

OFDM technology. The orthogonal frequency bands are exclusively allocated to users. The
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data signal of each user is divided into several parallel data streams and modulated over

multiple subcarriers assigned to that user in an OFDMA system. OFDMA is widely used in

third and fourth generation (4G) cellular mobile communication systems such as WiMAX

and LTE. The main advantages and disadvantages of OFDMA can be listed as follows [44]:

Advantages:

∙ The equalization is simpler and spectrum is exploited more efficiently.

∙ It can be easily implemented by inverse fast Fourier transform (IFFT) and fast Fourier

transform (FFT).

∙ ISI is easily removed by employing guard intervals.

Disadvantages:

∙ Linear transmitter is required due to high peak-to-average power ratio.

∙ Frequency synchronization is required due to high sensitivity to Doppler spread.

OFDMA is the main focus of this thesis. In the next section, we concentrate more on

OFDM systems and explain the characteristics of OFDM system.

2.4 OFDM System

OFDM is one of the most promising multi-carrier transmission schemes in wireless commu-

nication systems. This is mainly due to its resistance to frequency selective fading, high data

rates and high spectral efficiency [32]. Multi-carrier OFDM technology was introduced in

60’s for the first time [45]. The proposed concept was a fairly simple concept; but took some

time to be implemented in modern communication systems. The major challenge in imple-

mentation of OFDM concept was the requirement of a large number of sinusoidal generators

at the receiver and a large number of filters at the receiver. This challenge was resolved by

using IFFT and FFT at the transmitter and receiver respectively which paved the way for
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deployment of the OFDM concept. The main idea of OFDM is to split a wide-band signal

into several orthogonal narrow-band signals. For this purpose, a high data-rate data stream

is divided into N parallel low-rate data stream, Xk, k = 1, 2, ..., N , as illustrated in Figure

2.2. The narrow-band signals are modulated by orthogonal subcarriers using IFFT. A guard

interval greater than the delay spread is added between the OFDM symbols to eliminate ISI.

A cyclic copy of OFDM symbol is inserted in the guard interval. OFDM symbols are mod-

ulated by a carrier of higher frequency after passing through the parallel to serial convertor.

The reverse action is taken place to regenerate the high-rate data stream at the receiver.
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Figure 2.2: OFDM transceiver system model.

Physical Layer in OFDM

Large number of low-rate data and narrow-band subcarriers increase the robustness of the

OFDM system to combat ISI and frequency selective fading. It also provides immunity

against impulsive noise. The subcarrier bandwidth is very small; therefore, the fading process

can be assumed flat over each subcarrier. OFDM symbol length becomes much larger than

the delay spread which results in the elimination of ISI from the system and removes the

need for an equalizer at the receiver. Orthogonality of subcarriers allows the subcarriers to
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overlap, and hence provides a more efficient spectrum utilization compared to FDMA.

We review the baseband model of OFDM signal here. The digital signal is first modulated

into Xl, k = 0, 1, ..., N − 1, symbols (QAM or PSK). Symbol Xk is carried by the k’th

subcarrier. The N symbols are summed to generate the OFDM baseband signal x(t). The

subcarriers f0, f1, ..., fN−1 overlap in the frequency domain. However, the orthogonality of

the subcarriers ensures that the symbols can be separated at the receiver. The time-domain

representation of the baseband OFDM signal x(t) can be written as:

x(t) =
N−1
∑

k=0

Xke
j2� k

T
t, 0 ≤ t < T, (2.8)

where T is the OFDM symbol duration, and it is N times the original symbol duration, Ts.

The discrete version of the OFDM signal over 0 ≤ t < T is obtained by sampling x(t) in

(2.8) at time instances t = n.Ts as:

x(n) =

N−1
∑

k=0

Xke
j2�kn

N , n = 0, 1, ..., N − 1 (2.9)

According to (2.9), samples of the OFDM signal, x(n), are related to the original symbols

Xk through the inverse discrete fourier transform (IDFT). x(n)’s can be easily calculated

using IFFT.

Medium Access Control (MAC) Layer in OFDM

The original motive of OFDM scheme was to combat frequency selectivity of the radio

channel when all the subcarriers were assigned to one user at a time. As discussed earlier,

OFDM can be used as a multi-user access technique where each subcarrier can be allocated

to different users at different times. OFDMA is shown to be a superior access technology

compared to TDMA and CDMA in the literature [46]. The fine granularity of resources

for OFDMA increases the flexibility and efficiency of OFDMA compared to other schemes.
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Dynamic subcarrier allocation (DSA) provides diversity gain in the system. A subcarrier

that is in deep fade for one user may have a high gain for another user. Allocating the

subcarriers to the users with higher subcarrier gains improves the total rate of the system.

To guarantee QoS for all the users in the system, a scheduler at the MAC level is required

in the system to manage subcarrier allocation among the users in the system.

�

Subcarrier Number�

S
u
b
ca

rr
ie

r 
G

ai
n

�

. . .�

Multiuser 

Subcarrier 

and Power 

Allocation 

Adaptive 

Modulation 

and    

Coding  

OFDM Transmitter 

�

User 1�

User 2�

User K�

.

. 

.�

OFDM Receiver 

�

Figure 2.3: OFDM PHY/MAC layer system model.

Adaptive modulation and coding is another technique that allows different modulation

and coding scheme based on the received SNR (assigned subcarrier gain). Less number of

bits and higher order of coding are assigned to low-gain subcarriers. The main objective

of adaptive modulation and coding is to compensate for the variations of wireless fading

channel. This can either improve the bit error rate (BER) or efficiency of the radio channel.

The transmitter needs a good estimate of the channel to be able to implement the adaptive

modulation and coding. The data rate reduction caused by using adaptive modulation and

coding in the system is modeled by the SNR gap, which is defined as the difference between
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the SNR needed to achieve a data rate for a practical system and the theoretical SNR [47].

Figure 2.3 illustrates the PHY/MAC layer issues of an OFDM system. The subcar-

rier gains of the users are retrieved at the receiver by inserting the known pilot signals

intermittently in the original OFDM signal at the transmitter. After subcarriers are all as-

signed to the users according to the subcarrier allocation algorithm, the adaptive coding and

modulation scheme is chosen according to the QoS requirements of the user. The effective

transmission rate of the user can be calculated by knowing the coding rate and modulation

order.

2.5 General OFDM-based Relaying System Model

In this thesis, we consider the downlink of a single-cell OFDM-based relaying system. Figure

2.4 illustrates this general multi-user relaying system model used.

Base Station

Relay Station

Mobile Station

Figure 2.4: Multi-user relaying system model.
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The major elements in this model are: Base station (BS), relaying station (RS) and

mobile station (MS). Compared to the traditional multi-user system, relay stations are the

new system components. The major functionality of RS in the downlink is to transmit a copy

of the received signal from BS to MS by following the relaying protocol. RS’s are assumed

to be pre-assigned to MS’s. All the MS’s are assumed to be experiencing similar channel

statistics. All the RS’s are also assumed to be experiencing similar channel statistics as well.

Therefore, we have considered the homogenous MS’s and RS’s in the system and left the

heterogenous case as the future work of this dissertation. The data rate reduction according

to adaptive modulation and coding is not considered in our calculation of the users’ data

rate, and we assume the Shannon capacity equation as for the data rate of the users on each

subcarrier.

WiMAX standard uses multiples of 1.25MHz as for the total bandwidth of the system.

We use WiMAX channel parameter to model the characteristics of the wireless channel. We

assume a frequency selective channel model with bandwidth of B = 1.25MHz and Doppler

frequency of fd = 30Hz. The coherence bandwidth is Bc = 100kHz which implies �RMS =

10�s. The OFDM channel is composed of N = 256 subcarriers. Therefore, the bandwidth

of each subcarrier is less than the coherence bandwidth of the channel, and the fading

process over each subcarrier can be assumed flat. We assume an interference-free channel

with AWGN noise. The BS-MS subcarrier is assumed to be normalized, and the path loss

exponent is three in all our simulation and analysis. All other subcarrier gains are normalized

according to BS-MS subcarrier.

The main focus of this thesis is subcarrier and power allocation for the illustrated system

model with flexibility in fairness. The problem formulation and the solution are addressed

in the following chapters.
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2.6 Chapter Summary

The main characteristics of wireless channel were reviewed in this chapter. Delay spread,

coherence bandwidth and Doppler spread are important characteristics of wireless fading

channel that play a major role in modeling the wireless channel. Medium access techniques

were also reviewed and their main advantages and disadvantages were mentioned. OFDM

was shown as an appropriate physical layer technique to combat frequency selectivity of the

wireless channel which provides an appropriate framework for dynamic resource allocation

in the OFDMA system. Dynamic subcarrier allocation enhances the performance of the

OFDM system by taking advantage of the frequency-selectivity of the channel. We also

presented our general multi-user relaying system model used in this thesis. We will adopt

a TDMA-based OFDM relaying protocol and consider the subcarrier and power allocation

problem with flexibility in fairness for such system model in the following chapters.
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Chapter 3

Non-Cooperative Subcarrier

Allocation Techniques

Wireless spectral resources are normally assigned statically and shared by multiple users

suffering from time-varying multi-path fading. The inflexibility of this architecture leads to

inefficient usage of resources in wireless systems. Channel-aware scheduling strategies [48]

have been proposed to adaptively transmit and dynamically assign wireless resources based

on the channel state information (CSI). The key idea is to choose a user in good channel

condition for transmission over a frequency band. Benefiting from the independent channel

variations across the users, channel-aware scheduling can substantially improve the perfor-

mance through multi-user diversity. Multi-user diversity was first explored in [27] to increase

the system throughput for the uplink of a cellular system. Efficiency of resource utilization

can be improved significantly by implementing techniques that exploit the independence of

fading processes for multiple users in the system.

OFDM is one of the promising multi-carrier technologies that divides the wide-band

channel into multiple narrow-band subcarriers [49]. Multi-carrier systems realize the multi-

user diversity more efficiently compared to the single-carrier systems [26]. In an OFDMA

system, subcarriers can be assigned dynamically among multiple users to improve the overall
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performance of the system [50]. Multiple users in an OFDM system experience mutually

independent attenuations on their subcarriers. Some users may experience deep fades on a

number of subcarriers, while some others may have a strong gain on the same subcarriers. If

deep-faded subcarriers are allocated to a user, due to fixed multiple-access schemes such as

time division multiple access (TDMA) or frequency division multiple access (FDMA), these

subcarriers will not be efficiently utilized in the system.

Dynamic resource allocation algorithms are categorized in the literature from different

perspectives. Considering the goal of the optimization problem in subcarrier allocation,

algorithms are classified into two groups: “margin adaptive” [33, 51] and “rate adaptive”

[34, 52–57]. The main objective in margin adaptive algorithms is to minimize the total

transmit power of the system while maintaining each user with its required quality of service

requirements; such as data rate and BER. The main objective in rate adaptive algorithms is

to maximize the total system throughput with the constraint on the total transmit power.

The formulated optimization problem to allocate subcarriers and power to the users is

very complex to solve. Sub-optimal algorithms have been generally proposed to reduce the

complexity of the subcarrier allocation algorithms. It was proved in [35] that allocating the

subcarriers to the users with the highest gain, and then allocating the total power to the

subcarriers according to water-filling [29], maximizes the total throughput of the system.

Therefore, a two-step resource allocation procedure was generally considered in the OFDM

systems [35]. The subcarriers are allocated to the users according to their subcarrier gains

in the first step. In the second step, the power is allocated to the subcarriers (users).

Allocating the subcarriers to the high-subcarrier-gain users imposes unfairness on the low-

subcarrier-gain users. To resolve this problem, fairness among the users should be considered

in subcarrier allocation procedure. The instantaneous throughput-fairness trade-off can be

modeled by introduction of “user satisfaction” concept [52]. Since it is unlikely to fully

satisfy different demands of all the users, we can define a function called “utility function”

and maximize the average utility sum of the system in order to maximize the overall user
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satisfaction in the network instantaneously [58].

Maximizing the total throughput of the system according to the total transmit power and

other system constraints; i.e., rate adaptive problem, is one of the design challenges in wire-

less communication systems. Therefore, we adopt the rate adaptive problem in this chapter

(and throughout this thesis) and investigate the relevant issues. There are mainly two classes

of rate adaptive algorithms in the literature: throughput-oriented and fairness-oriented. The

throughput-oriented subcarrier allocation algorithms maximize the instantaneous through-

put of the system. Throughput-oriented algorithms sacrifice the fairness in the system to

optimize the throughput. In contrary to throughput-oriented algorithms, fairness-oriented

algorithms maximize the instantaneous fairness among the users in the system. In this

chapter, we introduce a new rate adaptive subcarrier allocation algorithm that maintains a

trade-off between throughput and fairness in the system. We apply a group-based approach

to balance the achieved level of fairness in the system. In the first step, the subcarriers are

allocated to each group using a fairness-oriented algorithm [34]. In the second step, the sub-

carriers are allocated to the users in each group using a throughput-oriented algorithm [35].

The proposed technique is called “asymptotically fair” subcarrier allocation algorithm. The

non-real-time applications that do not require instantaneous constant data rates can bene-

fit from the proposed asymptotically fair algorithm. We will modify this algorithm for the

multi-user cooperative and relaying system in Chapter 6.

In the following sections, the non-cooperative multi-user system model is reviewed and the

design parameters are explained. The throughput-oriented and fairness-oriented subcarrier

allocation algorithms are reviewed next. We introduce the asymptotically fair subcarrier

allocation algorithm and end the chapter with simulation results and conclusion.
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3.1 Subcarrier Allocation: System Model and Param-

eters

The problem of subcarrier allocation in a non-cooperative multi-user OFDM system is formu-

lated here. A single-cell OFDM system with K users is considered. There are N subcarriers

in the system to be allocated. The set of all subcarriers is denoted by A = {1, 2, ..., N}.

The total bandwidth of the system is B; therefore, each subcarrier has bandwidth of B
N
.

The wireless channel is modeled as described in Chapter 2. Additive white Gaussian noise

(AWGN) is present with single-sided noise power spectral density (PSD) level of N0 for all

subcarriers and all users.

Flat Power Allocation

Dynamic subcarrier allocation provides the opportunity to allocate the high-gain subcarriers

to the users; therefore, the total power is only consumed for the high-gain subcarriers. It was

shown in [59] that for a single-user OFDM system, the total rate is very close to its maximum

when the power is allocated only to the high-gain subcarriers. It was later suggested in [34]

to assume a flat power allocation among the subcarriers to reduce the complexity of resource

allocation problem. It was also shown in [35] that the throughput of the system degrades

negligibly by flat power allocation compared to water-filling approach [29] when high-gain

subcarriers are allocated to the users in the system.

Multi-user diversity provides the possibility of allocating only the high-gain subcarriers

to the users in the system, hence decreasing the variance of the allocated subcarrier gains.

Water-filling approach pours more power into high-gain subcarriers and allocates no power

to the low-gain subcarriers [12]. If all the allocated subcarriers are high-gain and have almost

the same level, the optimum power allocation (water-filling) solution would be very close to

the flat power allocation. This leads to comparable performance between optimum and flat

power allocation. Unless stated otherwise, we assume a flat power allocation throughout this

31



thesis.

User Data Rate

The subcarrier allocation matrix, C = [ck,n]K×N , specifies which subcarrier(s) should be

allocated to which user. ck,n = 1, if and only if subcarrier n is allocated to user k; otherwise

it is zero. None of the users shares subcarrier, so in case ck,n = 1 then cl,n = 0 for all l ∕= k.

The total transmit power at the base station is assumed to be P over the whole bandwidth

and is equally divided between all the N subcarriers. In such a system, the data rate for the

kth user, Rk, is given by:

Rk =
B

N

N
∑

n=1

ck,n log2
(

1 + 
k,n
)

, (3.1)

where 
k,n is the SNR of the nth subcarrier for the kth user and is given by:


k,n =
Pn ∣ℎk,n∣2
N0

B
N

, (3.2)

and ℎk,n is the gain for user k and subcarrier n and Pn is the transmit power of user k on

subcarrier n. Equation (3.1) provides the error-free data rate of the wireless channel; however

the achieved data rate in practical systems is less than what is suggested by Shannon theory

in (3.1). The difference between the SNR needed to achieve a data rate for a practical system

and the theoretical SNR is called SNR gap. The SNR gap, Γ, was studied for MQAM in [47].

It was shown that for a target BER of Pb, the SNR gap, Γ, can be calculated as:

Γ =
− ln(5Pb)

1.5
, (3.3)

and consequently the data rate according to this data rate is calculated as:

Rk =
B

N

N
∑

n=1

ck,n log2

(

1 +

k,n
Γ

)

. (3.4)

SNR gap can be considered as a constant factor that degrades the performance of the
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system. In this thesis, we assume a zero-gap system and do not consider the effect of the

SNR gap in the calculation of the users’ data rates. The total data rate of the system, RT ,

is simply the summation over the data rate of all the users and is calculated by:

RT =
B

N

K
∑

k=1

N
∑

n=1

ck,n log2
(

1 + 
k,n
)

, (3.5)

Fairness Index

Fairness can be defined in terms of different parameters of the system. It can be defined in

terms of bandwidth, where each user is assigned an equal number of subcarriers [60] or it can

be defined in terms of power where each user is allocated equal portion of the power from

the power budget. It is very common to define the fairness in terms of data rates, where the

objective is to allocate the resources to the users such that the users achieve the same data

rate. In this thesis, we define the fairness index in terms of the data rates. Assuming equal

data rate requirements among the users, the fairness index, F is defined in the literature in

terms of the instantaneous data rate, Rk, as [34, 56]:

F =

(

∑K
k=1Rk

)2

K
∑K

k=1(Rk)2
. (3.6)

F is a real number in the interval [ 1
K
, 1] with the maximum value of one when equal data

rate is achieved for all the users, and minimum value of 1
K

when one user dominates the

whole bandwidth and takes over all the subcarriers.

Delayed Fairness Index

We define the “delayed fairness index” for evaluation of the proposed subcarrier allocation

scheme. Non-real-time users do not require instantaneous fairness and can wait for a few

OFDM symbols. Therefore, it is convenient to consider the summation Rk over v consecutive
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OFDM symbols in the definition of fairness index. We define the delayed fairness index as:

Fv =

(

∑K

k=1R
v
k

)2

K
∑K

k=1(R
v
k)

2
, (3.7)

where Rv
k is the summation of Rk over v consecutive OFDM symbols. The defined delayed

fairness index describes the fairness of the subcarrier allocation algorithm over the past v

consecutive OFDM symbols. We will use the average of the delayed fairness index, E[Fv],

as a parameter in the proposed asymptotically fair subcarrier allocation algorithm. The

average of delayed fairness index, E[Fv], is taken over time (OFDM channel realizations).

3.2 Throughput-Oriented Subcarrier Allocation

The throughput-oriented subcarrier allocation problem in a multi-user OFDM system is

formulated as follows [35]:

max
ck,n

B

N

K
∑

k=1

N
∑

n=1

ck,n
B

N
log2

(

1 +
Pt

N
∣ℎk,n∣2

N0
B
N

)

, (3.8)

subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

Constraints C1 and C2 guarantee that the subcarriers are not shared by the users and

once a subcarrier is assigned to a user it will not be allocated to another user. Flat power

allocation is assumed over all the subcarriers; therefore, the total power, Pt, is divided equally

over the N subcarriers. Based on the theorem proved in [35], the data rate of a multi-user

OFDM system is maximized when each subcarrier is assigned to only one user that has the

best channel gain for that subcarrier. The results indicate that a flat transmit PSD would
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hardly reduce the total data rate of a multi-user OFDM system provided that the proper

subcarrier allocation is applied. The main goal in throughput-oriented subcarrier allocation

is to maximize the total data rate of multi-user OFDM system without considering the

fairness. Throughput-oriented algorithm is sometimes referred to as greedy algorithm. The

summary of the greedy subcarrier allocation algorithm is as follows [35]:

∙ Initialization

ck,n = 0, ∀k, n

Rk = 0, ∀k

A = {1, 2, ..., N},

∙ Subcarrier Allocation

– for n = 1 to N

find k satisfying ∣ℎk,n∣ ≥ ∣ℎl,n∣ ∀l ∈ {1, 2, ..., K}

ck,n = 1,

Rk = Rk +
B
N
log2(1 + 
k,n).

– end

∙ End

3.3 Fairness-Oriented Subcarrier Allocation

The fairness-oriented subcarrier allocation problem in a multi-user OFDM system is formu-

lated as follows [34]:

max
ck,n

min
k

N
∑

n=1

ck,n
B

N
log2

(

1 +
Pt

N
∣ℎk,n∣2

N0
B
N

)

, (3.9)
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subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

Constraints C1 and C2 guarantee that subcarrier sharing by the users and is not per-

mitted in the system. Flat power allocation is assumed over all the subcarriers; therefore,

the total power, Pt, is divided equally over the N subcarriers. Fairness-oriented algorithm

maximizes the fairness among the users in the system by maximizing the data rate of the

minimum-rate user in each step of subcarrier allocation. In the first step, one subcarrier is

allocated to each user where the channel gain is the highest for that user. In the next step,

the user with the lowest data rate is prioritized for subcarrier allocation. The procedure

continues until all the subcarriers are allocated. Because the algorithm tries to maximize

the data rates of the users with the minimum data rate in each step, it is also referred to as

Max-Min subcarrier allocation algorithm. Max-Min subcarrier allocation algorithm can be

summarized as [34]:

∙ Initialization

ck,n = 0, ∀k, n

Rk = 0, ∀k

rk,n = B
N
log2(1 + 
k,n), ∀k, n

A = {1, 2, ..., N},

∙ Subcarrier Allocation

– for k = 1 to K

(a) find n satisfying rk,n ≥ rk,m ∀m

⇒ ck,n = 1, A = A− {n}

(b) update Rk with Rk =
∑N

n=1 ck,nrk,n

– end
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– while A ∕= ∅
(a) find k satisfying Rk ≤ Rl;

∀l = 1, 2, ..., K

(b) for the found k, find n satisfying

rk,n ≥ rk,m ∀m ∈ A

⇒ ck,n = 1, A = A− {n}

(c) update Rkwith Rc =
∑N

n=1 ck,nrk,n

– end

∙ End

3.4 Asymptotically Fair Subcarrier Allocation

Thus far, we reviewed algorithms that maximize two important metrics in subcarrier al-

location; i.e., throughput and fairness. Throughput and fairness are however conflicting

performance metrics. To maximize the throughput, system will allocate more subcarriers to

the user with higher subcarrier gain which may cause radio resource monopolization by a

small number of users, leading to unfairness. On the other hand, to maintain the fairness,

the system will have to allocate more resources to the users in worse channel conditions and;

as a result, the system throughput will degrade accordingly. As stated earlier, the ultimate

goal in throughput-oriented algorithms is to achieve the largest possible throughput. In

fairness-oriented algorithms, the main objective is to maintain the fairness among the users.

The trade-off between throughput and fairness has been recently re-visited in the literature.

An adaptive fair scheduling scheme was proposed in [61] to increase the total throughput of

the system by sacrificing the fairness. A hybrid scheduling scheme was proposed in [62] for

a TDMA-based system. The users were proposed to be grouped so that the channel could
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be allocated to one user of each group at a time. The grouping procedure was proposed to

be done based on the users’s distance from the base station.

Here, we propose a two-step grouping-based subcarrier allocation procedure to maintain

this trade-off in the OFDM system. The question that arises is “would it be possible to design

a subcarrier allocation algorithm that reaches a certain level of fairness in the system?”. The

proposed algorithm provides the possibility of mixing the throughput-oriented algorithm

with the fairness-oriented algorithm. We can formulate the problem of asymptotically fair

subcarrier allocation algorithm as:

max
ck,n

K
∑

k=1

N
∑

n=1

ck,n
B

N
log2

(

1 +
Pt

N
∣ℎk,n∣2

N0
B
N

)

, (3.10)

subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

C3 : E[Fv] = �

All the constraints are similar to the fairness-oriented except for C3 that enforces a specific

average delayed fairness, � ∈ (0, 1), in the system. Flat power allocation is assumed over all

the subcarriers; therefore, the total power, Pt, is divided equally over the N subcarriers.

We propose a technique to reach the required level of average delayed fairness in the

system. An interesting point which has not received enough attention is whether throughput-

oriented subcarrier allocation algorithms are asymptotically fair or their delayed fairness

index converges to unity for large values of v. That is, in a known radio environment, how

long (in terms of symbol duration) the users would have to wait to achieve a certain degree

of delayed fairness. The idea of waiting users to achieve fairness is not considered in the

utility function approach [50]. To maintain a trade-off between throughput and fairness in

the system, we propose the idea of grouping the users here. It is assumed that a grouping

algorithm has grouped all the K users into G equal-sized groups with I users in each group.
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Obviously, K should be divisible by I; and therefore, K = G × I. It should be noted

that the users are not cooperating within each group and the purpose of grouping is for

implementation of the proposed algorithm. Here, we assume that all the users are in similar

average channel condition (distance); therefore, the grouping strategy would not have any

effect on the obtained results.

By grouping the users in the system, we can divide the subcarrier allocation procedure

into two steps: subcarrier allocation to the groups, and then subcarrier allocation within

each group. In the first step, subcarriers are allocated to the groups. In the second step,

subcarriers are allocated to the users of each group. To derive the solution, we introduce

the group allocation matrix, D = [dj,n]G×N . The group allocation matrix determines which

subcarrier is assigned to which group of users in the system. The problem of resource

allocation in such a grouped multi-user OFDM system with N subcarriers is to determine

the elements of two matrices: D = [dj,n]G×N and C = [ck,n]K×N . dj,n = 1, if and only if

subcarrier n is allocated to group j; otherwise, it is zero. ck,n = 1, if and only if subcarrier

n is allocated to user k; otherwise, it is zero. None of the users shares subcarrier, so in case

ck,n = 1 then cl,n = 0 for all l ∕= k. Figure 3.1 illustrates the two-step subcarrier allocation.

3.4.1 Subcarrier Allocation to Groups

The first step is to allocate the subcarriers to each group. The fairness-oriented algorithm is

chosen for group allocation part of the proposed algorithm. The objective value in subcarrier

allocation to groups is the total data rate of each group. Hypothetically the allocated

subcarrier is equally shared by all the users of that group. The group-subcarrier-allocation

is as follows:

∙ Initialization
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Figure 3.1: Two-step asymptotically fair subcarrier allocation.

dj,n = 0, ∀j, n

RGj = 0, ∀j

rk,n = B
N
log2(1 + 
k,n), ∀k, n

objj,n =
∑jI

k=(j−1)I+1 rk,n, ∀j

A = {1, 2, ..., N}

∙ Group Subcarrier Allocation

– for j = 1 to G

(a) find n satisfying objj,n ≥ objj,m ∀m ∈ A

⇒ dj,n = 1, A = A− {n}

(b) update RGj with RGj =
∑N

n=1 dj,nobjj,n

– end

– while A ∕= ∅
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(a) find j satisfying RGj ≤ RGl;

∀l = 1, 2, ..., G

(b) for the found j, find n satisfying

objj,n ≥ objj,m ∀m ∈ A

⇒ dj,n = 1, A = A− {n}

(c) update RGj with RGj =
∑N

n=1 dj,nobjj,n

– end

∙ End

3.4.2 Subcarrier Allocation to Users

After group subcarrier allocation is performed, the user allocation is done independently for

each group based on the obtained group allocation matrix, D. The subcarrier allocated to

a group is allocated to the user that has the highest channel gain for that subcarrier. The

user-subcarrier-allocation procedure is as follows:

∙ Initialization

ck,n = 0, ∀k, n

Rk = 0, ∀k

rk,n = B
N
log2(1 + 
k,n), ∀k, n

A = {1, 2, ..., N},

∙ User Subcarrier Allocation

– for k = 1 to K
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(a) j = ⌊k
I
⌋

(b) find n satisfying rk,n ≥ rk,m ∀m that dj,m = 1

⇒ ck,n = 1

(c) update Rk with Rk =
∑N

n=1 ck,nrk,n

– end

∙ End

The average fairness constraint, E[Fv] = �, can be later used as a parameter for choosing

the proper grouping size. As a special case, if G = 1 and I = 1 the asymptotically fair

algorithm turns into the fairness-oriented and throughput oriented algorithms respectively.

3.5 Performance Evaluation: Throughput and Fairness

We compare the performance of the asymptotically fair algorithm with throughput-oriented

and fairness-oriented algorithms in terms of average fairness and throughput. Asymptotically

fair algorithm is shown to outperform the fairness-oriented algorithm in terms of through-

put. It also outperforms the throughput-oriented algorithm in terms of the average fairness.

Overall, the asymptotically fair algorithm provides a flexible tool in subcarrier allocation to

make a balance between throughput and fairness in the system.

3.5.1 Simulation Parameters

The OFDM channel is modeled as frequency selective with six independent multipaths and

exponential delay profile. It is assumed that the total bandwidth, B = 1.25MHz is divided

into N = 256 subcarriers. The average SNR for all subcarriers is assumed to be 20dB. Total

of 10, 000 channel realizations are used and the results are averaged. Simulations are run

for system with 6 and 12 users and the results are presented here. In the asymptotically
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fair subcarrier allocation algorithm, the group sizes are assumed to be divisible by the total

number of users. Therefore, we assume I = 2, 3 for K = 6 users and I = 2, 3, 4, 6 for K = 12

users.

3.5.2 Simulation Results

The simulation results for a multi-group system are shown in Figures 3.2 to 3.5 for K =

6 and 12 respectively. According to Figures 3.3 and 3.5, when the number of users in

the group increases the average total throughput approaches the total throughput of the

throughput-oriented algorithm. On the other hand, according to Figures 3.2 and 3.4, by de-

creasing the number of users in a group, the average delayed fairness of the system approaches

the average delayed fairness of the fairness-oriented algorithm. The user subcarrier alloca-

tion is throughput-oriented, therefore by increasing the number of users in each group (larger

group sizes), the asymptotically fair algorithm tends to behave similar to the throughput-

oriented algorithm. On the other hand, the group subcarrier allocation is fairness-oriented

(smaller group sizes). By decreasing the number of users in each group, the asymptotically

fair algorithm tends to behave similar to the fairness-oriented algorithm.

As observed in Figures 3.2 and 3.4, increasing the number of users in the groups results

in a slower convergence of the average fairness index to the maximum fairness index. This

can be explained by the probability theory. The throughput-oriented algorithm assigns

subcarriers to the users based on the highest subcarrier gain in the group. Assuming that

all the groups have users with similar probability density function (pdf) conditions, it gets

less probable that a certain user in the system attains the highest-subcarrier status in the

system. Therefore, it practically takes more time for all the users in the group to be assigned

subcarriers, and the realization of a higher fairness in the system requires more waiting time

for the users.

For instance, to reach an average fairness of 0.9, the system has to wait v = 5, 10, 15, and 25

OFDM symbols for I = 2, 3, 4, and 6 respectively for K = 12. The waiting time is
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Figure 3.2: Average fairness versus number of OFDM symbols, K = 6.
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Figure 3.3: Total throughput versus number of OFDM symbols, K = 6.
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Figure 3.4: Average fairness versus number of OFDM symbols, K = 12.
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Figure 3.5: Total throughput versus number of OFDM symbols, K = 12.
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v = 5, and 10 OFDM symbols for I = 2, and 3 respectively for K = 6. For a higher

number of users in the group, the waiting time would be more. According to the required

average fairness index and the allowable waiting time in the system, it is possible to find the

suitable group size in the system. For instance, for a system with K = 12 and � = 0.9 and

allowable waiting time of 20 OFDM symbols, it is preferable to choose I = 4, according to

Figure 3.4. For higher average fairness index and smaller waiting time, it is better to have

smaller group size. The maximum fairness is achieved when G = 1 or when no grouping is

done in the system. For lower fairness index and higher waiting time, it is reasonable to have

larger group sizes in the system. The proposed approach sacrifices the fairness partially to

increase the total throughput of the system.

3.6 Analysis of the Proposed Algorithm

The proposed subcarrier allocation algorithm allocates the subcarriers in two steps: group-

allocation and user-allocation. Group-allocation is performed to maintain the fairness among

total data rate of different groups. This is achieved by using Max-Min subcarrier allocation

algorithm. In the user-allocation step, the subcarriers are allocated to the users within the

group using the greedy algorithm to maximize the throughput of each group. Our proposed

subcarrier allocation fills the gap between the fairness-oriented and throughput-oriented

algorithms and provides a balanced solution for subcarrier allocation in the system. Figure

3.6 shows how the asymptotically fair algorithm provides a balanced approach to maintain

throughput and fairness in the system. Assuming Max-Min and greedy algorithm as two

extreme cases, asymptotically fair algorithm can be more fair or more efficient according to

the group size. How small or large the groups should be, depends on the required level of

fairness in the system. In other words, the proposed algorithm provides a better fairness

index for small group sizes and is more efficient for large group sizes.

There are some cases that it may not be possible to divide all the users into equal size
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Figure 3.6: Fairness vs. throughput in asymptotically fair subcarrier allocation.

groups, e.g., when K = 13. We propose to group the users into equal sized groups as much

as possible. For instance, when K = 13, we divide them into six groups with I = 2 users

plus one single user. Since group sizes are unequal (I = 1, 2), the subcarrier allocation to the

groups is performed based on proportionally fair subcarrier allocation in [56] with r = 1, 2.

This approach can be followed for other similar scenarios of unequal group sizes.

How the grouping of the users should be done in the system is another interesting sub-

ject worthy of more exploration. Here, we assumed homogenous users where all the users

experience similar fading characteristics, and therefore assumed that groups are randomly

formed. However, in a practical system each user undergoes different fading process de-

pending mainly on the location of the user with respect to base station. As the proposed

algorithm has two steps, it is not clear what should be chosen as for the grouping policy. Is

it better to group weak users with strong users? or grouping similar users results in a better

performance? This is an open question that should be addressed. One quick solution might

be to normalize all the channel gains with the average channel gain of each user to harmonize

all the users in the system, and then perform the grouping. Another possibility is grouping

the weak user with the strong user. This approach forces us to use the fairness-oriented

algorithm for allocating the subcarriers within each group and use the throughput-oriented
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algorithm for allocating the subcarriers to the groups of users. Investigation of these different

approaches and any other possible solution are left as the future work of this thesis.

Practical Scenario

In this section, we discuss possibility of adjusting the level of fairness in the system by using

the proposed asymptotically fair subcarrier allocation algorithm. According to the required

fairness index in the system and the maximum allowable waiting time, it is possible to

find the proper grouping size in the proposed two-step subcarrier allocation. The proposed

algorithm can adaptively increase fairness or efficiency of the algorithm by changing the

group size. Here, we introduce a practical scenario for applying the proposed asymptotically

fair algorithm.

Let’s assume that the system requires a delayed fairness index of � for the last v OFDM

symbols. We initialize the subcarrier allocation algorithm by using the fairness-oriented

algorithm for the first v symbols. After these v symbols, the system reaches Fv ≃ 1. At

this stage, asymptotically fair algorithm can start allocating the subcarriers. The two-step

procedure starts with the smallest group size I = 2 and watches for the delayed fairness index

continuously over the last v symbols. If the delayed fairness index goes over the required

level �, a larger group size will be chosen. If the delayed fairness index goes below the

required fairness level �, a smaller group size will be chosen. The process adaptively changes

the group size to achieve the required level of fairness in the system with the possibility to

increase the throughput compared to the the absolutely fair algorithm.

3.7 Chapter Summary

In this chapter, we reviewed some of the important subcarrier allocation algorithms proposed

in the literature for non-cooperative OFDM systems. The subcarrier allocation algorithms

were classified as throughput-oriented and fairness-oriented. While throughput-oriented sub-
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carrier allocation maximizes the throughput, fairness-oriented subcarrier allocation priori-

tizes the fairness in the system. The main contribution of this chapter is the introduction of

the asymptotically fair subcarrier allocation. We proposed the asymptotically fair subcar-

rier allocation as a third class of subcarrier allocation algorithm besides throughput-oriented

and fairness-oriented algorithms. The asymptotically fair algorithm was shown to main-

tain a trade-off between throughput and fairness in the system by grouping the users in

the system. In the first step, subcarriers were allocated to the groups of users by using the

fairness-oriented algorithm. In the second step, subcarriers were allocated to the users within

each group by using the throughput-oriented algorithm. According to the allowable waiting

time of the users, the group size can be determined to maintain a certain level of fairness

index in the system. By controlling the fairness degradation, the proposed asymptotically

fair algorithm increases the throughput of the system.

Non-real-time applications do not require instantaneous fairness among the users and can

wait for a few OFDM symbols to achieve an acceptable level of fairness in the system. The

proposed algorithm can be specifically suitable for these applications and increase the total

throughput of the system compared to the fairness-oriented algorithm. We presented the

simulation results for a harmonized network where all the users were experiencing similar

channel parameters and average channel condition. It is possible to further consider a system

with users in weak and strong channel conditions and investigate how the grouping strategy

might affect the total performance of the system. These three discussed algorithms in this

chapter will be used as a benchmark to evaluate the performance of subcarrier allocation

algorithms for a cooperative OFDM system in the following chapters.
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Chapter 4

Cooperative Relaying Techniques

Different relaying protocols and techniques have been proposed in the literature [22] to in-

crease the diversity order, capacity and bandwidth efficiency of wireless systems. In this

chapter, we study a single-relay wireless system as the building block of our general coop-

erative OFDM system model. We explain the different relaying schemes that exist in the

literature and classify them into three main categories based on the functionality of the

relay: amplify-and-forward (AF) relaying, decode-and-forward (DF) relaying, and estimate-

and-forward (EF) relaying. We compare the performance of these different relaying schemes

in terms of average SNR, average capacity, outage probability, and average BER. The com-

parison is done for three different power ratio allocated to the source and the relay. In the

following, we explain the characteristics of these schemes in detail and study their perfor-

mance in terms of average SNR, average BER, average capacity and outage probability. The

chapter ends with a summary.

4.1 Single-Relay System Model

The traditional relaying system model is a network consisting of a source (S), a relay (R)

and a destination (D) which is the primary building block of any larger relaying system and

is illustrated in Figure 4.1.
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Figure 4.1: The relaying system model.

The destination receives the signal via two independent paths: S−D path and S−R−D

path where the former is referred to as the direct link and the latter is referred to as the

relaying link. The relay works in a half-duplex mode; i.e., it cannot transmit and receive on

the same channel simultaneously. We assume independent Rayleigh fading for the channel

gains in our system model. Therefore, we assume ℎ ∼ CN
(

0 , �2
)

, ℎi ∼ CN
(

0 , �2
i

)

and

ℎr ∼ CN
(

0 , �2
r

)

. CN (., .) represents the complex Gaussian random variable with the first

parameter as the mean and the second parameter as the variance. The path loss exponent

is assumed to be � = 3 and the effect of log-normal shadowing is neglected in our analysis.

The instantaneous and average SNR of S−R, R−D and S−D channel gains in Figure

4.1 are defined and as:


i =
Ps∣ℎi∣2
N0

, 
r =
Pr∣ℎr∣2
N0

, 
 =
Ps∣ℎ∣2
N0

(4.1)


̄i =
Ps�

2
i

N0
, 
̄r =

Pr�
2
r

N0
, 
̄ =

Ps�
2

N0
, (4.2)

where N0 is the variance of AWGN for all the noise terms. Subscript i denotes the indirect

channel and subscript r represents the relaying channel in (4.1) and (4.2) respectively. The

defined SNR’s in (4.1), 
i, 
r and 
, are scaled versions of the square of the channel gains,

∣ℎi∣2, ∣ℎr∣2 and ∣ℎ∣2 respectively. The probability density function (pdf) of these SNR’s is
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exponential [63] and can be written as:

fΓi
(
i) =

⎧





⎨





⎩

1

̄i
exp(−
i


̄i
), 
i ≥ 0

0, 
i < 0.

fΓr(
r) =

⎧





⎨





⎩

1

̄r
exp(−
r


̄r
), 
r ≥ 0

0, 
r < 0.

(4.3)

fΓ(
) =

⎧





⎨




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1

̄
exp(−



̄
), 
 ≥ 0

0, 
 < 0.

(4.4)

The pdf of the channel gains in (4.3) and (4.4) is used in the next sections to evaluate

the performance of different relaying schemes.

4.2 Relaying Techniques

TDMA-based relaying protocol is the most common and simplest form of protocol among the

relaying protocols in the literature. This protocol is the most-employed protocol in practical

systems such as IEEE 802.16j standard [11]. Hence, we consider a TDMA-based transmission

relaying protocol for cooperation among terminals in our relaying system model.

Table 4.1: TDMA transmission protocol for the relaying system.

S R D
timeslot 1 transmits listens listens
timeslot 2 - transmits listens

As described in Table 4.1, the source broadcasts its signal to the relay and destination

in the first timeslot. The relay terminal receives a copy of the signal, processes the re-

ceived signal according to the relaying technique and forwards it to the destination in the

second timeslot. Three different relaying techniques have been proposed in the literature:

amplify-and-forward (AF), decode-and-forward (DF) and estimate-and-forward (EF). In the

following, we discuss the details of these relaying techniques.
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4.2.1 AF Relaying

Amplify-and-forward (AF) relay, also known as analog repeater, is a low complexity relay.

This relaying technique was initially used as the line-repeater for long-distance wired com-

munications. In AF relaying scheme, the relay terminal is transparent to modulation and

coding of the communication protocol. We refer to the amplify-and-forward relay terminal as

AF relay throughout this thesis. In the first timeslot, the source broadcasts its unit-energy

signal, x0, to AF relay and the destination. The received signals at the relay and destination

are as follows:

y =
√

PsT ℎ x0 + n, (4.5)

yi =
√

PsT ℎi x0 + ni, (4.6)

where y and yi are the received signal from the source at the destination and the relay

respectively. n and ni are the AWGN noise at the destination and the relay respectively. Ps

is the source transmit power, and T is the symbol period. The AF relay normalizes the signal

received in the first timeslot, amplifies and re-transmits it to the destination in the second

timeslot. The relay has access to the variance of S − R channel, �2
i , and normalizes the

received signal from the source by the factor of
√

E{∣yi∣2} defined in (4.8). The normalized

signal is then transmitted to the destination in the second phase with power Pr. The received

signal from the AF relay, yr, at the destination can be written as:

yr =
√

PrTℎr

yi
√

E{∣yi∣2}
+ nr, (4.7)

E{∣yi∣2} =
√

Ps�
2
i +N0, (4.8)

where nr is the additive noise at the destination from the relaying branch. E{∣yi∣2} is the

average energy of the received signal at the relay in the first timeslot and is given as in

(4.8). The destination combines both signals received from the source and the relay by

using a maximal ratio combiner (MRC). In some literature [23, 64–67], it is assumed that
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the backward channel (R−D channel) is available at the relay and the AF relay normalizes

the received signal from the source using
√

Ps∣ℎi∣2 +N0. In this thesis, we do not consider

instantaneous normalization and assume that the AF relay normalizes the received signal

from the source using E{∣yi∣2} as in (4.8).

4.2.2 DF Relaying

Known also as digital relaying, DF relaying is a technique that requires more processing

time and hardware at the relay. DF relay decodes the received signal from the relay and

performs error-correction on the decoded signal, if required. The relay then re-transmits the

correctly decoded signal to the destination. The received signal at the source and the relay

is similar to the AF relaying case in the first timeslot and is described similarly as in (4.5)

and (4.6) respectively. The received signal from the DF relay at the destination terminal

can be written as:

yr =
√

PrT ℎr x0 + nr. (4.9)

The MRC combiner at the destination combines the received signal from the source

and the destination. The decoding process at the relay can be done differently. Some

literature [68] have assumed that the DF relay is only capable of detecting the errors. The

relay intelligently stops the transmission in case any error is detected at the relay. In this

case, the received signal at the DF relay can be written as:

yr =

⎧





⎨





⎩

√
PrT ℎr x0 + nr, if no error occurs at the relay

nr, if error occurs at the relay

(4.10)

where the MRC combiner at the destination does not know if the relay has decoded the

signal correctly; therefore, it adds up noise when the signal is decoded incorrectly at the

relay. It should be noted that the error-detection is equivalent to error-correction for the
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case of binary signalling. In this thesis, we assume error-correction at the DF relay when

referring to the DF relay and use (4.9) for the received signal at the destination from the

DF relay.

4.2.3 EF Relaying

Unlike the DF relay, estimate-and-forward (EF) relay, a digital relay, does not run any

error-correction (or error-detection) after it decodes the signal. EF relay blindly transmits

the error-containing version of the signal, x̂0 to the destination [69]. EF relay requires less

hardware and complexity compared to DF relay. The received signal from the relay at the

destination terminal in EF relaying is given by:

yr =
√

PrT ℎr x̂0 + nr. (4.11)

A diversity combining method was proposed in [69] and further analyzed in [70, 71] based

on the maximum likelihood (ML) detection theory. Figure 4.2 illustrates this combination

scheme where t0 and t1 are the decision parameters and depend on the modulation scheme.

g ( . )y
t 0

f ( . )        

g r ( . )

d
et

ec
to

r

y r
t 1

Figure 4.2: EF Relaying Combination Scheme.

f(t) in Figure 4.2 is a non-linear function and is given by:

f(t) = ln

[

(1− P̄e,i) exp(t) + P̄e,i

P̄e,i exp(t) + (1− P̄e,i)

]

(4.12)
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where P̄e,i is the average BER of the source-relay link. In the following sections, we compare

the performance of these relaying schemes in terms of average SNR, average BER and outage

probability.

4.3 Performance of Different Relaying Schemes

By using the pdf of the SNR’s, we evaluate the performance of the relaying system model

in terms of average SNR, average capacity, average BER and outage probability. In the

following, we compare the performance of the different relaying schemes for two different

cases. In the first case, (a) it is assumed that all the terminals are located on a normalized

equilateral triangle, and the total transmit power is the variable. In the second case, (b) the

total power is fixed and the relay is moving from the source towards the destination on the

line connecting the source to the destination. The two cases are shown in Figure 4.3 and 4.4

respectively.

S D

R

Figure 4.3: The relaying system model, case (a).

The system total transmit power, Pt, is assumed to be divided between the source and

the relay in three different ratio: (i)Ps = 3Pr, (ii)Ps = Pr, and (iii)3Ps = Pr. Examining

different power ratio to the source and the relay helps us to compare the performance of

different relaying schemes more effectively.
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S DR

Figure 4.4: The relaying system model, case (b).

4.3.1 Average SNR

The average SNR of the relaying schemes are compared. For the EF relaying, the SNR at

the destination terminal contains error of the S −R channel; therefore, the average SNR at

the destination for the EF relaying is not a good parameter to evaluate the performance of

the system and we do not consider it here. In the following, the average SNR of the AF

relaying and DF relaying are discussed.

Average SNR for AF relaying

As mentioned earlier, relay has access to the variance of S −R channel, �2
i , and normalizes

the received signal from the source by the factor of E{∣yi∣2} = �2
i +N0. We can rewrite (4.7)

as:

yr =

√

PrPs

Ps�
2
i +N0

T ℎr ℎi x0 + ñr, (4.13)

where the effective noise term, ñr, is Gaussian and its variance is

�2
ñr

= N0

(

1 +

(

Pr∣ℎr∣2
Ps�2

i +N0

)

)

. (4.14)

The destination terminal combines both signals from the source and the relay by using a

maximal ratio combiner. For this combiner, the total SNR at the output of the combiner is

the summation of the SNR’s from the diversity branches [3]. The instantaneous SNR of the

direct link, 
, is given as in (4.1). The instantaneous SNR of the relaying link is calculated
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as:


r =
PsPr∣ℎr∣2∣ℎi∣2

N0 (Ps�
2
i +N0 + Pr∣ℎr∣2)

. (4.15)

The instantaneous SNR in AF relaying, 
AF
t , can be written as:


AF
t =

Ps

N0
∣ℎ∣2 +

Ps

N0

Pr

N0
∣ℎi∣2∣ℎr∣2

Ps

N0
�2
i +

Pr

N0
∣ℎr∣2 + 1

= 
 +

i
r


̄i + 
r + 1
. (4.16)

By taking the average over ∣ℎ∣, ∣ℎi∣ and ∣ℎr∣, the average SNR at the destination, 
̄AF
t is

calculated as:


̄AF = E[
AF
t ] = E

[

Ps

N0

∣ℎ∣2 +
Ps

N0

Pr

N0
∣ℎi∣2∣ℎr∣2

Ps

N0
�2
i +

Pr

N0
∣ℎr∣2 + 1

]

. (4.17)

Due to the independence between ∣ℎ∣, ∣ℎi∣ and ∣ℎr∣, the expectation can be taken over each

channel gain separately as:


̄AF
t = E∣ℎ∣

[

E∣ℎi∣

[

E∣ℎ∣

[

Ps

N0
∣ℎ∣2 +

Ps

N0

Pr

N0
∣ℎi∣2∣ℎr∣2

Ps

N0
�2
i +

Pr

N0
∣ℎr∣2 + 1

]]]

. (4.18)

Integration over the pdf’s of ∣ℎ∣2, ∣ℎi∣2 and then ∣ℎr∣2 results in the expression for the average

SNR as:


̄AF
t = 
̄ + E∣ℎi∣,∣ℎr∣

[ Ps

N0

Pr

N0
∣ℎi∣2∣ℎr∣2

Ps

N0
�2
i +

Pr

N0
∣ℎr∣2 + 1

]

= 
̄ + 
̄i −

̄i(
̄i + 1)


̄r
exp

(


̄i + 1


̄r

)

E1

(


̄i + 1


̄r

)

, (4.19)

where 
̄ = Pr�
2
r

N0
and E1(x) is the exponential integral function and is defined as:

E1(x) =

∫ ∞

x

e−t dt

t
. (4.20)

Average SNR for DF relaying

The instantaneous SNR of the DF relaying scheme at the destination terminal is the sum-

mation of the received SNR’s from the direct and the relaying links and can be written
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as:


DF
t =

Ps∣ℎ∣2
N0

+
Pr∣ℎr∣2
N0

= 
 + 
r. (4.21)

The average SNR, 
̄DF
t , is calculated by taking the average over all the channel gains:


̄DF
t = E

[

Ps∣ℎ∣2
N0

+
Pr∣ℎr∣2
N0

]

=

[

Ps�
2

N0
+

Pr�
2
r

N0

]

= 
̄ + 
̄r. (4.22)

Average SNR Comparison

The average SNR of AF and DF relaying schemes is plotted in Figures 4.5-4.7 and 4.8-4.10

by using equations (4.19) and (4.22) respectively. In all of our results in this section, we

assume a normalized noise variance of N0 = 1mW . In Figures 4.8-4.10, the average SNR’s

of the two schemes are compared as a function of total transmit power, Pt. It is assumed

that Pt is divided between the transmitting nodes; source and relay, according to the three

power ratio mentioned earlier. The channel variances are normalized as �2
i = �2

r = �2 = 1.

This implies that the terminals are located equi-distant from each other (case (a)).
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Figure 4.5: Average SNR comparison for AF and DF relaying as a function of Pt, Ps = 3Pr.
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Figure 4.6: Average SNR comparison for AF and DF relaying as a function of Pt, Ps = Pr.

Figures 4.5-4.7 show that the average SNR of DF relaying is slightly higher than AF

relaying when the terminals are located equi-distant from each other. The additive noise

at the relay results in a lower average SNR at the destination terminal for the AF relaying

compared to DF relaying. According to (4.22), average SNR for DF relaying is a linear

function of 
̄ and 
̄r. Considering the equal power allocation, Ps = Pr = Pt

2
, the average

SNR for DF relaying becomes a linear function of the total transmit power, Pt. For AF

relaying, the average SNR can similarly be written as a function of Pt. The argument of

exponential integral and exponential function in (4.19) becomes a constant value for equal

power allocation. Therefore, the average SNR for AF relaying behaves linearly with the total

transmit power, Pt. Another interesting point to notice is that the different in the average

SNR between DF and AF relaying increases as a higher portion power is allocated the relay.

The average SNR for DF relaying is not a function of total transmit power. The average

SNR for AF relaying degrades as a higher portion of power is allocated to the relay. This

can be explained by amplification of noise at the relay.
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Figure 4.7: Average SNR comparison for AF and DF relaying as a function of Pt, Pr = 3Ps.

In Figures 4.8-4.10, we compare the average SNR of the AF relaying with DF relaying as

a function of the relay location (case (b)). The relay is located d unit away from the source

and total power Pt = 20dBm is divided between the source and the relay according to the

three power ratio mentioned earlier. Assuming a normalized variance for the S −D channel

�2 = 1, we have �2
i = d−3, �2

r = (1− d)−3 (path loss exponent is 3).

As illustrated in Figures 4.8-4.10, the average SNR for the AF relaying is maximized

at different points for different relay locations. The average SNR for DF relaying increases

steadily as the relay gets closer to the destination. The average SNR for DF relaying is

higher than that of AF relaying and this difference is even larger when the relay is located

closer to the destination. It is evident that due to the additive noise at the relay, average

SNR for AF relaying is less than average SNR for DF relaying. As the relay gets closer to

the destination, the R−D channel gets stronger and results in a higher average SNR for DF

relaying. Due to the amplification of AWGN noise at the relay in AF relaying, the average

SNR does not follow the same increasing pattern of DF relaying.
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Figure 4.8: Average SNR comparison for AF and DF relaying as a function of di, Pt =
20dBm, Ps = 3Pr.
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Figure 4.9: Average SNR comparison for AF and DF relaying as a function of di, Pt =
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Figure 4.10: Average SNR comparison for AF and DF relaying as a function of di, Pt =
20dBm, Pr = 3Ps.

4.3.2 Average Capacity

The maximum error-free data rate of a communication channel is defined as its Shannon

capacity limit [3]. Shannon proved that the capacity of a communication channel with

bandwidth B and SNR of 
t is B log2(1 + 
t) for AWGN channel. We consider this formula

for the data rate of the relaying schemes. Due to the reason mentioned earlier, we do not

consider the EF relaying case here. The maximum error-free data rates of AF and DF

relaying schemes at the destination terminal are calculated as follows:

rAF
d =

B

2
log2

(

1 + 
 +

i
r


̄i + 
r + 1

)

, (4.23)

rDF
d =

B

2
log2

(

1 + 
 + 
r

)

. (4.24)

The division by two in (4.23) and (4.24) is because the transmission protocol takes two

timeslots for each symbol.
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Average Capacity Comparison

The average data rates of AF and DF relaying can be calculated by taking the average of

(4.23) and (4.24)numerically. Figures 4.11-4.13 and 4.14-4.16 compare the average data rates

of AF and DF relaying schemes respectively as a function of total transmit power, Pt, and

relative relay location, di respectively. The terminals are assumed equi-distant from each

other (case (a)) and Pt is divided between source and relay. For DF relaying, the effect of

additive noise at the relay is removed in the decoding process which results in a slightly

higher average capacity compared to AF relaying.
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Figure 4.11: Average capacity comparison for AF and DF relaying as a function of Pt,
Ps = 3Pr.

In Figures 4.14-4.16, we compare the average capacity of AF and DF relaying when the

relay is located on the line connecting the source to the destination terminal and d unit away

from the source (case (b)). The total transmit power Pt = 20dBm is divided source and

relay. The average data rate of DF relaying is higher than that of AF relaying for any relay

location. The average capacity of DF relaying steadily increases as the relay gets closer to
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Figure 4.12: Average capacity comparison for AF and DF relaying as a function of Pt,
Ps = Pr.
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Figure 4.13: Average capacity comparison for AF and DF relaying as a function of Pt,
Pr = 3Ps.
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the destination. The behavior of the average capacity is very similar to the average SNR,

because the capacity equation in (4.23) and (4.24) is logarithm of SNR which an increasing

function of SNR.

0.2 0.3 0.4 0.5 0.6 0.7 0.8
3

3.5

4

4.5

5

5.5

Normalized Relay Distance from the Source, d
i

A
ve

ra
g

e
 D

a
ta

 R
a

te
 a

t 
D

e
st

in
a

tio
n

 [
b

p
s 

p
e

r 
H

z]

 

 

DF Relaying, P
s
=3P

r
=0.75P

t

AF Relaying,P
s
=3P

r
=0.75P

t

Figure 4.14: Average capacity comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Ps = 3Pr.

The instantaneous capacity formula in (4.23) and (4.24) will be used in Chapter 6 for

the computation of the total throughput of a cooperative relaying system.

4.3.3 Outage Probability

The probability of outage, Pout, is defined as the probability that the instantaneous SNR at

the destination, 
t, goes below a certain threshold, 
tℎ. This probability is equivalent to the

cumulative distribution function (cdf) of 
t at point 
tℎ. To obtain the outage probability

at the destination terminal, it suffices to calculate (or estimate) the cdf of 
t at point 
tℎ

for any of the relaying schemes. There is no proper definition of SNR for EF relaying and

therefore, we do not consider it here.
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Figure 4.15: Average capacity comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Ps = Pr.
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Figure 4.16: Average capacity comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Pr = 3Ps.
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Outage Probability for AF Relaying

The SNR at the destination terminal in AF relaying is given by (4.16) and can be written as

the summation of the direct link SNR and the relaying link SNR. Direct link SNR is in fact


, and as stated earlier can be modeled by an exponential random variable with parameter

�d =
1

̄
as in (4.3). The pdf of the indirect link SNR can be approximated by an exponential

random variable with parameter �r =
1

̄i
+ 1


̄r
[72].

Using the moment generating function approach, the pdf of the of 
AF
t , fΓAF

t
(
AF

t ), can

be written as:

fΓAF
t

(
AF
t ) =

�d�r

(

e−�r

AF
t − e−�d


AF
t

)

�d − �r

. (4.25)

Therefore, the probability of outage for AF relaying is calculated as:

PAF
out = Prob

[


AF
t < 
tℎ

]

=

∫ 
tℎ

0

fΓAF
t

(
AF
t )d
AF

t =
�r

�d − �r

(

e−�d
tℎ−1
)

− �d

�d − �r

(

e−�r
tℎ−1
)

=

1

̄i
+ 1


̄r
1

̄
− 1


̄i
− 1


̄r

(

e−

tℎ

̄ − 1

)

−
1

̄

1

̄
− 1


̄i
− 1


̄r

(

e
−
tℎ(

1


̄i
+ 1


̄r
) − 1

)

(4.26)

Outage Probability for DF Relaying

The SNR at the destination terminal for DF relaying is given by (4.21). Using the moment

generating approach for pdf of the summation of two independent random variables, the

probability of outage for DF relaying is derived as:

PDF
out =

1

̄
̄r

(

e−

tℎ

̄r − e−


tℎ

̄

)

1

̄
− 1


̄r

. (4.27)

Outage Probability Comparison

The outage probability of AF and DF relaying are compared in Figures 4.17-4.19 and Figures

4.20-4.22. In Figures 4.17-4.19, all the terminals are assumed to be equi-distant from each

other and the total transmit power, Pt, is divided between source and destination (case (a)).
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The outage probability, equations in (4.26) and (4.27) are plotted as a function of Pt. As

expected, DF relaying experiences a lower outage probability. The decoding at the relay

removes the destructive effect of AWGN noise at the relay and provides a higher SNR at the

destination.

In Figures 4.20-4.22, the relay is located di units away from the source and on the line

connecting source to the destination (case (b)). Similar to the previous case and due to the

same reason, the outage probability for DF relaying is lower than that of AF relaying. As

the relay gets closer to the destination, R−D channel becomes stronger which results in a

higher SNR for R−D channel and a lower outage probability at the destination.
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Figure 4.17: Outage probability comparison for AF and DF relaying as a function of Pt,
Ps = 3Pr.
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Figure 4.18: Outage probability comparison for AF and DF relaying as a function of Pt,
Ps = Pr.

5 10 15 20 25 30
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

Total Transmit Power [dBm]

O
u

ta
g

e
 P

ro
b

a
b

ili
ty

 a
t 
D

e
st

in
a

tio
n

 

 

DF Relaying, P
r
=3P

s
=0.75

AF Relaying, P
r
=3P

s
=0.75

Figure 4.19: Outage probability comparison for AF and DF relaying as a function of Pt,
Pr = 3Ps.
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Figure 4.20: Outage probability comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Ps = 3Pr.
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Figure 4.21: Outage probability comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Ps = Pr.
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Figure 4.22: Outage probability comparison for AF and DF relaying as a function of di,
Pt = 20dBm, Pr = 3Ps.

4.3.4 Bit Error Rate

The instantaneous BER for non-coherent BFSK demodulation at the destination terminal

is calculated by [3]:

Pe =
1

2
e−
t , (4.28)

where 
i is the instantaneous SNR at the destination. The instantaneous BER is averaged

over all the possible channel gains to obtain the average BER, P̄e, at the destination terminal.

P̄e = E∣ℎ∣,∣ℎi∣,∣ℎr∣[Pe] (4.29)

In the following, we discuss the average BER for different relaying schemes.
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BER for AF Relaying

The average BER at the destination terminal for AF relaying, P̄e
AF

, is derived by applying

the instantaneous SNR of AF relaying in (4.29):

P̄e
AF

= E∣ℎ∣,∣ℎi∣,∣ℎr∣[Pe] = E∣ℎ∣,∣ℎi∣,∣ℎr∣

[

1

2
e
−

(


+

i
r


̄i+
r+1

)

]

. (4.30)

From the independence of ∣ℎ∣, ∣ℎi∣ and ∣ℎr∣, we can write:

P̄e
AF

= E∣ℎr∣

[

E∣ℎi∣

[

E∣ℎ∣

[

1

2
e
−

(

Ps
N0

∣ℎ∣2+

Ps
N0

∣ℎi∣
2 Pr
N0

∣ℎr ∣
2

Ps
N0

�2
i
+

Pr
N0

∣ℎr∣2+1

)

]]]

. (4.31)

Integrating over ∣ℎ∣, ∣ℎi∣ and then ∣ℎr∣, would yield P̄e
AF

as follows:

P̄e
AF

=
0.5

(

Ps�2

N0
+ 1
)(Ps�

2
i

N0
+ 1
)

(

1 +

Ps �2
i

N0
e

(

N0

Pr�
2
r

)

E1

(

N0

Pr�2
r

)

Pr �2
r

N0

)

=
0.5

(


̄ + 1
)(


̄i + 1
)

(

1 +

̄i e

(

1


̄r

)

E1

(

1

̄r

)


̄r

)

. (4.32)

BER for DF Relaying

The average BER at the destination terminal for DF relaying, P̄e
DF

, is derived by applying

the instantaneous SNR of DF relaying in (4.29):

P̄e
DF

= E∣ℎ∣,∣ℎr∣[Pe] = E∣ℎ∣,∣ℎr∣

[

1

2
e−
(


+
r

)

]

. (4.33)

From the independence of ∣ℎ∣ and ∣ℎr∣, we derive P̄e
DF

as follows:

P̄e
DF

= E∣ℎr ∣

[

E∣ℎ∣

[

1

2
e
−

(

Ps
N0

∣ℎ∣2+ Pr
N0

∣ℎr∣2

)

]]

. (4.34)
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Integrating over ∣ℎ∣, and then ∣ℎr∣ would yield P̄e
DF

as follows:

P̄e
DF

=
0.5

(

Ps�2

N0
+ 1
)(

Pr�2
r

N0
+ 1
)
. (4.35)

BER for EF Relaying

The average BER at the destination terminal for EF relaying, P̄e
EF

, is derived in [70] by

approximating (4.12) with a piecewise function. Assuming non-coherent BFSK, the average

BER at the destination terminal is calculated as:

P̄e
EF

= Pr{t0 − T1 < 0∣x0 = 0} × Pr{t1 < −T1∣x0 = 0}+ Pr{t0 + T1 < 0∣x0 = 0}

×Pr{t1 > T1∣x0 = 0}+ Pr{t0 + t1 < 0∣ − T1 ≤ t1 ≤ T1, x0 = 0} × Pr{−T1 ≤ t1 ≤ T1∣x0 = 0}

(4.36)

The closed-form derivation for the average BER of EF relaying is fully presented in [70]

for noncoherent BFSK and in [71] for coherent BFSK.

BER Comparison

The average BER of AF, DF and EF relaying are compared in Figures 4.23-4.25 and Figures

4.26-4.28 for case (a) and case (b) as well as different power ratio. EF relaying performs

slightly better than AF relaying, while DF relaying outperforms all the other schemes. The

average BER of DF relaying tends to decrease steadily as the relay gets closer to the desti-

nation. For EF and AF relaying the minimum average BER occurs close to the midpoint of

source and destination. The average BER for EF relaying approaches to average BER of DF

relaying when relay is closer to the source, and it approaches to average BER of AF relaying

when relay is closer to the destination. The clipping function, f(t) in (4.12) for EF relaying,

passes almost all the signal received from the relay when the BER of the S − R channel is
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Figure 4.23: Average BER comparison for AF and DF relaying as a function of Pt, Ps = 3Pr.
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Figure 4.24: Average BER comparison for AF and DF relaying as a function of Pt, Ps = Pr.
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Figure 4.25: Average BER comparison for AF and DF relaying as a function of Pt, Pr = 3Ps.
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Figure 4.26: Average BER comparison for AF and DF relaying as a function of di, Pt =
20dBm, Ps = 3Pr.
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Figure 4.27: Average BER comparison for AF and DF relaying as a function of di, Pt =
20dBm, Ps = Pr.

0.2 0.3 0.4 0.5 0.6 0.7 0.8
10

−5

10
−4

10
−3

10
−2

10
−1

Normalized Relay Distance from the Source, d
i

A
ve

ra
g

e
 B

E
R

 a
t 
D

e
st

in
a

tio
n

 

 

AF Relaying, P
r
=3P

s
=0.75P

t

EF Relaying, P
r
=3P

s
=0.75P

t

DF Relaying, P
r
=3P

s
=0.75P

t

Figure 4.28: Average BER comparison for AF and DF relaying as a function of di, Pt =
20dBm, Pr = 3Ps.
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very close to zero, and this occurs when the relay is close to the source. This is the reason

for why the performance of EF relaying approaches to the performance of DF relaying when

the relay is close to the source.

4.4 Chapter Summary

We considered a single-relay cooperative system with a source and a destination. Different

relaying schemes were reviewed according to the functionality of the relay. We classified the

relaying schemes into three main groups: AF relaying, DF relaying and EF relaying. AF

relay is the simplest form of relay where it amplifies the received signal from the source and

forwards it to the destination. DF relay receives the signal from the source, decodes and

transmits an error-free version of the decoded signal to the destination. EF relay, on the

other hand, receives the signal from the source, decodes it and transmits an error-containing

version of the signal to the destination. DF relaying is the most complex scheme among the

other schemes and, requires decoding and error-correction at the relay which adds to the

delay and power consumption at the relay. On the other hand, AF relaying is the simplest

scheme among others and does not require much of complexity at the relay terminal.

We analyzed and compared the performance of these relaying schemes in terms of average

SNR, average capacity, outage probability and average BER. The derived equations showed

that DF relaying has the highest, and AF relaying has the poorest performance among the

other relaying schemes. These results indicate the direct relationship between the complexity

and performance of different relaying schemes. We presented the results for three different

power allocation to the source and the relay in this chapter.

AF relaying is chosen as the relaying scheme later for the multi-user relaying system

model in this dissertation for its simplicity and transparency of the relay in the relaying

process. In the AF relaying, all the channel gains appear in the SNR expression at the

destination which makes it easier for better analysis, while for DF and EF relaying, we lose
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track of S − R link due to the decoding process at the destination. Table 4.2 summarizes

the comparison for AF relaying schemes for the relay placed d unit from the source along

the line connecting the source to destination with equal power allocation (Ps = Pr =
Pt

2
).

Table 4.2: Performance comparison for different relaying techniques.

AF relaying DF relaying EF relaying
Complexity low high medium

Average SNR maximum at di ≃ 0.5 maximum at di ≃ 1 N/A
Average capacity maximum at di ≃ 0.55 maximum at di ≃ 1 N/A
Outage probability minimum at di ≃ 0.7 minimum at di ≃ 1 N/A

Average BER minimum at di ≃ 0.55 minimum at di ≃ 1 minimum at di ≃ 0.4

Table 4.3 summarizes the optimum relay location for AF relaying for the three different

power ratio to achieve the optimum performance in the system. It is observed that the

optimum relay location for the AF relay depends not only on the performance metric, but

as well as

Table 4.3: Optimum relay location for AF relaying scheme.

Ps = 3Pr Ps = Pr Pr = 3Ps

Average SNR maximum at di ≃ 0.65 maximum at di ≃ 0.5 maximum at di ≃ 0.35
Average capacity maximum at di ≃ 0.7 maximum at di ≃ 0.55 maximum at di ≃ 0.4
Outage probability minimum at di ≃ 0.8 minimum at di ≃ 0.7 minimum at di ≃ 0.55

Average BER minimum at di ≃ 0.65 minimum at di ≃ 0.55 minimum at di ≃ 0.45

Most of the research work in the literature such as [73, 74] is based on derivation of an

estimate for the upper-bound of the performance metrics. The main contributions of this

chapter can be summarized as:

∙ Derivation of closed-form expressions for average SNR, average BER and outage prob-

ability for different relaying schemes
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∙ Unified performance comparison with optimum relay location for different relaying

schemes and three different power allocation ratio

The problem of optimum power allocation to the source and relay is discussed for the

AF relaying scheme in the next chapter.

80



Chapter 5

Power Allocation for AF Relaying

Scheme

5.1 Introduction

Different relaying schemes were discussed in Chapter 4 and their performance were compared

for three various power ratio to the source and the destination. In this chapter, we mainly

focus on the power allocation problem to the source and the destination in such a relaying

system model. Power optimization in a wireless system is a crucial problem for the wireless

terminals that have limitation in size and transmit power. Based on how much channel

state information (CSI) is available at the source and relay, power allocation schemes can

be categorized in two main groups: closed-loop and open-loop. Closed-loop power allocation

requires the instantaneous or partial CSI to be known at the transmitter side. An adaptive

closed-loop power allocation scheme was proposed in [66] for a non-regenerative relaying

system to increase the capacity of the system. The main drawback of close-loop schemes is

that they require CSI feedback in the system.

Open-loop power allocation schemes do not require the instantaneous CSI at the transmit-

ter side and still work without it; however, they require some knowledge about the statistical
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properties of the CSI at the transmitter side. An open-loop power allocation scheme was

proposed in [75] to minimize the outage probability of non-regenerative and regenerative

systems. Another power allocation scheme was proposed in [73] to maximize the average

SNR at the destination for a single-relay system. It was shown there that the performance

of the system improves compared to a system with equal power allocation. Based on the

upper-bound of the pairwise error probability (PEP), the authors in [76] proposed to allo-

cate half of the total power to the source, and the other half to the relays in a multiple-relay

system where the relays are equidistant from source and destination. Based on the union

upper-bound of PEP, an open-loop power allocation was proposed in [74].

AF relaying is selected as the relaying scheme for the multiuser relaying system in Chapter

6. In this chapter, we consider the single-relay system model discussed in Chapter 4 and

study the power allocation problem for the AF relaying schemes. The question is “how to

divide the total transmit power, Pt among the source and the destination?”. The question is

answered by optimizing three different objective functions: average SNR, average BER and

outage probability. Using the Lagrangian multiplier method [28], we present a closed-form

solution for optimization of these objective functions for each relaying scheme and study any

possible discrepancies in the performance of AF relaying schemes. The main contribution

of this chapter is a unified comparison of power allocation schemes based on the objective

function of the optimization problem. The power ratio derivations presented in this chapter

can be applied to any system with source-relay-destination triplet. We will apply some of

these results in the power allocation step of cooperative subcarrier and power allocation in

Chapter 6.

Derivation of closed-form expressions for the average SNR, average BER and outage

probability for AF relaying was earlier presented in Chapter 4. Here, we obtain the optimum

closed-form expressions for the optimal power allocation of a single-relay system considering

different objective function in optimization. The rest of this chapter is organized as follows.

SNR-based power allocation is formulated and discussed and the results are presented. BER-
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based and SNR-based optimal power allocation are investigated next and the chapter ends

with a summary.

5.2 SNR-based Power Allocation

The SNR-based power allocation (PA) maximizes the average SNR at the destination ter-

minal and allocates the total transmit power, Pt, to the source and the destination. The

problem is formulated as:

max
Ps,Pr

[


̄ + 
̄i − 
̄i(
̄i+1)

̄r

exp

(


̄i+1

̄r

)

E1

(


̄i+1

̄r

)

]

subject to: Ps + Pr = Pt

0 ≤ Ps ≤ Pt

0 ≤ Pr ≤ Pt.

Note that we derived the average SNR in (4.19). We re-write the objective function of

the above optimization problem as:

P̃s�
2 + P̃s�

2
i −

P̃s�
2
i (P̃s�

2
i + 1)

P̃r�2
r

exp

(

P̃s�
2
i + 1

P̃r�2
r

)

E1

(

P̃s�
2
i + 1

P̃r�2
r

)

, (5.1)

where P̃s =
Ps

N0
and P̃r =

Pr

N0
. The optimization objective function is simplified to obtain the

closed-form expressions for the optimum P̃1 and P̃2. Exponential integral function is known

to be bounded as [77]:

1

2
e−x ln

(

1 +
2

x

)

≤ E1(x) ≤ e−x ln

(

1 +
1

x

)

. (5.2)

E1(x) can be approximated for x > 1 by its upper-bound in (5.2); therefore, the average

SNR at the destination can be bounded as:
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wherein (5.3), it is assumed that ln
(

1+ 1
x

)

≃ 1
1+x

. The optimization problem is solved using

Lagrangian method [28]. The Lagrangian function for SNR-based scheme is defined as:

LSNR

(
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where P̃t = P̃s + P̃r =
Pt

N0
. Setting ∂LSNR

∂P̃s
= ∂LSNR

∂P̃r
= ∂LSNR

∂�
= 0 , the optimum P̃s is found

as follows:
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where

D = (�2�2
i − �2�2

r − �2
i �

2
r ). (5.6)

P̃r

SNR
can be simply calculated by using the constraint (P̃s + P̃r = P̃t).

5.2.1 BER-based Power Allocation

The BER-based PA minimizes the average BER at the destination terminal and is formulated

as follows:

min
Ps,Pr

[

0.5
(


̄+1
)(
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)

(

1 +

̄i e

(

1

̄r

)

E1

(

1


̄r

)
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)]

subject to: Ps + Pr = Pt

0 ≤ Ps ≤ Pt

0 ≤ Pr ≤ Pt.

84



Note that we derived the average BER in (4.32). To simplify the problem, we re-write

the objective function of the above optimization problem as:

0.5
(
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)

, (5.7)

where P̃s and P̃r are defined similar to SNR-based power allocation. To find the closed-form

expressions for P̃1 and P̃2, the objective function should be simplified. By using the upper-

bound of the exponential integral as in (5.2), the average BER expression is upper-bounded

as:
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When P̃s�
2
r ≫ 1, P̃s�

2
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r ≫ 1, we have:
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To find the optimum power allocation in a closed-form expression, ln(P̃r�
2
r ) is approx-

imated by ln(P̃t�
2
r ) to simplify the derivations. The optimization problem is solved using

Lagrangian method [28]. The Lagrangian function for BER-based scheme is written as:
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Setting ∂LBER

∂P̃s
= ∂LBER

∂P̃r
= ∂LBER
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= 0 , the optimum P̃r is found as follows:
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where

B = ln(P̃t�
2
r)− 1. (5.12)

P̃s

BER
can be simply calculated by using the constraint (P̃s + P̃r = P̃t).

5.2.2 Outage-based Power Allocation

Outage-based power allocation minimizes the probability of outage at the destination ter-

minal and is formulated as follows:
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0 ≤ Ps ≤ Pt

0 ≤ Pr ≤ Pt.

Note that we have derived outage probability earlier in (4.26). The outage probability

in (5.14) can be approximated by:
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where the exponential function is approximated by its Taylor series expansion and O(.)

represents the higher order terms. Neglecting the higher order terms, the outage probability

can be approximated by:
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The Lagrangian function for outage-based scheme is defined as [28]:
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Setting ∂LOUT
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∂P̃r
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= 0 , the optimum P̃s is found as follows:
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P̃r

OUT
can be simply calculated by using the constraint (P̃s + P̃r = P̃t).

5.2.3 Numerical Results and Discussion

In this section, the optimal power allocation results of BER-based, SNR-based, and outage-

based schemes are compared. The closed-form equations presented here are general results

and can be applied to any AF relaying system with a source, one relay and a destination.

Therefore, it can be applied to both cases shown in Figures 4.3 and 4.4 in Chapter 4. In

our analysis, the relay is considered to be located on the line connecting the source to the

destination as discussed as (case (b)) in Figure 4.4. This case is more relevant to the multi-

user model in Chapter 6.

The optimum power ratio are numerically evaluated using a grid-based search [78] and

compared with the closed-form expressions obtained in the previous section to verify the

results. We assume a system model in which the distance between source and destination is

normalized to one, and the relay is located at di unit from the source, and 1− di unit from

the destination (0 < di < 1). This implies that �2 = 1, �2
i = d−�

i and �2
r = (1 − di)

−�. We

assume path-loss exponent of � = 3 in our analysis.

The optimum power allocation ratio is compared for three different schemes and different

relay locations in Figure 5.1. The obtained power ratio expressions match very well with

the numerically derived optimum points bearing a tolerable difference. The derived equation
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Figure 5.1: The ratio of power allocated to the relay for different relay locations.

for SNR-based scheme in the figure is closer to the numerically obtained optimum points,

compared to the existing equations in [73], confirming the validity of our results. It is also

observed that the ratio of the power allocated to the relay is higher for the SNR-based scheme

when the relay is closer to the source. All power allocation schemes for AF relaying lead to

the same power ratio for the case that relay is close to the destination.

The optimum power ratio for BER-based PA and outage-based PA are very close as shown

in Figure 5.1; therefore, the BER and outage performance of these two schemes should be

very close as well. In this section, we compare the average BER and outage probability of

these two schemes with SNR-based power allocation.

By using the optimum power ratio taken from Figure 5.1 for the BER-based case and

substituting them in (4.32) for the average BER, Figure 5.2 is plotted. It is observed that

the BER-based scheme has a better performance compared to the SNR-based scheme for

different values of P̃t and different relay locations for the case that the relay is closer to the

source. When the relay gets closer to the destination both schemes perform similarly in
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Figure 5.2: BER performance of the BER-based and SNR-based power allocation schemes
for different relay locations.

terms of average SNR.

The same approach can be followed for the outage probability. The outage-based and

SNR-based optimum power ratio taken from Figure 5.1 are substituted in for the outage

probability to plot Figure 5.3. It is observed that the performance of the relaying system

is better when the outage probability is selected as the objective function in optimization.

The results are similar to the one we obtained for average BER in a relaying system.

An interesting point to notice is how the performance of the system changes for BER-

based and outage-based schemes for different relay locations. As the relay gets closer to

the source, the BER performance of both BER-based and outage-based PA outperform the

SNR-based scheme; however, all the schemes perform the same as the relay gets closer to the

destination. Allocating smaller portion of power to the relay implies a longer lifetime for the

mobile relays that are on battery power. Not only is less power consumed in the relay but

also better performance is achieved by using the right objective function. The performance
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Figure 5.3: Outage performance of the outage-based and SNR-based power allocation
schemes for different relay locations.

degradation for the SNR-based scheme is negligible compared to the BER-based and outage-

based schemes.

To verify the performance of the closed-form equations and to compare them with the

performance of the numerically evaluated optimum points, we have simulated and found the

average BER and outage probability of the single-relay system. The results are presented

in Figure 5.4 for Pt

N0
= 10dB. It is obvious that the performance degradation due to the

approximations made for finding the closed-form optimum power ratio is negligible.

The capacity of an AF relaying link is the logarithm function of the SNR; therefore,

maximizing the SNR in the relaying system implies maximization of the capacity. The

optimum SNR-based power ratio obtained in this chapter will be applied in the cooperative

resource allocation in Chapter 6.
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Figure 5.4: Average BER and outage probability, closed-form equation vs. optimum numer-
ical point, Pt

N0
= 10dB.

5.3 Chapter Summary

In this chapter, we studied different power allocation strategies for an AF relaying system.

By using the derived equations in Chapter 4 for the average SNR, average BER and outage

probability, we formulated the problem of optimum power allocation in an AF relaying sys-

tem according to these three different objective functions. Considering the objective function

in power allocation, the closed-form equations were derived for the optimum power ratio of

the source and the relay. We showed that the derived optimum power ratio are very close to

the numerically evaluated optimum power ratio for the three different objective functions.

It was observed that BER-based and outage-based schemes allocate a smaller portion of the

transmit power to the relay compared to the SNR-based scheme. The illustrated results

emphasize that the results of average SNR optimization would not be necessarily the same

as the results of average BER optimization nor outage probability optimization in an AF

relaying system. This is a new finding which has not been reported in the literature. The

three different schemes perform very similarly especially when the relay is close to the des-

tination. Capacity of a relaying system is an increasing function of SNR at the destination.
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Therefore, the SNR-based power allocation also maximizes the capacity at the destination.

The SNR-based power allocation will be applied to the cooperative multi-user system to

increase the efficiency of the relaying system in the next chapter.
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Chapter 6

Cooperative Subcarrier and Power

Allocation in Relaying Systems

Considering the vast shift towards new 4G OFDM relay-based technologies, such as WiMax

[2], it is important to consider multi-user resource allocation in the relay-based communica-

tion system. How to allocate the system resources; i.e., subcarrier and power, to the mobile

users and relays in the system is a problem worthy of investigation. Subcarrier and power

allocation in a multi-user OFDM relaying system is the focus of this chapter.

We earlier presented the general multi-user system model in Chapter 2. We revisit this

system model here in Figure 6.1. We assume an AF TDMA-based relaying protocol similar

to what was described in Chapter 4. One RS is assigned to every MS in the system to accom-

modate the relaying. BS-MS pair plus RS build up a unit that is similar to the single-relay

model investigated in Chapters 4 and 5. We will take advantage of this similarity and apply

the optimal power allocation results presented in Chapter 5 to the multi-user relaying sys-

tem to increase the power efficiency of the system. Based on the capacity equations derived

for the AF relaying system in Chapter 4, a new parameter called cooperation coefficient is

defined. Cooperation coefficient concept is applied to the subcarrier allocation algorithm to

increase the throughput of the multi-user relaying system.
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Base Station

Relay Station

Mobile Station

Figure 6.1: Practical multi-user relaying system model.

The rest of the chapter is organized as follows. We first define the cooperation coefficient

and analyze its characteristics in the system. The multi-user AF relaying system model

is presented next. The cooperative subcarrier allocation problem is formulated and the

algorithm is proposed. Following, the two-step subcarrier and power allocation is the final

topic discussed. The chapter ends with simulation results and conclusion.

6.1 Multi-user Relaying System Model

The relay station is the new system component in the infrastructure-based model in Figure

6.1. The general multi-user system model is illustrated in Figure 6.2.

Each mobile station is assigned to the nearest relay station. In Figure 6.2, MS1 to MS4

are assigned to RS1, MS5 toMS8 are assigned to RS2, and finallyMS9 toMS12 are assigned

to RS3. The transmission protocol is the same as in Chapter 4 for an AF relaying system.
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Figure 6.2: General multi-user relaying system model.
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MSk’s are located d units away from BS. RSj is located di units from BS and dr unit from

MSk’s.

Assuming that the n’th subcarrier is assigned to MSk, BS broadcasts MSk’s signal

with power Pn in the first timeslot. The assigned relay station, RSj , receives a copy of the

received signal and amplifies and forwards it to MSk with power Prk,n after normalization in

the second timeslot. We use the system model in Figure 6.2 for analysis in the later sections.

The triplet of BS, RSj and MSk is similar to the single-relay system introduced earlier

in Chapter 4. Figure 6.3 shows the equivalent single-relay system model similar to the earlier

model in Chapter 4. S, R and D in Figure 4.1 are renamed as BS, RSj and MSk in Figure

6.3 respectively to match with the infrastructure-based system model in Figure 6.2.

2

,,
,

nknk
ii

h σ
2

,,
,

nknk
rr

h σRSj 

BS 

2

,, ,
nknk

h σ

MSk

Figure 6.3: Single-relay system model.

In Figure 6.3, ℎk,n is the n’th subcarrier assigned to MS1. ℎik,n and ℎrk,n are the channel

gains between BS and RSj , and between RSj and MSk respectively. The index i represents

the indirect path from BS to RSj and the index r denotes the relaying path from RSj to

MSk.

6.1.1 Cooperation Coefficient

According to Figure 6.3 and following the analysis provided earlier in Chapter 4, the maxi-

mum error-free data rate for MSk can be written as:

rk,n =
B

2N
log2

(

1 +
Pn

N0

∣ℎk,n∣2 +
Pn

N0

Prk,n

N0
∣ℎik,n∣2∣ℎrk,n∣2

Pn

N0
�2
ik,n

+
Prk,n

N0
∣ℎrk,n ∣2 + 1

)

, (6.1)
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where B is the total bandwidth divided into N subcarriers. We notice that the data rate in

(6.1) is the function of the direct paths and indirect paths. Therefore, rk,n can be rewritten

as:

rk,n =
B

2N
log2

(

1 +
Pn

N0

(

∣ℎk,n∣2 + ak,n∣ℎik,n∣2
)

)

, (6.2)

where ak,n is the contribution level from RSj in the data rate of MSk on the n’th subcarrier.

We define this parameter as cooperation coefficient. Therefore, ak,n can be written as:

ak,n =

Prk,n

N0
∣ℎrk,n ∣2

Pn

N0
�2
ik,n

+
Prk,n

N0
∣ℎrk,n∣2 + 1

. (6.3)

It should be noted that the cooperation coefficient cannot exceed one; i.e., the cooperation

level in the capacity from the indirect path is always less than the direct path.

6.1.2 The pdf of Cooperation Coefficient

The cooperation coefficient is a random variable. We first intend to find the probability

density function (pdf) of cooperation coefficient and then its mean and variance to under-

stand and analyze its characteristics. According to the definition of cooperation coefficient

in (6.3), the cooperation coefficient is a function of ∣ℎrk,n∣, the indirect subcarrier gain. The

cooperation coefficient in (6.3) can be rewritten as:

a =
ℎr

� + ℎr

, (6.4)

where ℎr = ∣ℎrk,n∣2 and � =
Pn�

2
ik,n

+N0

Prk,n

. We have dropped the indices in (6.4) for clarity

of analysis. It is observed that the cooperation coefficient is a function of � and ℎr. We

assume a Rayleigh distribution for ∣ℎrk,n∣; therefore, ℎr has an exponential distribution [63].
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Therefore, we assume an exponential pdf for ℎr with � = 1
�2
rk,n

as follows:

fHr(ℎr) =

⎧





⎨





⎩

�e−�ℎr , ℎr ≥ 0

, 0, ℎr < 0.

(6.5)

Therefore, following the procedure in [63] for finding pdf of a function of a random

variable, the pdf of cooperation coefficient, a, is as follows:

fA(a) =
�

(1− a)2
fHr

(

� a

1− a

)

(6.6)

The pdf of cooperation coefficient is shown in Figure 6.4 for different relay location,

di and equal power allocation to base station and relay station. We assume a normalized

distance for BS −MSk pair; i.e., d = 1. RSj is located on the line connecting BS to MSk

and the path-loss index is three (� = 3). This implies different values for �2
i , �

2
r and �.

Cooperation coefficient is distributed in the interval of
(

0, 1
)

. A cooperation coefficient

closer to zero implies that the effect of indirect link in the total data rate of mobile station is

very small and, having a cooperation coefficient closer to one means that both the indirect

and indirect links have almost the same impact on the total data rate. It is observed in Figure

6.4 that as the relay station gets closer to the mobile station, the cooperation coefficient is

more likely to have values closer to one, which translates into a better performance for the

cooperation protocol. As the relay station gets closer to the mobile station, ℎr gets stronger

which results in a cooperation coefficient closer to one.

6.1.3 Statistics of Cooperation Coefficient

Mean of the cooperation coefficient will be used in the proposed cooperative subcarrier

allocation algorithm in the next section. According to the definition of the mean for a random

variable, it is possible to find a closed-form equation for mean of cooperation coefficient based
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Figure 6.4: pdf of cooperation coefficient for different relay location, di.

on its pdf. Similar to the previous section, we assume Rayleigh distribution for the subcarrier

gains. This is a fair assumption for an OFDM-based system. The closed-form formula

for mean of the cooperation coefficient when relaying channel has Rayleigh distribution is

calculated as:

E[a] =

∫ 1

0

a fA(a) da = 1 + �e� E1(−�), (6.7)

where E1(x) is the exponential integral introduced earlier in Chapter 5.

Variance of cooperation coefficient helps us understand the characteristics of cooperation

coefficient. This variance, assuming Rayleigh pdf for the subcarrier gains, can be calculated

as:

var[a] = E[a2]− (E[a])2 = � + �2e� E1(−�)
(

1− e� E1(−�)
)

. (6.8)

Mean and variance of the cooperation coefficient are shown in Figures 6.5 and 6.6 respec-

tively as a function of the distance between the relay station and base station.
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The mean of cooperation coefficient is closer to zero when RSj is closer to BS, and closer

to one when RSj is closer to MSk. This implies that the closer the relay station is to the

mobile station, the higher the average contribution of the indirect link would be. This is

intuitively compatible with the definition of the cooperation coefficient. The cooperation

coefficient and its mean are used later to develop the cooperative subcarrier allocation algo-

rithm. Variance of cooperation coefficient will be used in analyzing the performance of the

cooperative subcarrier allocation algorithm.

6.2 Cooperative Subcarrier Allocation

The problem of subcarrier allocation in the downlink of a multi-user OFDM relaying system

is considered. Performing joint subcarrier and power allocation in the system exponentially

increases the complexity of the resource allocation algorithm as well as the time needed

to find the optimized solution. Base station has to rapidly update the resource allocation

information to benefit effectively from the dynamic nature of the environment. It is preferable

to separate the subcarrier and power allocation of the resource allocation algorithm in order

to reduce the complexity of the problem [56] to achieve a suboptimal, yet practical, solution.

Here, we consider a flat power allocation and focus on the problem of subcarrier allocation

in the relaying system. We assume a relaying system with K users and R relay stations with

N subcarriers to be allocated to the users. The power allocation to mobile stations and

relays will be discussed in the section 6.4.

6.2.1 Throughput-Oriented Cooperative Subcarrier Allocation

The main goal of throughput-oriented cooperative subcarrier allocation in a multi-user

OFDM relaying system is to maximize the total throughput and is formulated as follows:

max
ck,n

[

K
∑

k=1

N
∑

n=1

ck,n
B

2N
log2

(

1 +
Pn

N0

(

∣ℎk,n∣2 + ak,n∣ℎrk,n∣2
)

)

]

, (6.9)
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subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

The constraints C1 and C2 guarantee that subcarriers are not shared in the system similar

to the non-cooperative problem formulation in (3.8). Total power Pt is equally divided

between the base station and the relay station over N subcarriers. By taking a close look

at the capacity equations in (6.9), it is observed that the data rate is not only a function of

mobile stations’s subcarrier gain, ℎk,n, but also depends on the indirect subcarrier gain, ℎik,n ,

and cooperation coefficient, ak,n. Therefore, the objective value in assigning the subcarriers

to the mobile stations should also include the cooperation coefficient and the relay station’s

subcarrier gain.

We choose the objective value as ∣ℎk,n∣2 + ak,n∣ℎrk,n∣2 for user k. As stated earlier, we

have chosen flat power allocation to decrease the complexity of the algorithm. The summary

of the throughput-oriented cooperative subcarrier allocation algorithm is as follows:

∙ Initialization

ck,n = 0, ∀k, n

Rk = 0, ∀k

objk,n = ∣ℎk,n∣2 + ak,n∣ℎk,n∣2

∙ Subcarrier Allocation

– for n = 1 to N

find k to maximize objk,n,

ck,n = 1,

Rk = Rk +
∑N

n=1 ck,nrk,n.

– end
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∙ End

The throughput-oriented cooperative subcarrier allocation algorithm is a fairly simple

procedure. In the first step, all the variables are initialized and the objective value is calcu-

lated for all the subcarriers of all the users. In the next step, each subcarrier is assigned to

the user that has the highest objective value for that subcarrier. The procedure continues

until all the subcarriers are allocated. This algorithm does not consider the fairness among

users in the system. In the next section, we introduce the fairness-oriented subcarrier al-

location algorithm (which was earlier discussed in section 3.3) for the cooperative relaying

system by modifying the objective value in subcarrier allocation.

6.2.2 Fairness-Oriented Cooperative Subcarrier Allocation

The main goal of fairness-oriented cooperative subcarrier allocation in a multi-user OFDM

relaying system with equal power allocation is to maximize the total throughput with main-

taining the fairness among the users and is formulated as follows:

max
ck,n

min
k

[

N
∑

n=1

ck,n
B

2N
log2

(

1 +
Pn

N0

(

∣ℎk,n∣2 + ak,n∣ℎrk,n∣2
)

)

]

, (6.10)

subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

By modifying the objective value for a fairness-oriented subcarrier allocation algorithm,

the fairness-oriented cooperative subcarrier allocation algorithm is proposed as follows:

∙ Initialization
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ck,n = 0, ∀k, n

Rk = 0, ∀k

A = {1, 2, ..., N}

objk,n = ∣ℎk,n∣2 + ak,n∣ℎk,n∣2

∙ Subcarrier Allocation

– for k = 1 to K

(a) find n satisfying

objk,n ≥ objk,m ∀m ∈ A

⇒ ck,n = 1

(b) update Rkwith Rk =
∑N

n=1 ck,nrk,n

A = A− {n}
– end

– while A ∕= ∅
(a) find k satisfying Rk ≤ Rl;

∀l = 1, 2, ..., K

(b) for the found k find n satisfying

objk,n ≥ objk,m ∀m ∈ A

⇒ ck,n = 1

(c) update Rk and A with k, n

Rk =
∑N

n=1 ck,nrk,n

A = A− {n}

– end

∙ End
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In the first step, all the variables are initialized and objective value is calculated for all the

subcarriers of all the users. In the second step, one subcarrier is assigned to each user based

on the objective value; i.e., one subcarrier is assigned to each user (in a greedy pattern).

After all the users have been assigned one subcarrier each, in the third step, the user with the

lowest data rate is given the priority to choose its next subcarrier. This procedure continues

until all the subcarriers are allocated.

The cooperative subcarrier allocation algorithm proposed here requires instantaneous

knowledge of cooperative coefficient at the base station (besides ∣ℎk,n∣ and ∣ℎik,n∣), which itself

implies availability of the knowledge of the relaying channel at the base station. Cooperation

coefficient is a function of ∣ℎrk,n∣ and its availability at the base station requires continuous

feedback of the relaying subcarrier gain to the base station. We further propose to use the

mean of cooperation coefficient in cooperative subcarrier allocation. Based on the results

found for the mean of cooperation coefficient for Rayleigh pdf in the previous section, we

can calculate the mean of cooperation coefficient and use it to modify the objective value

of cooperative subcarrier allocation. Mean of cooperation coefficient can be found based on

the distance between the relay station and the mobile station. We will show that by using

the mean of cooperation coefficient instead of its instantaneous value the total throughput

of the system degrades comparably . In the worst case scenario, when no information about

the mean of cooperation coefficient is available, we can assume a uniform distribution for

cooperation coefficient and calculate the mean. As will be shown later, the cooperative

algorithm still achieves a better performance compared to the non-cooperative one.

6.2.3 Asymptotically Fair Cooperative Subcarrier Allocation

We consider the asymptotically fair subcarrier allocation algorithm (introduced earlier in

Chapter 3.4) for the cooperative system model in Figure 6.2. The problem of asymptotically
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fair cooperative subcarrier allocation is formulated as:

max
ck,n

[

K
∑

k=1

N
∑

n=1

ck,n
B

2N
log2

(

1 +
Pn

N0

(

∣ℎk,n∣2 + ak,n∣ℎrk,n∣2
)

)

]

, (6.11)

subject to:

C1 : ck,n ∈ {0, 1}, ∀k, n

C2 :
∑K

k=1 ck,n = 1, ∀n

C3 : E[Fv] = �

All the constraints are the similar to the fairness-oriented except for C3 that enforces

a specific average fairness, � ∈ (0, 1), in the system. We apply the same idea proposed

before for allocating the subcarriers to the users in an asymptotically fair manner. The

proposed subcarrier allocation algorithm assigns the subcarriers in two steps. In the first

step, subcarriers are allocated to the groups. In the second step, subcarriers are allocated to

the users within each group. To perform the asymptotically fair subcarrier allocation, the

K users are grouped into G groups with I users in each group.

Group allocation matrix, D = [dj,n]G×N , determines which subcarrier should be assigned

to which group of users. The problem of resource allocation is to determine the elements of

two matrices: D = [dj,n]G×N and C = [ck,n]I×N×N . dj,n = 1, if and only if subcarrier n is

allocated to group j; otherwise it is zero. ck,n = 1, if and only if subcarrier n is allocated to

user k; otherwise it is zero. In the following we present the two steps of asymptotically fair

cooperative subcarrier allocation.

Subcarrier Allocation to Groups

The first step is allocating the subcarriers to the groups of users. Similar to the non-

cooperative system, fairness-oriented algorithm is chosen for group allocation. The objective

value in subcarrier allocation to groups is the total data rate of each group. The group-

subcarrier-allocation is as follows:
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∙ Initialization

dj,n = 0, ∀j, n

RGj = 0, ∀j

objj,n =
∑jI

k=(j−1)I+1 rk,n, ∀j

A = {1, 2, ..., N}

∙ Group Subcarrier Allocation

– for j = 1 to G

(a) find n satisfying objj,n ≥ objj,m ∀m ∈ A

⇒ dj,n = 1, A = A− {n}

(b) update RGj with RGj =
∑N

n=1 dj,nobjj,n

– end

– while A ∕= ∅
(a) find j satisfying RGj ≤ RGl;

∀l = 1, 2, ..., G

(b) for the found j, find n satisfying

objj,n ≥ objj,m ∀m ∈ A

⇒ dj,n = 1, A = A− {n}

(c) update RGj with RGj =
∑N

n=1 dj,nobjj,n

– end

∙ End

Subcarrier Allocation to Users

After group subcarrier allocation is performed, the user allocation is performed indepen-

dently for each group based on the obtained group allocation matrix, D. The cooperative
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throughput-oriented subcarrier allocation is used for allocating the subcarriers within each

group. The user-subcarrier-allocation procedure is as follows:

∙ Initialization

ck,n = 0, ∀k, n

Rk = 0, ∀k

objk,n = ∣ℎk,n∣2 + ai,k,n∣ℎik,n∣2, ∀k, n

A = {1, 2, ..., N},

∙ User Subcarrier Allocation

– for j = 1 to G

(a) find k that maximizes objk,n ∀n that dj,n = 1

⇒ ck,n = 1

(b) update Rk with Rk =
∑N

n=1 ck,nrk,n

– end

∙ End

6.3 Performance Evaluation: Capacity and Fairness

In this section, the performance of cooperative subcarrier allocation is compared with non-

cooperative subcarrier allocation in terms of total throughput and fairness. The general

relaying system model in Figure 6.2 is considered here. We have two sets of simulations.

First, the performance of the cooperative algorithms proposed in this chapter is compared

with the performance of non-cooperative algorithms. In the second set of simulations, the

incorporation of cooperation coefficient in cooperative subcarrier allocation is investigated.
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6.3.1 Simulation Parameters

The wireless channel is modeled as frequency selective with six independent multipaths

and exponential delay profile as in [56]. The total bandwidth of the system is assumed

B = 1.25MHz and the total transmit power is Ptot = 20dBm in the downlink. It is assumed

that there are N = 256 subcarriers to be allocated to the users and the average received

SNR at the mobile station from the base station is equal for all users and all subcarriers

(
̄k,n = 20dB). All the relay stations are located di units away from the base station. All the

mobile stations are located d units away from the base station and dr units away from the

assigned relay station. We assume a normalized distance between base station and mobile

stations (d = 1). Total number of 10, 000 channel gains realizations are used and the results

are averaged.

6.3.2 Simulation Results

Cooperative vs. Non-cooperative Subcarrier Allocation

In the first set of simulations, we compare the total throughput and fairness index of the

cooperative algorithms proposed earlier in this chapter with the non-cooperative algorithms

discussed in Chapter 3. Throughput-oriented, fairness-oriented and asymptotically fair algo-

rithm are the benchmark algorithms. The instantaneous value of the cooperation coefficient

is assumed to be available at the base station for calculation of the objective value in sub-

carrier allocation algorithm. The relay stations are located half-way between mobile stations

and base station (di = dr = 0.5). The total throughput and fairness graphs are illustrated

in Figures 6.7 to 6.10.

Effectiveness of Cooperation Coefficient

In the second set of simulations, we investigate the availability of the cooperation coefficient

at the base station. We also run the simulation for different relay locations and investigate
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Figure 6.7: Total throughput and fairness index versus the number of OFDM symbols, I = 2,
di = 0.5, N = 256.
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Figure 6.8: Total throughput and fairness index versus the number of OFDM symbols, I = 3,
di = 0.5, N = 256.
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Figure 6.9: Total throughput and fairness index versus the number of OFDM symbols, I = 4,
di = 0.5, N = 256.
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Figure 6.10: Total throughput and fairness index versus the number of OFDM symbols,
I = 6, di = 0.5, N = 256.
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how it might affect the performance of the cooperative and non-cooperative algorithms.

In terms of availability of cooperation coefficient, we consider the Monte-Carlo simula-

tions for the following four cases:

1. Perfect knowledge of instantaneous cooperation coefficient at the base station

is assumed to be available at the base station (cooperative algorithm, instantaneous

a).

2. Mean value of the cooperation coefficient is computed at the base station by

using (6.7) based on dr. This implies that the base station knows the pdf of cooperation

coefficient (cooperative algorithm, mean of a).

3. No knowledge about the statistics and instantaneous value of cooperation

coefficient is assumed to be available at the base station. Base station assumes a

uniform distribution in the interval of
(

0, 1
)

for cooperation coefficient and therefore,

uses a = 0.5 for mean of cooperation coefficient (cooperative algorithm, E(a) = 0.5).

4. Cooperation coefficient is not used in subcarrier allocation process (non-cooperative

algorithm).

We assume a normalized distance between base station and mobile stations (d = 1) and

three different relay locations, specifically di = 0.3, 0.5, 0.7 which results in � = 37, 8, 2.9

respectively. We assume that all the mobile stations are located dr = 1 − di = 0.7, 0.5, 0.3

unit away from the assigned relay station.

The throughput-oriented and fairness-oriented are simulated for the system model in

Figure 6.2. The total throughput of the system (bit per second per Hz) versus different

number of users is shown in Figures 6.11-6.16. The throughput-oriented and fairness-oriented

algorithms are referred to as greedy and Max-Min respectively. It is observed that all the

cooperative algorithms provide better performance compared to non-cooperative algorithm

both for throughput-oriented and fairness-oriented algorithms. When the relay station is
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closer to the mobile station (smaller values of �), better performance improvement is achieved

compared to the non-cooperative case. This is due to the pdf of cooperation coefficient, as

it is seen in Figure 6.4. Cooperation coefficient distribution is shifted closer to one when

the relay station is closer to the mobile station. This translates into a better cooperation

throughput.
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Figure 6.11: Total throughput versus number of users for throughput-oriented algorithms,
di = 0.7, N = 256.

6.3.3 Discussion of Results

According to Figures 6.11 to 6.16, the throughput of the cooperative subcarrier allocation

algorithms can be improved up to about 15% over the non-cooperative subcarrier allocation

algorithms in [34, 35]. It may seem that a uniform average SNR for all the mobile stations

has led to a fairness index equal to one for fairness-oriented algorithm; however, it should

be noted that the instantaneous received SNR’s on different subcarriers are different due to

multipath fading. The throughput-oriented algorithm assigns the subcarriers to the users to
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Figure 6.12: Total throughput versus number of users for fairness-oriented algorithms, di =
0.7, N = 256.
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Figure 6.13: Total throughput versus number of users for throughput-oriented algorithms,
di = 0.5, N = 256.
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Figure 6.14: Total throughput versus number of users for fairness-oriented algorithms, di =
0.5, N = 256.
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Figure 6.15: Total throughput versus number of users for throughput-oriented algorithms,
di = 0.3, N = 256.
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Figure 6.16: Total throughput versus number of users for fairness-oriented algorithms, di =
0.3, N = 256.

maintain fairness index instantaneously close to one. Using the mean of cooperation coef-

ficient in cooperative subcarrier allocation results in a better performance compared to the

non-cooperative algorithm. It is observed that the performance of the subcarrier allocation

algorithm is degraded by using an inaccurate estimate of the cooperation coefficient mean

in case 3.

Another interesting point worthy to note is that when the relay station is closer to the

mobile station, cooperative algorithm with instantaneous a and cooperative algorithm with

mean of a have almost the same performance. When the relay station is moved closer to

the base station, we note a bigger gap between the performance of these two cases. This

difference can be explained by looking at the variance of the cooperation coefficient. When

relay is closer to the mobile station, variance is lower which implies a smaller deviation of

instantaneous cooperation coefficients from its mean value. The performance difference can

also be justified by analyzing the pdf of the cooperation coefficient.
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For the relay location closer to the mobile user the pdf of cooperation coefficient in

Figure 6.4 is concentrated around its mean value. This implies that the instantaneous

value of the cooperation coefficient is more likely to be close to its mean value; or it can be

claimed that the mean value of cooperation coefficient is a good estimate of its instantaneous

value when the relay is closer to the mobile station. By using a good estimate of the

cooperation coefficient in subcarrier allocation a comparable performance improvement is

achieved. When relay station is closer to the base station the cooperation coefficient is more

likely to be close to zero, and the mean of the cooperation coefficient is almost zero as seen

in Figure 6.5. Using the wrong estimate for the mean of cooperation coefficient (E(a) = 0.5)

results in performance degradation in Figure 6.15 and 6.16.

The throughput of the multi-user relaying system can also be compared for different relay

station locations. With equal power allocation, it is observed that when the relay station is

located at the mid-point between the base station and the mobile station, the throughput of

greedy and max-min algorithms are greater than for the other relay locations. This can be

explained by looking at the average capacity of the single-relay system model. The average

capacity of the single-relay system model in Chapter 4 was presented in Figures 4.14-4.16.

It was observed there that the average capacity at the destination terminal is maximized

when the relay is at the mid-point between source and destination.

The optimum power allocation for a single relay system was discussed in Chapter 5.

The results for SNR-based power allocation indicated that the equal power allocation is the

optimum solution when the relay is at the midpoint between source and destination. This

means that in the simulated result, only in Figures 6.13 and 6.14, optimum power allocation

is assumed. We would like to investigate the possibility of throughput improvement by using

the optimum power allocation in Figure 5.1 for other relay locations. In the next section, we

consider a two-step subcarrier/power allocation procedure. After the subcarrier allocation

procedure is done, we perform the power allocation to BS and RS based on the results of a

single-relay system.
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6.4 Two-Step Power and Subcarrier Allocation

Flat power allocation among the subcarriers was shown to degrade the throughput of the

non-cooperative system negligibly compared to the optimum power allocation [35]. In the

previous section, we assumed an equal power allocation over all the subcarriers for both

BS and RS and different relay locations. In this section, we propose a two-step solution for

subcarrier and power allocation. We follow an equal power allocation to all theBS−RS−MS

triplets and for the subcarriers allocated to them, and optimize the power allocation to BS

and RS over each subcarrier.

The power allocation over one subcarrier in a multi-user system is similar to the power

allocation in a single-relay system discussed in Chapter 5. The closed-form solution to

the power allocation problem for the single-relay system was presented there for different

objective functions. We apply the solution of SNR-based power allocation in Chapter 5 to

the proposed cooperative subcarrier allocation algorithms.

The proposed two-step subcarrier and power allocation procedure can be summarized as

follows:

1. The total power Pt is equally divided between N subcarriers. Therefore, Pt/N is

assigned to each subcarrier.

2. Power allocation for BS and RS is performed over each subcarrier according to (5.5)

by considering the relay location.

3. By updating the allocated power to BS and RS in cooperative subcarrier allocation,

the cooperation coefficients and the objective values in cooperative subcarrier alloca-

tion are updated.

4. Cooperative subcarrier allocation is performed by using the updated objective values.
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6.4.1 Simulation Results

The simulated results of the proposed power+subcarrier allocation are illustrated in Figures

6.17 to 6.20 for different number of users and different relay locations. We have kept all the

simulation parameters the same as the previous section to have a fair comparison.
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Figure 6.17: Total throughput versus number of users for throughput-oriented algorithms
with power allocation, di = 0.7, N = 256.

6.4.2 Discussion of Results

For all the different relay locations illustrated in Figure 6.17 to 6.20, the cooperative subcar-

rier allocation with power allocation perform better than cooperative subcarrier allocation

with equal power allocation. Power allocation even improves the performance of the non-

cooperative algorithms. It is also observed that the throughput improvement is higher when

RS is closer to MS.

In Figure 6.21, we compare the throughput of the multi-user relaying system for different

relay locations and hence, examine the effectiveness of the two-step subcarrier and power
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Figure 6.18: Total throughput versus number of users for fairness-oriented algorithms with
power allocation, di = 0.7, N = 256.
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Figure 6.19: Total throughput versus number of users for throughput-oriented algorithms
with power allocation, di = 0.5, N = 256.
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Figure 6.20: Total throughput versus number of users for fairness-oriented algorithms with
power allocation, di = 0.5, N = 256.
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Figure 6.21: Total throughput versus normalized relay location, K = 12, N = 256.
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allocation scheme as a function of relay location (di). The two-step cooperative subcarrier

and power allocation algorithms are compared with cooperative subcarrier allocation algo-

rithms with equal power allocation. It is observed in Figure 6.21 that by adding the power

allocation step to the cooperative subcarrier allocation algorithm the throughput of the sys-

tem can be increased by 8% for cooperative throughput-oriented subcarrier allocation, and

9% for cooperative fairness-oriented subcarrier allocation. This improvement is on top of

the earlier reported 15% improvement over the non-cooperative subcarrier allocation. This

implies that by implementing the two-step subcarrier and power allocation procedure it is

possible to achieve up to 25% improvement in the total throughput of the system.

Cooperative subcarrier allocation with equal power allocation performs very similar to

cooperative subcarrier allocation with optimal power allocation when the relay is close to

the mid-point of BS and MS, since the equal power allocation is the optimum solution

according to Figure 5.1 in Chapter 5.

6.5 Chapter Summary

In this chapter, the problem of subcarrier allocation in the downlink of an OFDM relaying

system was formulated. Cooperation coefficient was introduced to quantify the level of

cooperation between BS and RS in the relaying system. The cooperation coefficient was

defined as a function of the relaying channel between RS and MS and also the average SNR

of BS−RS channel. The probability density function (pdf) was derived for the cooperation

coefficient. Using the derived pdf for the cooperation coefficient, its mean and variance were

found in closed-form.

Cooperation coefficient and its mean were proposed to be used by modifying the objective

value in the cooperative subcarrier allocation algorithm. The cooperative subcarrier alloca-

tion algorithm was shown to outperform the non-cooperative one for Max-Min and greedy

subcarrier allocation algorithms. It was observed that by using the mean of cooperation
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coefficient instead of its instantaneous value, the performance of the cooperative subcarrier

allocation algorithm degrades comparably. Assuming an inaccurate estimate for the mean of

cooperation coefficient, cooperative subcarrier allocation algorithm was simulated and shown

to have a lower data rate than the case where we use the accurate mean value, but still better

performance compared to the non-cooperative algorithms. We further proposed to use the

results of the single-relay power allocation in the multi-user relay system. It was observed

that we could improve the throughput of the cooperative subcarrier allocation by performing

the power allocation prior to subcarrier allocation. The proposed two-step subcarrier and

power allocation was shown to improve the throughput of the system by 25%.

We can extend our work to other cooperation protocols and other relaying system mod-

els. Proportional data rates can be also considered and the performance of the cooperative

algorithm can be evaluated. Other algorithms proposed for non-cooperative system can also

be modified and applied to the proposed model and their performance can be investigated.
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Chapter 7

Conclusions and Future Work

The success of wireless systems in supporting high-data-rate communications in a large

commercial scale is strongly tied to the performance of resource allocation schemes. OFDM

is the most reliable and flexible multiple access technique which supports dynamic allocation

of resources, such as subcarriers and power, to the mobile users. The fourth generation of

wireless communication systems are mostly based on OFDM and employ wireless relays

to extend the coverage of the network. Therefore, we considered the subcarrier and power

allocation in the downlink an OFDM relaying system to increase the efficiency of algorithms.

This unified framework has not been considered for an OFDM relaying system that supports

flexibility in fairness.

7.1 Conclusions

This dissertation focused on the subcarrier and power allocation in the downlink of a ho-

mogeneous OFDM relaying system with flexibility in fairness. By considering a suboptimal

approach, the two-step subcarrier and power allocation was proposed for an OFDM relaying

system. This approach is well accepted for subcarrier and power allocation of the non-

cooperative OFDM systems in the literature. To provide a trade-off between throughput

and fairness in the system, an asymptotically fair subcarrier allocation algorithm was pro-
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posed. By using the asymptotically fair algorithm, it is possible to control the fairness level

in the system to achieve throughput improvement in the system.

In Chapter 3, we proposed an asymptotically fair subcarrier allocation algorithm that

realizes a variable fairness index by grouping the users in a non-cooperative OFDM sys-

tem. Assuming similar fading characteristics of different mobile stations, we proposed to

group the network users into equal-sized groups, and allocate the subcarriers in two steps:

group subcarrier allocation and user subcarrier allocation. In group subcarrier allocation, a

fairness-oriented algorithm was proposed to be used to assign the subcarriers to the groups.

In user subcarrier allocation, a throughput-oriented algorithm was proposed to be used to

assign the subcarriers to the users in each group. By adjusting the size of group, it is possible

to maintain a trade-off between throughput and fairness in an OFDM system.

We derived the expressions for average SNR, average BER and outage probability for

for different relaying schemes in Chapter 4 for a basic system model composed on source,

relay and destination. These performance metrics were compared for different relative relay

locations and three different power allocation ratio. The optimization problem for opti-

mum power allocation to the source and the relay was the focus of Chapter 5. We derived

the closed-form expressions for optimum power ratio for an amplify-and-forward relaying

scheme based on the objective function in the optimization process. It was shown that the

allocated power ratio is not dependent on the objective function when the relay is closer to

the destination.

Having addressed the power allocation for a system with one relay, we investigated the

subcarrier and power allocation for a multi-user OFDM relaying system in Chapter 6. we

analyzed the capacity of an amplify-and-forward relaying scheme and introduced cooperation

coefficient as parameter that quantifies the cooperation level of the relay station in the data

rate of the mobile station. By using the concept of cooperation coefficient, the cooperative

subcarrier allocation was proposed and shown to outperform the non-cooperative subcarrier

allocation. Availability of the cooperation coefficient requires the availability of RS-MS
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channel at the base stations which is the main drawback of the proposed algorithm. Mean of

cooperation coefficient was proposed to be used instead of its instantaneous value to eliminate

the requirement for the availability of the instantaneous RS-MS channel at the base station.

The statistics of cooperation coefficient was analyzed and its mean and variance were derived

as a function of the channel statistics. It was shown that the performance of cooperative

subcarrier allocation algorithm by using the mean of cooperation coefficient degrades but

still outperforms the non-cooperative subcarrier allocation algorithm. The closed-form power

ratio derived in Chapter 5 were applied in the two-step cooperative subcarrier and power

allocation. It was shown that by using the two-step procedure the throughput of the system

increases compared to the equal power allocation.

7.2 Future Work

This dissertation addressed several resource allocation problems which are based on the

homogeneous system model. However, the proposed algorithms and schemes do not rely on

the number of relay stations or other system demographics. There are some relevant issues

that can be investigated as the future work following the work in this dissertation.

Throughout this work, we considered a homogenous system and proposed our algorithms

based on the homogeneity of the system. For instance, in Chapter 4, all the users were

assumed to have similar fading statistics. Grouping the users were proposed to be random

for the asymptotically fair algorithm due to homogeneity of the users (same distance from the

base station). Assuming a non-homogenous system is an idea worthy of further exploration.

Grouping the users based on the channel characteristics might be an option while grouping

the weak user with strong user is another point to consider for further investigation. It

is also possible to employ the throughput-oriented for group subcarrier allocation and the

fairness-oriented for the user subcarrier allocation.

DF and EF relaying are other relaying schemes that are used in some cases. The

126



performance-based power allocation presented in Chapter 5 can be extended to other re-

laying schemes to compare the allocated power ratio for different relay locations. Similarly,

the two-step subcarrier and power allocation in Chapter 6 can be considered for other relay-

ing schemes in OFDM relaying systems. Non-homogeneous relay locations (and users) can

be considered and cooperation coefficient can be used for assigning the relays to users and

propose a three-step solution: relay, power and subcarrier allocation. The subcarrier and

power allocation problem can also be explored for a cooperative system where the mobile

users are grouped to cooperate.
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