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Abstract 

A novel spring-assisted modular and reconfigurable robot (SA-MRR) has been recently 

developed at our laboratory to reinforce its performance, and to enable safe and dexterous 

operations in human environments. A power spring is inserted between the brake rotor and the 

motor shaft through a decoupling bearing. With the spring engaged, the working range of the joint 

is mechanically limited for safe operations, and such a limited working range can be established 

at any joint position. The safety aspect of the SA-MRR is investigated by operating the robot in a 

limited workspace created by activating the spring. The trajectory tracking capability of the SA-

MRR is explored by comparing trajectories followed by a conventional MRR and SA-MRR in a 

restricted workspace, while lifting a heavy payload. Trajectory tracking is performed with various 

payloads to demonstrate the SA-MRR’s superior payload handling capacity performance due to 

addition of the spring-generated moment. These algorithms have been implemented on a 3-DOF 

SA-MRR and numerical simulations have been carried out to investigate the improved tracking 

accuracy and safety features due to addition of the spring-brake system. 
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1. Introduction 

Most industrial robots used in a manufacturing environment have their workspace isolated 

from humans, for the safety of human workers. With the development of robot technologies, 

human-robot collaboration in manufacturing environments has been made possible. The use of 

robots in human environments for various tasks has been increasing in the last few years and such 

robots are expected to become more common in the future. This thesis presents a novel approach 

to safe robot operation in human presence by using a modular and reconfigurable robot (MRR) 

with a brake and an embedded spring at each modular joint. 

Robots used for physical assistance should reduce fatigue and stress, increase human 

capabilities in terms of force, speed, and precision, and improve the quality of work done. In return, 

the human operator brings experience, knowledge and understanding for the correct methods to 

execute a task [1]. This raises the safety issues related to physical human-robot interaction. To 

guarantee the safety of the human operator, and to avoid damage to robots, unexpected collisions 

should be avoided whenever possible. Safe human-robot coexistence can be achieved through an 

active or passive compliance system. An actively compliant system detects an obstacle by using 

data from various sensors, and modifies the robot’s control software to create a scheme to avoid a 

collision. On the other hand, a robot based on passive compliance has mechanical elements that 

absorb excessive collision force [2].  

Elements such as a spring or flexible link are used for robots based on passive compliance to 

provide fast and reliable response and avoid collisions. Robot joints with springs or similar 

mechanisms have been developed to limit the robot’s working envelope for safe operation in 

human presence [3]-[6]. These approaches, discussed in detail in later sections, are effective in 

limited scenarios. Most of these designs detect collision and react accordingly to make it a safe 
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collision. More research needs to be conducted for robots that avoid collisions while continuing 

normal operation. 

The spring-assisted MRR (SA-MRR) developed at The Systems and Controls Laboratory at 

Ryerson University provides strengthened manipulation capability and a distributed control 

method based on torque sensing is utilized to control the modules with the spring activated or 

deactivated. Spring-assisted motion is used to control the robot’s working range and velocity while 

operating in the presence of a human operator, hence providing a safe human-robot collaboration 

environment. The working range of the robot can be limited by activating the power spring at any 

joint position. The working range of each joint depends on the manipulator’s weight, spring 

characteristics and payload. When the brake is engaged, the additional torque generated by the 

spring, along with the distributed control system, can be used to boost the robot’s tracking accuracy 

and payload handling capability. The objective of the present work is to explore the application 

potentials of the spring assisted modular and reconfigurable robot, including safe operation and 

improved trajectory tracking capability for a 3-DOF manipulator in a restricted workspace. 

1.1 Modified Joints for Positioning Accuracy and Safety 

Conventional robot joints have been modified to create robots that remain safe even in 

unexpected collisions. Over the years, research has been conducted to develop robots that avoid 

collisions by actively monitoring its environment during operation to detect obstacles, or to reduce 

damage due to collisions by using a variety of passive mechanisms to deflect the joint upon 

collision and protect the robot from harm. Some robots have been modified with passive 

mechanisms to absorb the impact force upon collision [3] or to deflect the joint when a collision 

is detected [4, 5]. Other robots have also been developed to provide additional manipulation 

capability for gravity compensation or positioning accuracy [6]-[9]. 
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A variable stiffness unit (VSU) that uses two concentric rings with magnets to vary the 

joint stiffness and avoid collisions by stopping the joint or decelerating it was presented in [3]. The 

VSU shown in Fig. 1.1 was designed for a manipulator with proximity sensing capabilities to sense 

and avoid collisions. In case of failure of the proximity sensing capability, the VSU has been 

designed to absorb initial impact upon collision and avoid further damage to humans sharing the 

workspace with the manipulator. The simulations and experiment for this joint use the Head Injury 

Criteria (HIC) [10] to determine the safety envelope during operation. The safety envelope is 

determined such that the HIC is lower than the maximum allowable value and it is achieved by 

lowering the joint stiffness or the operating speed using the concentric magnetic rings.  

 

Fig. 1.1: A variable stiffness joint with the joint motor, two concentric rings composed of arc-shaped 
magnets and spacers, and a linear guide to make displacement [3] 

A similar concept was introduced in [4], and developed further in [5], where a spring-clutch 

mechanism is added to each manipulator joint to ensure the safe use of a manipulator. When the 

external torque at a joint goes beyond the threshold torque due to a collision, the spring-clutch 

mechanism operates as a revolute joint to retract the joint from the collision. It reinitializes itself 

when the external torque is removed. This mechanism was tested on a 4-DOF robot arm to 

demonstrate its safety and reliability while satisfying the safety index requirements set by the HIC.  
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Fig. 1.2: Working concept of a spring-clutch mechanism [4] 

Passive mechanisms have been used at the joint level to balance robots, boost joint 

performance and provide better manipulation capability. In [6], a parallelogram linkage 

configuration was developed for gravity compensation using torsional springs at each joint of a 

robot actuated in the vertical plane. This mechanism statically balances the joint at a pre-defined 

position by choosing a spring configuration such that it produces a torsional moment to cancel out 

the gravity torque experienced at that specific joint position. This property is used in a small range 

of joint position such that the spring deflection can be implemented to partially cancel the gravity 

torque, thus reducing the peak torque required by the motor to balance the joint during operation. 

In addition to reducing the motor peak torque, this configuration also ensures equilibrium positions 

for all joints, creating a safe configuration on power-off and eliminating the need for fail-safe 

brakes by preventing them from colliding with one another or with other objects.  

An example of boosted manipulation capability along with collision safety is shown by 

studies conducted by Park and Song in [7]. The safe joint mechanism (SJM-III) presented in [7] 

uses an inclined-link, a slider with rollers, and linear springs to achieve non-linear stiffness 

capability for simultaneously providing collision safety and positioning accuracy. The prototype 

model of SJM-III is illustrated in Fig. 1.3. When a collision occurs, the external torque detected 

by the SJM-III exceeds a predetermined threshold torque. This leads to activation of the SJM-III 
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and an abrupt drop in stiffness of the robot manipulator ensures collision safety. If the robot arm 

stiffness is maintained to be high enough such that it remains below the threshold torque, it can be 

used for positioning accuracy during normal operation.  

 
Fig. 1.3: Prototype model of SJM-III. (a) 3-D CAD model, and (b) operation of SJM-III [7] 
The 1-joint spring-motor coupling system designed in [8] introduces a novel approach to 

use the motor inertia and a specific range of the robot link to study the velocity increasing effect 

due to addition of elastic elements to the joint. A small range of the link’s  movable area where 

the angular velocity of the link peaks is used to increase the velocity of the link for an instant and 

use it for specific applications that require boosted velocity. This range is selected such that it is 

about half of the total movable range of the joint. The link angle where velocity is at its peak is 

determined first and then the movable range is selected to allow for enough time for acceleration 

to reach the maximum possible velocity required for the application. 

1.2 Robots for Safe Human-Robot Coexistence 

Workspace sharing between humans and robot manipulators is often necessary in an 

industrial work environment during calibration and repair processes of the industrial manipulators. 

With the advancement of robot control and programming, and as hardware and sensors mature 

over time, significant research has been conducted in designing control laws for safe human-robot 

coexistence. Most robot manipulators are designed to use an obstacle avoidance algorithm based 
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on a pre-defined work cell where it is safe for humans to be in contact with an operating robot. 

The general control architecture of a robot with workspace sensing and sensor-based reactive 

control is illustrated in Fig. 1.4.  

 
Fig. 1.4: General control architecture [11] 

A passivity-based control law is introduced in [11] that provides a solution for the 

occurrence of local minima and collision-free motion. A danger field is calculated based on the 

robot position and velocity from an obstacle in its workspace and a PD controller with gravity 

compensation is used to control the manipulator’s trajectory. A similar concept was introduced by 

Bicchi et al. in [12] where they integrated active and passive compliance control for safe human-

robot coexistence. A C-Obstacle mapping method is developed to detect the collision 

configurations of the manipulator and is then used to calculate a C-Force, which is a repulsive 

force/torque generated by the free motion controller to avoid collisions. This force/torque has a 

module related to the distance between the actual configuration q and the considered C-Obstacle 

cell, and a direction given by the straight line passing through them. Fig. 1.5 shows the basic 

concept of C-Obstacle mapping.  



	 7	

 
Fig. 1.5: C-obstacle mapping for safe human-robot coexistence [12] 

 For safe human-robot interaction, the human working near the robot must be aware of the 

robot’s capabilities and its working limits. At the same time, the robot manipulator’s trajectory 

must be modified to accommodate human presence in its workspace. One such example is the 

path-consistent safe motion planning introduced in [13]. The robot configuration and velocity is 

used to modify the traversing velocity along a given pre-planned path when a human enters the 

robot’s workspace. The robot trajectory obeys the following constraint  

 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 ≥ 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 ∙ 𝑏𝑟𝑎𝑘𝑖𝑛𝑔	𝑡𝑖𝑚𝑒 (1.1) 

where the braking time depends on the robot payload. This simple expression in equation (1.1) is 

developed further with more specifications and constraints to create a safety envelope around the 

manipulator where the workspace environment is constantly monitored for human presence. 

Human-centered robot navigation is primarily used in industrial work environment where safety 

of the human operator is a priority. In [14], Lam et al. proposed a framework that allows robots to 

coexist with humans and other robots harmoniously following the human-centered sensitive 

navigation (HCSN) that considers various sensitive fields to create the most acceptable movements 

in human presence. Fig. 1.6 provides the overall structure and HCSN design proposed in [14]. The 

robot’s working envelope is modified depending on the pre-defined criteria set in the system 

model. 
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Fig. 1.6: Human-centered sensitive navigation system architecture. (a) System architecture, (b) HCSN 

design [14] 

1.3 Modular and Reconfigurable Robots (MRRs) 

The development of modular and reconfigurable robots (MRRs) is one of the most 

promising research areas with substantial application potential, especially in the aerospace sector 

[15]. Three types of MRRs have been reported in literature: (i) self-assembly, (ii) self-configuring, 

and (iii) manual configuring. Self-assembly robots possess the highest level of reconfigurability 

because they can easily assemble into a connected structure, and also disassemble into a group of 

unconnected units [16]-[20]. Self-configuring robots require assistance with assembly, but they 

can perform reconfiguration with some manual assistance. Manual-configuring robots are modular 

robots that can be reconfigure with manual assistance [21]. A brief survey of MRR systems is 

conducted by Setchi and Lagos in [22] where the authors discuss reconfigurable manufacturing 

systems in detail. 

In the last decade, a series of MRRs have been developed at the Systems and Controls 

Laboratory at Ryerson University. The MRRs were developed to provide instantaneous adaptation 

to robot reconfigurations through the novel distributed control technique based on joint torque 

sensing [23]. Under this new control system architecture, the robot is stabilized joint by joint, and 

modules can be added or removed without the need to adjust control parameters. Over the years, 

the MRRs have been modified with new system models and joint designs to accommodate the 
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ever-changing demands from the industry. Recently, a power spring was added to the MRR 

modules to enhance actuator output torque by utilizing the moment generated by the power spring 

as it rotates along with the motor shaft. This new design was introduced in [24] and experiments 

were conducted with one MRR module embedded with the spring to prove the effectiveness of the 

proposed design.  

1.4 Research Contributions 

The following contributions were made from this research: 

• Applications of spring-assisted modular and reconfigurable robot for safe robot operation 

in a human robot collaboration environment were investigated. 

• A static model to determine the working range of an SA-MRR module once the spring-

brake system is activated was developed. 

• Simulation model of an SA-MRR was developed for system parameters from the MRR3, 

and test runs were conducted for a 3-DOF robot manipulator in a restricted workspace. 

• Trajectory tracking accuracy, power consumption and payload handling of the SA-MRR 

were compared for conventional MRR and SA-MRR modules for a small working range. 

1.5 Outline of Thesis 

Chapter 2 starts with a description of the mechanical design of the MRR module with an 

embedded power spring and magnetic brake, followed by a detailed explanation of the integration 

of the spring-brake system into a conventional MRR module joint dynamics and its contribution 

to performance of the joint. 
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Chapter 3 provides the kinematics model of a 3-DOF robot manipulator, followed by 

determination of the working range of the manipulator for various joint limits and robot 

configurations. 

Chapter 4 presents the system static and dynamic models, and the distributed and robust 

control system utilized for operation of the SA-MRR in various configurations. 

Chapter 5 is a detailed discussion of the simulation studies of the applications of the SA-

MRR. A system setup is described in detail along with the system parameters used in the test runs. 

Trajectory tracking accuracy and the control torque inputs for each joint with the spring-brake 

system engaged and disengaged are compared to prove the significance of adding the power spring 

for better joint performance. Payload handling capabilities of the SA-MRR are also tested for 

different cases to showcase the superiority of the SA-MRR over conventional MRR modules. 

Chapter 6 concludes the thesis by summarizing the research contributions and conclusions 

from the simulation test results. A brief discussion of possible future work is also included in this 

chapter. 
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2. MRR Module with Embedded Spring 

2.1 SA-MRR Design 

A conventional MRR module consists of components such as motor, encoder, speed 

reducer, and a brake. The MRR modules developed in our laboratory also have a joint torque 

sensor in each module. The modified module presented by Liu et al. in [19] contains a power 

spring inserted between the brake armature and the motor shaft through a decoupling bearing. The 

inner side of the spring is connected to the motor shaft and the outer end to the armature of the 

brake. When the brake is not activated, the spring and brake armature rotate along with the motor 

shaft. Once the brake is engaged, the brake armature stops and the motor shaft continues to rotate, 

hence energizing the spring. The power spring generates a moment that grows as the motor shaft 

rotates from the position when the brake is activated. The spring-generated moment (SGM) can be 

used to assist the motor in tasks such as balancing the robot and payload shared by the module. 

 
Fig. 2.1. Section view of the MRR joint mechanism with an embedded spring and brake [19] 

As illustrated in Fig. 2.1, the power spring is inserted between the brake armature and 

motor shaft. The torque versus deflection relationship for the power spring can be approximated 

by [20, 21] 
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 𝜏6
𝑇689:

≈ 1 −
𝑢

𝑈89:
− 1

@
 (2.1) 

where 𝜏6 is the SGM, 𝑢 is the deformation of the spring, 𝑇689: is the maximum SGM and 𝑈89: 

represents the maximum spring deformation within an operating range. More information on the 

difference between power springs, and the selection of springs based on applications, can be found 

in [20]. 

2.2 Integration of Spring-Brake System into Joint Dynamics 

Since the spring is inserted between the existing brake armature and motor shaft, a new 

complex or bulky mechanism is not required. Hence, the overall robot structure and working 

envelope are not affected when the spring is released. Once the spring is engaged by activating the 

magnetic brake, the working range of the joint is limited. The proposed design is intended for 

applications that do not require a large working range and spring-assisted motion at the same time. 

The selection of the spring and brake is driven by the design specifications of the module 

and its applications. For the proposed design, the SGM is amplified by the gear ratio of the 

harmonic drive. To determine the maximum SGM required, the potential payload has to be 

projected on the motor side by dividing the gear ratio. Similarly, the maximum spring deformation 

is determined by multiplying the desired working range with the gear ratio.  

The torque/deflection relationship shown in equation (2.1) can be used for the proposed 

MRR design. The deformation of the spring, u, is calculated by multiplying the working range by 

the gear ratio of the harmonic drive. The working range of the joint is defined as the difference 

between the any joint position and the locking position. Once the brake is activated at the locking 

position, 𝑞D, the spring generates a moment that grows with the rotation of the actuator shaft and 

change in position of the shaft from the locking position. The SGM at any joint position 𝑞 can be 

calculated as 
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𝜏6 = 𝑇689: 1 −

𝛾(𝑞D − 𝑞)
𝑈89:

 (2.2) 

where 𝛾 is the reduction ratio of the speed reducer. The locking position 𝑞D and joint position 𝑞 are 

the link-side positions, i.e., the positions at the output of the speed reducer. The working range and 

payload capacity of the module upon spring activation depend on the gear ratio. A smaller gear 

ratio will increase the working range of the module, at the cost of a smaller payload. Hence, the 

gear ratio should be selected according to the application of the module. 

 
Fig. 2.2. Schematic diagram of the MRR module 

Fig. 2.2 provides a schematic diagram of the MRR module with a clearer view of the 

different components in the system. With the motor, encoder, speed reducer, joint torque sensor, 

power spring and magnetic brake installed on the MRR module, the dynamics equation of one 

module with the embedded spring can be described by 

 𝐼J𝛾𝑞 + 𝑓 𝑞, 𝑞 +
𝜏M
𝛾 = 𝜏 + 𝜏6 (2.3) 

where 𝐼J is the moment of inertia of the rotor about its axis of rotation, 𝑓 𝑞, 𝑞  is the joint 

friction modeled as a function of position and velocity [22], 𝜏M is the torque at the torque sensor 

location and 𝜏 is the motor output torque. 
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From (2.3), it is clear that the SGM works together with the motor output torque to provide 

the total output torque of the joint. The SGM can help with robot operation in several ways, 

including statically balancing the robot and reinforcing the motor output. With the proposed 

module with an embedded spring, the robot can be balanced at any desirable configuration by 

activating the brakes at properly selected joint positions. The SGM can also be used to help actuate 

the robot joint. Once the brake is engaged, the spring can be charged to generate additional 

actuation torque, which can then be used to control the acceleration of the joint. In this work, 

applications of the SA-MRR will be explored for safe operation in a human-robot collaboration 

environment as discussed in the following chapters.  
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3. MRR Kinematics Model Formulation and Workspace Mapping 

3.1 Kinematic Model of a 3-DOF SA-MRR 

The SA-MRR used for this thesis is a 3-DOF robot manipulator with joints set-up as shown 

in Fig. 3.1 that illustrates the structure of the arm. The Denavit-Hartenberg method is used to 

compute the forward kinematics equation for the SA-MRR [2]. 

 
Fig. 3.1. 3-DOF Modular Reconfigurable Robot 

During normal operations, the robot is assumed to operate in the workspace defined by 

joint limits shown in Table 3.1. When the magnetic spring-brake system is activated, the robot 

workspace is restricted to a small area, depending on the maximum spring deformation. 

Table 3.1: MRR joint and link parameters 

Joint (i) Link Length (m) Joint Limits (°) 
1 0.406 ±60° 
2 0.400 ±90° 
3 0.400 ±90° 

According to the D-H coordinate system shown in Fig. 3.1, the D-H parameters for the robot are 

listed in Table 3.2.  

Table 3.2: D-H parameters for 3-DOF SA-MRR 

Joint (i) ai (m) di (m) αi θi 

1 l1 0 0° q1 
2 l2 0 90° q2 
3 l3 0 0° q3 
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The transformation matrices for adjacent joints are as follows: 

 
𝐻OP =

𝐶O −𝑆O 0 𝑙O𝐶O
𝑆O 𝐶O 0 𝑙O𝑆O
0 0 1 0
0 0 0 1

 (3.1) 

  
𝐻@O =

𝐶@ 0 𝑆@ 𝑙@𝐶@
𝑆@ 0 −𝐶@ 𝑙@𝑆@
0 1 0 0
0 0 0 1

 (3.2) 

  

𝐻T@ =

𝐶T −𝑆T 0 𝑙T𝐶T
𝑆T 𝐶T 0 𝑙T𝑆T
0 0 1 0
0 0 0 1

 (3.3) 

The forward kinematics is then given by 

 

𝐻TP =

𝐶T𝐶O@ −𝑆T𝐶O@ 𝑆O@ 𝑙O𝐶O + 𝑙@𝐶O@ + 𝑙T𝐶T𝐶O@
𝐶T𝑆O@ −𝑆T𝑆O@ −𝐶O@ 𝑙O𝑆O + 𝑙@𝑆O@ + 𝑙T𝐶T𝑆O@
𝑆T 𝐶T 0 𝑙T𝑆T
0 0 0 1

 (3.4) 

The following three equations determine the end-effector position at any given joint positions: 

 𝑝V = 𝑙O𝐶O + 𝑙@𝐶O@ + 𝑙T𝐶T𝐶O@ (3.5) 
  𝑝W = 𝑙O𝑆O + 𝑙@𝑆O@ + 𝑙T𝐶T𝑆O@ (3.6) 
  𝑝X = 𝑙T𝑆T (3.7) 

3.2 Workspace Plots 

The workspace of a manipulator is a space that the end of the robot arm can reach in all-

possible configurations for different joint positions. Knowing the workspace of a manipulator 

allows the robot operator to plan an effective trajectory to fulfill a give task. The following figures 

illustrate the SA-MRR’s workspace for when the spring-brake system is not engaged. The joint 

limits in Table 3.1 were used to determine this working range for the SA-MRR. 
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Fig. 3.2. 3-D workspace of the SA-MRR for normal operation 

When the magnetic spring-brake system is activated, the robot workspace is limited to a 

small area, which depends on the embedded spring’s maximum deformation. Fig. 3.3 below shows 

the working range of the robot with the spring-brake system activated in the third joint of the SA-

MRR. In the example in Fig. 3.3, the motion of the third joint is limited to ±1.2°. Once the spring-

brake system is activated at any joint position, the robot can be used to perform tasks that require 

precise motion in a small area, or to perform tasks involving a heavy payload. Applications of the 

SA-MRR are discussed in detail in Chapter 5. 

 
Fig. 3.3. 3-D workspace of the 3-DOF MRR with spring-brake system activated in the 3rd joint 
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As discussed in Section II, the spring-brake system can be activated at any joint position. 

This adaptable property of the SA-MRR is demonstrated in the plots in Table 3 that illustrates 

various configurations for 3-DOF robot manipulators with the spring-brake system activated at 

different joints. Once activated, the robot’s motion is limited to joint positions determined by the 

characteristics of the power spring embedded in each joint. This working range can be determined 

by manipulating equation (2.3) explained in Chapter 2. The developed method is discussed in 

detail in the next chapter. 

Table 3.3: Workspace plots for different manipulator configurations 

Robot Information Working Range Workspace Plot 
3-DOF MRR 
with-out spring-
brake system 
activated 

Joint 1: ±60° 
Joint 2: ±90° 
Joint 3: ±90° 

 
Fig. 3.4. MRR workspace with all joints working within 

normal joint limits 

3-DOF MRR with 
spring activated at 
Joints 1 & 2 

Joint 1: ±1.2° 
Joint 2: ±1.2° 
Joint 3: ±90° 

 
Fig. 3.5. MRR workspace with spring-brake system activated 

at Joints 1 & 2 
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KR AGILUS sixx 
with the first 3 
joints in normal 
working range 
[23] 

Joint 1: ±170° 
Joint 2: +45°/-190° 
Joint 3: +156°/-120° 

 
Fig. 3.6. Workspace of KR AGILUS with all joints working 

within normal joint limits 

KR AGILUS sixx 
with spring 
activated at Joint 
1 

Joint 1: ±1.2° 
Joint 2: +45°/-190° 
Joint 3: +156°/-120° 

 
Fig. 3.7. Workspace of KR AGILUS with spring-brake 

system activated at Joint 1 

KR AGILUS sixx 
with spring 
activated at Joints 
1 & 2 

Joint 1: ±1.2° 
Joint 2: ±1.2° 
Joint 3: +156°/-120° 

 
Fig. 3.8. Workspace of KR AGILUS with spring-brake 

system activated at Joint 1 & 2 
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IRB 580 with the 
first 3 joints in 
normal working 
range [24] 

Joint 1: ±150° 
Joint 2: +75°/-70° 
Joint 3: +35°/-60° 

 
Fig. 3.9. Workspace of IRB 580 with all joints operating 

within normal joint limits 

IRB 580 with 
spring activated at 
Joint 1 

Joint 1: ±1.2° 
Joint 2: +75°/-70° 
Joint 3: +35°/-60° 

 
Fig. 3.10. Workspace of IRB 580 with spring-brake system 

activated at Joint 1 

IRB 580 with 
spring activated at 
Joints 1 & 2 

Joint 1: ±1.2° 
Joint 2: ±1.2° 
Joint 3: +35°/-60° 

 
Fig. 3.11. Workspace of IRB 580 with spring-brake system 

activated at Joint 1 & 2 
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As shown in the plots in Table 3.3, the spring-brake system can be activated at any joint to 

achieve a configuration required for a given task. If the robot is operating in the presence of a 

human, the spring is activated at configurations that make it safe for the human operator to work 

alongside the robot. The plots in the table above show configurations of the three robots with the 

spring activated at different joints. A suitable configuration can be chosen for the SA-MRR to 

work in for a given task and its trajectory can be planned accordingly without modifying its 

physical structure or control architecture. As seen in Figs. 3.5, 3.7, 3.8, 3.10, 3.11, the workspace 

can be limited to a small range in the xy-plane with more reach in the z-direction, providing a good 

working envelope for the robot to carry out tasks that require minimal movement in the xy-plane. 

Such a restricted envelope can be useful when a human operator has to be in close proximity of 

the robot for a task. Similarly, if the robot has to carry out a task that requires motion in the xy-

plane and minimal movement in the z-direction, it can be achieved as illustrated in Fig. 3.3.  

The SA-MRR modules also provide an additional safety feature compared to conventional 

robot joint modules that have a simple stop switch to prevent collisions. In a conventional robot 

manipulator, a task requiring minimal movement along certain axes can be performed by utilizing 

the excellent controllers and actuators onboard but in case a safety issue arises, the joint modules 

will lock in one position to present any accidents in its work environment.  It is possible that the 

robot may lose control and move in an undesirable position while trying to come to a standstill. In 

the SA-MRR, once the spring is activated at a particular joint and the manipulator performs its 

task, the magnetic brakes ensure the robot does not lose control and harm the operator. In the case 

of an emergency, the magnetic brakes prevent the robot from moving any further than the 

allowable range determined by the power spring’s maximum deformation. 
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The SA-MRR modules also provide an additional safety feature compared to conventional 

robot joint modules. In a conventional robot manipulator, a task with minimal movement along 

certain axes can be achieved by controlling the joint actuators and moving along the desired 

trajectory. In the case of a system malfunction, if the robot joints lose control while following a 

given trajectory, it is possible for the manipulator cause sudden motion over a large range. This 

can cause potential injury to the human operator working alongside the manipulator or damage 

objects in its environment. The SA-MRR is equipped with the spring-brake system which limits 

the joint’s working range to a restricted area as discussed earlier in this section. With the spring-

brake system activated, the SA-MRR is safer than conventional robot manipulators because even 

if the joint actuator loses control while following a given trajectory, the joint is still limited to the 

small area defined by the maximum spring-deformation. This property of the SA-MRR is 

demonstrated and discussed in Section VII in experiments by forcing the manipulators out of their 

given trajectory at a random point while performing a given task. 

The allowable range after spring-brake system is activated can be calculated from the 

maximum spring deformation and the gear ratio of speed reducer. A power spring with a maximum 

spring deformation of 120° was chosen as an example for the plots in Table 3; taking the gear ratio 

of 100:1 into account, this translates to 1.2° in joint position on the link-side. A detailed 

explanation on calculation of the working range is given in Section IV. Section IV also presents 

the dynamic model of the SA-MRR, which is later used to design a control system for the 

manipulator. 
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4. System Dynamic Model Formulation 

 

Fig. 4.1. Schematic Diagram of the MRR [19] 

Consider a modular and reconfigurable robot with n modules. The joint modules with an 

embedded power spring and brake are installed in series, as illustrated in Fig. 4.1. To derive the 

dynamics equations, the following assumptions were made [19]: 

A1. The rotor is symmetric with respect to the axis of rotation. 

A2. The flexibility of the joint shaft and speed reducer is negligible. 

A3. The torque transmission does not fail at the speed reducer, and the inertia between the 

torque sensor and the speed reducer is negligible. 

A4. Inertial moment of the spring and brake armature is negligible in comparison to that of the 

motor rotor and the shaft. 

As discussed in the previous chapter, the working range of the robot joint upon spring 

activation can be altered for different applications by changing the gear ratio of the harmonic drive. 

A smaller gear ratio will result in a larger working range, but at the cost of a smaller payload 

capacity. Hence, all necessary trade-offs must be conducted for each application before setting the 

gear ratio of the speed reducer. This characteristic of the SA-MRR modules is useful to setup the 

robot for a wide range of applications. 
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Once the spring is activated, the working range of the joint is restricted to a certain area 

depending on the spring characteristics, gravity torque and the actuator torque output at the locking 

position. This restricted working range, along with the robust distributed control algorithm 

introduced in [19] can be used to perform safe operation in a human-robot collaboration 

environment. When the robot is required to work in a small area with precision, it can combine the 

boosted actuator output from the spring and the robustness of the controller to perform a task 

successfully. This property can also be used for safe robot operation in human presence by 

engaging the brake when a human operator is detected in the robot’s working area and to keep it 

out of the way of harming the operator. A static model of the robot is discussed in the following 

section to determine the joint torque in a static condition and its restricted working range upon 

activation of the spring-brake system.  

The static conditions are studied first to determine how the spring-brake system can be 

integrated into the system dynamics for normal operation. The SGM can also be used to accelerate 

or decelerate the joint in a controlled manner with the boosted actuator output. The spring can be 

charged at any joint position by engaging the brake and then using the SGM to control the 

acceleration of the joint without consuming more power. This additional torque can also be used 

to decelerate the robot smoothly when the robot needs to slow down or stop to avoid collision with 

a human operator. To resume normal operation from a static position, a large motor torque is 

required. The SGM can help achieve boosted acceleration required to go from zero speed to the 

required operating speed.   

4.1 Static Model 

The SGM can be used to operate the robot in a restricted working range. With the 

availability of joint torque sensing, the working range of the robot can be determined at any joint 
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position by combining (2.2) and (2.3) and solving it for (𝑞D − 𝑞). We get the expression in equation 

(4.1), which can later be rearranged to determine the working range for the module. Equation (4.1) 

is the expression for joint torque in a static condition: 

 
𝜏M = 𝑇689:𝛾 1 −

𝛾 𝑞D − 𝑞
𝑈89:

− 1
@

 (4.1) 

 
𝑞D − 𝑞 =

𝑈89:
𝛾 1 ± 1 −

𝜏M
𝑇689:𝛾

 (4.2) 

Since there is a limit on the maximum spring deformation, once the brake is engaged, the 

joint can only move until 𝑈JZV is reached. Hence only the negative term of the square root in 

equation (4.2) should be considered. Thus, the final for that gives the working range of the joint, 

once the brake is engaged, is shown in equation (4.3): 

 
𝑞D − 𝑞 =

𝑈89:
𝛾 1 − 1 −

𝜏M
𝑇689:𝛾

 (4.3) 

The joint torque changes as the joint rotates within the restricted working range and is 

continuously sensed by the joint torque sensor on the link side. Equation (4.3) gives the working 

range for any joint position 𝑞. This can be used to determine the SGM of the joint at any position 

𝑞. Once the locking position is known, the actual output torque for the module with the brake 

engaged can be calculated at any joint position using equation (2.3).  

4.2 Dynamic Model 

As shown in Fig. 4.1, the base module is denoted as the first module. Modules close to the 

first module are called lower modules, and those close to the end effector are named upper 

modules. Based on the dynamic equations of a rigid robot manipulator with n rotary joints and 

joint torque sensing, the dynamic equations of MRRs with embedded spring can be formulated as 

follows [19]: 
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For the base module, 𝑖 = 1, the dynamic equation can be obtained by rearranging equation 

(2.3): 

 𝐼JO𝛾O𝑞O − 𝜏6O + 𝑓O 𝑞O, 𝑞O +
𝜏MO
𝛾O

= 𝜏O (4.4) 

For the second module from the base, i = 2, 

 𝐼J@𝛾@𝑞@ − 𝜏6@ + 𝑓@ 𝑞@, 𝑞@ + 𝐼J@𝑧@^𝑧O𝑞O +
𝜏M@
𝛾@

= 𝜏@ (4.5) 

 For upper modules, i ≥ 3, 

 
𝐼J`𝛾`𝑞` − 𝜏6` + 𝑓 𝑞`, 𝑞` + 𝐼J` 𝑧`^𝑧a𝑞a

`bO

acO

+
𝜏M`
𝛾`

+ 𝐼J` 𝑧`^ 𝑧6×𝑧a 𝑞6𝑞a = 𝜏`

abO

6cO

`bO

ac@

 

(4.6) 

In Equations (4.4)-(4.6), 𝐼J`, 𝛾`, 𝜏6`, 𝜏M` and 𝜏` are the same as those in equation (2.3), with 

the subscript "𝑖" representing the 𝑖fg module. The SGM for the 𝑖fg module can be derived as shown 

 
𝜏6` =

𝑘`O𝛾` 𝑞D` − 𝑞` + 𝑘`@𝛾`@ 𝑞D` − 𝑞` @

0
 

,                              brake engaged 
,                              brake released 

(4.7) 

where 𝑘`O = 2𝑇6`89:/𝑈`89: and 𝑘`@ = −𝑇6`89:/𝑈`89:@  are the spring constants. 

 As mentioned earlier, the joint friction 𝑓 (𝑞`, 𝑞`) is assumed to be a function of the joint 

position and velocity [22, 25, 26]. The mathematical model of 𝑓 (𝑞`, 𝑞`) is of the form: 

 𝑓 𝑞`, 𝑞` = 𝑓i` + 𝑓M`	𝑒𝑥𝑝(−𝑓k`𝑞l@) 𝑠𝑔𝑛 𝑞l + 𝑏`𝑞l + 𝑓m`(𝑞`, 𝑞l) (4.8) 
where 𝑓i` is the Coulomb friction-related parameter, 𝑓M` is the static friction-related parameter, 𝑓k` 

is the positive parameter corresponding to the Stribeck effect, 𝑏` is the viscous friction coefficient, 

𝑓m`(𝑞`, 𝑞`) is the position dependency of friction and other friction modeling errors, and sgn(𝑞l) is 

the sign function defined as 

 
𝑠𝑔𝑛 𝑞` =

1 𝑓𝑜𝑟 𝑞` > 0
0 𝑓𝑜𝑟 𝑞` = 0
−1 𝑓𝑜𝑟 𝑞` < 0

 (4.9) 



	 27	

Let 𝐹 = 𝑏`	𝑓i`	𝑓M`	𝑓k` ^, 𝛩`a6 = 𝑧`^(𝑧6×𝑧a). According to the model uncertainty 

decomposition scheme proposed by Liu and Goldenberg [27], 𝜃`a, 𝛩`a6, 𝐹  can be decomposed into 

a constant and variable part as 

 𝜃`a = 𝜃`ai + 𝜃`av 	
𝛩`a6 = 𝛩`a6i + 𝛩`a6v 	
𝐹 = 𝐹i + 𝐹v 

(4.10) 

where the superscripts “c” and “v” denote the constant and variable parts, respectively. 

Let  𝑏`i, 𝑓i`i , 𝑓M`i  and 𝑓k`i  represent the estimated constant friction parameters. Using the 

linearization scheme proposed by Liu in [22], the friction model in equation (4.8) can be 

approximated by: 

 𝑓 𝑞`, 𝑞` ≈ 𝑓i 𝑞` + 𝑌 𝑞` 	𝐹i + 𝐹v + 𝑓 (𝑞`) + 𝑓m` 𝑞`, 𝑞`  (4.11) 

where 𝐹i = 𝐹i − 𝐹i and 𝐹i = 𝑏`i	𝑓i`i 	𝑓M`i 	𝑓k`i
^. 𝑓i(𝑞`), 𝑓 (𝑞`) and 𝑌 𝑞`  are described in detail as 

follows: 

 𝑓i 𝑞` = 𝑓i`i + 𝑓M`i 𝑒𝑥𝑝 −𝑓k`i𝑞`@ 𝑠𝑎𝑡 𝑞`, 𝜖my + 𝑏`i𝑞`	
𝑓 𝑞` = 𝑓i` + 𝑓M` 𝑒𝑥𝑝 −𝑓k`𝑞`@ [𝑠𝑔𝑛 𝑞` − 𝑠𝑎𝑡(𝑞`, 𝜖my)]	
𝑌 𝑞` = 0	1 𝑒𝑥𝑝 −𝑓k`i𝑞`@ − 𝑓M`i𝑞`@ 𝑒𝑥𝑝 −𝑓k`i𝑞`@ ∙ 𝑠𝑎𝑡 𝑞`, 𝜖my + 𝑞`	0	0	0  

(4.12) 

where the saturation function is defined as follows: 

 

𝑠𝑎𝑡 𝑞`, 𝜖my =

𝑞`
𝑞`
,							 𝑞` > 𝜖my

𝑞`
𝜖my
,									 𝑞` ≤ 𝜖my	

 (4.13) 

where 𝜖my is a positive constant.  

From the parameters and variables in equations (4.4)-(4.6) with consideration of (4.10), 

model uncertainties can be classified into three categories: i) constant parametric uncertainties in 

𝑘`O, 𝑘`@, 𝜃`ai , 𝛩`a6i , and 𝐹i, which do not vary with the robot reconfiguration; ii) variable parametric 

uncertainties in the terms of 𝐼J` 𝜃`av 𝑞a`bO
acO  and 𝐼J` 𝛩`a6v 𝑞6𝑞a

abO
6cO

`bO
ac@  can be results of the robot 

reconfiguration due to reasons such as misalignment of axes; furthermore, F~� may vary as the 
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manipulator moves to different positions; iii) non-parametric model uncertainties include torque 

sensor inaccuracy and noise as well as the friction term 𝑓m`(𝑞, 𝑞). 

The constant parametric uncertainties can be compensated with adaptive control schemes, 

and the variable parametric uncertainties and non-parametric uncertainties can be controlled with 

the decomposition-based robust control algorithms developed by Liu and Goldenberg [27, 28, 29]. 

The following properties outlines the bounds of each model uncertainty: 

Property 1: The variable parts in (4.10) are bounded as 

 𝜃`av < 𝜌�`a							 𝛩`a6v < 𝜌�`a6							 𝐹 a
v < 𝜌�`a							, 𝑗 = 1,… ,4 (4.14) 

where 𝜌�`a, 𝜌�`a6, and 𝜌�`a are known constant bounds. 

Property 2: The nonparametric friction term is bounded as 

 𝑓m` 𝑞`, 𝑞` < 𝜌�m` (4.15) 
where 𝜌�m` is a known constand bound for any position 𝑞` and velocity 𝑞`. 

Property 3: The joint torque sensor inaccuracy and noise is bounded, 

 𝜏M` − 𝜏M` < 𝜌kM` (4.16) 
where 𝜏M` denotes the measured coupling torque at the torque sensor location, and 𝜌kM` is a known 

constant bound. 

Property 4: As the joint is stabilized, the acceleration and velocity must be bounded as well. 

Assuming that the desired acceleration and velocity are always bounded, it can be concluded that 

the acceleration and velocity errors of a stabilized joint are bounded. For a stabilized joint 𝑖, 

 𝑒` < 𝜌�Z`										 𝑒` < 𝜌�v` (4.17) 
where 𝜌�Z` and 𝜌�v` are known constant bounds. The analytical determination of these bounds is 

complicated as they depend on the various model uncertainties of the MRR, including those 

associated with the joint actuators. In theory, these bounds can be selected conservatively to be 

large enough. In practice, they need to be tuned with other control parameters. 
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Property 5: Since 𝑧`, 𝑧a,	and 𝑧6 are the unit vectors along the direction of rotation of the 

corresponding joints, their vector products are bounded as  

 𝜃`a = 𝑧`^𝑧a ≤ 1										 𝛩`a6 = 𝑧`^ 𝑧6×𝑧 𝑗	) ≤ 1 (4.18) 

Property 6: The last term in (4.11) 𝑓 (𝑞`) is bounded as  

 𝑓 (𝑞`) < 𝜌�` (4.19) 

 This dynamic model was used as the basis to develop a robust distributed control system 

for the SA-MRR. The controller is presented in the following section with detailed explanation on 

how the tracking errors and model uncertainties are bounded within limits introduced in this 

section. 

4.3 Control System Design 

The distributed control system presented here was developed by Liu et al in [19]. This 

distributed control algorithm can be used to control MRRs with any number of modules, and with 

any configurations.  

The overall control of each joint is defined as 

 
𝜏` =

𝜏M`
𝛾`
− 𝜏6` + 𝑢`, 𝑖 = 1,2, …𝑛 (4.20) 

where 𝑢` is the control input to be determined for the 𝑖fg joint, and the estimated spring-generated 

moment 𝜏6` can be calculated using equation (4.7). 

For the base joint 𝑖 = 1, combining (4.20) with (4.4) yields 

 𝐼JO𝛾O𝑞O +
𝜏MO
𝛾O
− 𝜏6O + 𝑓O 𝑞O, 𝑞O = 𝑢O (4.21) 

where 𝜏MO = 𝜏MO − 𝜏MO and 𝜏6O = 𝜏6O − 𝜏6O. For this joint, since there is no coupling term, the 

control input 𝑢O can be calculated by using control design techniques for a single joint. 

For the second joint i = 2, combining (4.20) with (4.5) yields 
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 𝐼J@𝛾@𝑞@ +
𝜏M@
𝛾@

− 𝜏6@ + 𝑓@ 𝑞@, 𝑞@ + 𝐼J@𝜃@O𝑞O = 𝑢@ (4.22) 

where 𝜏M@ = 𝜏M@ − 𝜏M@ and 𝜏6@ = 𝜏6@ − 𝜏6@. The inertial force associated with acceleration of the 

base joint is involved in the control of the second joint, and a model uncertainty exists in 𝜃@O as a 

result of the reconfiguration.  

For any additional joints 𝑖 ≥ 3, substituting (4.20) into (4.6) yields  

 
𝐼J`𝛾`𝑞` +

𝜏M`
𝛾`
− 𝜏6` + 𝐼J` 𝜃`a𝑞a

`bO

acO

+ 𝑓 𝑞`, 𝑞` + 𝐼J` 𝛩`a6𝑞6𝑞a

abO

6cO

`bO

ac@

= 𝑢` (4.23) 

where 𝜏M` = 𝜏M` − 𝜏M` and 𝜏6` = 𝜏6` − 𝜏6`. The inertial and Coriolis forces associated with the 

motion of the lower joints are involved in the motion of the robot as shown in equation (4.23), and 

reconfiguration can result in model uncertainties in the 𝜃`a and 𝛩`a6 terms. However, as the lower 

joints have been stabilized, the acceleration and velocities of the lower joints must be bounded. 

Thus, the uncertainties in the 𝐼J` 𝜃`a𝑞a`bO
acO  and 𝐼J` 𝛩`a6𝑞6𝑞a

abO
6cO

`bO
ac@  terms are also bounded. 

From these observations, it can be concluded that the control input 𝑢` can be designed for each 

joint independently. The model uncertainties are all bounded with consideration of the bounded 

model uncertainty due to the motion of the lower joints, as well as Properties 1-6 discussed in the 

previous section.  

The system errors are defined as: 

 𝑒` = 𝑞` − 𝑞`�	
𝑟 = 𝑒` + 𝜆`𝑒`	
𝑎` = 𝑞`� − 2𝜆`𝑒` − 𝜆`@𝑒` 

(4.24) 

 To stabilize the base joint, the control law is designed as 

 
𝜏O = 𝐼JO𝛾O𝑎O +

𝜏MO
𝛾O
− 𝜏6O + 𝑓Oi 𝑞O − 𝑘�O 𝑟O 𝑡 𝑑𝑡

f

P
+ 𝜏�O (4.25) 

where 𝑘�O > 0 is a constant and 𝜏�O is the decomposition-based robust control term [27, 28, 29] 

which is defined as  
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 𝜏�O = − 𝜌�O + 𝜌�mO +
𝜌k��
𝛾O

𝑠𝑎𝑡 𝑟O, 𝜖�O

− 𝜌�Oa𝑌a 𝑞O 	𝑠𝑎𝑡 𝑟O𝑌a 𝑞O , 𝜖�Oa

�

acO

 
(4.26) 

where 𝑌a(𝑞O) is the 𝑗th element of 𝑌(𝑞O), and 𝜖�O and 𝜖�Oa are the positive control parameters. 

Using the control law given in (4.25), the stabilization of the first joint results in the 

boundedness of the magnitudes of 𝑞O and 𝑞O. Then, the control torque for the second joint is 

designed as follows: 

 
𝜏@ = 𝐼J@𝛾@𝑎@ +

𝜏M@
𝛾@

− 𝜏6@ − 𝑘�@ 𝑟@ 𝑡 𝑑𝑡
f

P
+ 𝑓@i 𝑞@ + 𝐼J@𝜃@Oi 𝑞O� + 𝜏�@ (4.27) 

where 𝑘�@ > 0 and 𝜏�@ is defined as 

 τ�@ = − ρ�@ + ρ��@ +
ρ��@
γ@

+ I8@ρ�9O 	sat r@, ϵ�@

− ρ�@�Y� q@ 	sat r@Y� q@ , ϵ�@�

�

�cO

− I8@ρ¢@OqO£sat(r@qO£, ϵ¢@O) 

(4.28) 

where 𝜖�@, 𝜖�@O and 𝜖�@a are positive control parameters. 

The control torque for the 𝑖fg joint can be designed as follows: 

 
τ~ = I8~γ~a~ +

τ�~
γ~
− τ¤~ − k¦~ r~ t dt

¨

P
+ f~ª q~

+ I8~ θ~ªq�£

~bO

�cO

+ Θ~�¤ª q¤q�

�bO

¤cO

~bO

�c@

+ τ�~ 
(4.29) 

 where 𝑘�` > 0, and 𝜏�` is designed as follows: 
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τ�~ = − ρ�~ + ρ��~ +

ρ��~
γ~

+ I8~ ρ�9�

~bO

�cO

sat r~, ϵ�~

− ρ�~�	Y� q~ 	sat r~Y� q~ , ϵ�~�

�

�cO

− I8~ ρ¢~�	q�£	sat r~q�£, ϵ¢~�

~bO

�cO

− I8~ ρ­~�¤	q¤q�	sat r~q¤q�, ϵ­~�¤

�bO

¤cO

~bO

�c@

 

(4.30) 

where 𝜖�`, 𝜖�`a, 𝜖�`a, and 𝜖�`a6 are positive control parameters. 

The closed-loop expression for the 𝑖fg joint can be determined by substituting (4.10) and 

(4.29) into (4.6) as follows: 

 
I8~γ~r~ + K¦~ r~ t dt

¨

P
= −I8~γ~λ~r~ + τ�~ + τ¤~ − Y q~ F~ª − Y q~ F~� − f�~ q~, q~

− f~ q~ − I8~ θ~�e� + θ~��q�£ + θ~�ª q�£

�bO

¤cO

~bO

�c@

−
τ�~
γ~

− I8~ (Θ~�¤� q¤q�_Θ~�¤ª q¤q�)
�bO

¤cO

~bO

�c@

 

(4.31) 

The adaptation law is given as follows: 

 
𝑘`O =

𝜇6`O𝛾` 𝑞D` − 𝑞` 𝑟 ,														𝑏𝑟𝑎𝑘𝑒	𝑒𝑛𝑔𝑎𝑔𝑒𝑑
0,																																											𝑏𝑟𝑎𝑘𝑒	𝑟𝑒𝑙𝑒𝑎𝑠𝑒𝑑 	

𝑘`@ =
𝜇6`@𝛾`@ 𝑞D` − 𝑞` @𝑟 ,											𝑏𝑟𝑎𝑘𝑒	𝑒𝑛𝑔𝑎𝑔𝑒𝑑
0,																																											𝑏𝑟𝑎𝑘𝑒	𝑟𝑒𝑙𝑒𝑎𝑠𝑒𝑑 	

𝐹i = −𝜇�`i 𝑌 𝑞` ^𝑟 	
𝜃`ai = −𝜇�`a𝑞a�𝑟 	

𝛩`a6 = −𝜇�`a6𝑞6𝑞a𝑟  

(4.32) 

where 𝜇6`O, 𝜇6`@, 𝜇�`i, 𝜇�`a	𝑎𝑛𝑑	𝜇�`a6 are positive constants.  

In [19] Liu et al. proved that for an n-DOF MRR with the joint dynamics given by equations 

(4.4)-(4.6), and model uncertainty defined by (4.10), the tracking error for each joint is uniformly 



	 33	

ultimately bounded under the control law given by (4.29) and the adaptation shown in (4.32). The 

ultimate bound of tracking error is determined by the variable parametric uncertainties, 

nonparametric uncertainties and the control parameters, but it is not affected by the constant 

parametric uncertainties.  

The control of MRRs with joint torque sensing discussed in this section is one of the many 

control approaches that can be applied to the SA-MRR, as long as the spring dynamics are taken 

into account in the control system design. The following chapter discusses the application of this 

control system on spring-assisted MRRs for motion in a restricted workspace once the brake is 

engaged. 
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5. Simulation Studies 

5.1 Applications of the SA-MRR for Safe Human-Robot Collaboration 

  In this section, the importance of the spring-embedded MRR modules for a safe, restricted 

working range during human-robot collaboration is discussed in detail. For a regular MRR without 

spring-assisted motion, a major portion of the joint torque is used to balance the robot arm against 

gravity. This, in turn, reduces the actuator torque available to control the joint’s motion. In order 

to operate the robot in a restricted working range, while balancing the robot at a desired 

configuration, a robust controller and high joint actuator output torque is required. With the spring 

embedded in each MRR module, the spring generated moment can be used for static balancing of 

the robot, allowing the entire motor torque to be used for robot operation at any joint position once 

the brake is engaged. The static balancing property of a spring-assisted robot is useful on mobile 

robots, where low power consumption is a priority. 

In addition to simple static balancing, the spring-brake system can also be used for precise 

operation within a small range by applying the distributed robust control method developed in 

[36]. During operation in a human-robot collaboration environment, the robot’s working range can 

be restricted to a small area where it can perform its task without causing harm to the human 

operator. A demonstration of the SA-MRR’s capabilities compared to those of a regular MRR 

without a spring shall be conducted to show the enhanced performance of the SA-MRR. 

The following section describes the robot setup and discuss simulation results in detail. 
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5.2 Simulations 

5.2.1 Simulation Control System Architecture 

The Simulink model created for the 3-DOF SA-MRR manipulator takes the desired joint 

trajectories as the input and calculates the control torque to be sent to the SimMechanics model for 

the 3-DOF arm. Once the control input is computed by the distributed control algorithm discussed 

in Chapter 4, the spring generated moment and friction terms are added to the control input before 

sending the control signal to the SimMechanics module. Fig. 5.1 illustrates the basic control system 

architecture for the simulation models used to obtain results for the different test cases. The 

Simulink models for each subsystem have been included in Appendix A. 

 
Fig. 5.1: Basic control system architecture 

The Joint Controller block in Fig. 5.1 includes all error calculations based on sensor data, 

and the estimation of friction and other coupling terms and the spring-generated moment based on 

the system errors, using the adaptation law. The control torque calculated by the joint controller is 

then combined with the system friction model described in the next section and the spring torque 

calculated for the current joint position. The resultant torque is then sent to the joint in the 

SimMechanics model used to represent the 3-DOF SA-MRR. 



	 36	

5.2.2 Simulation Setup 

The robot setup consists of three MRR modules with the spring-brake system in each 

module. Fig. 5.2 shows the arrangement of the three modules in the robot manipulator. All 

simulations are conducted in two different configurations: (i) without the spring-brake system 

activated and (ii) with the spring-brake system activated at 𝑞D = 0°. The simulations focus on 

studying the difference in performance between the two robot configurations.  

 
Fig. 5.2. 3-DOF-robot model for simulations 

To validate the SA-MRR design’s system models and algorithms for the proposed 

applications, simulations were conducted on a 3-DOF SA-MRR manipulator with various working 

ranges. The simulation studies in this chapter provide a detailed investigation of the effect of 

spring-generated moment and the distributed robust control algorithm on the performance of the 

robot in a shared workspace. The following physical and control parameters were used for the 

plant simulation models used in these studies: 
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Table 5.1: Design and control parameters, and parametric uncertainty bounds 

Im1 0.0192 kg.m2 μθij 0.01 𝜖θij 0.01 

Im2 0. 0192 kg.m2 μΘijk 0.01 𝜖Θijk 0.01 

Im3 0. 0192 kg.m2 μki 1.00 𝜖ri 10-3 

mmi 6.0 kg μFic 0.10 ρfqi 0.5 (Nm) 

Tkmaxi 10.0 N.m 𝜖Fi1 10-6 ρθij 1.0 

Umaxi 1.5° 𝜖Fi2 10-4 ρΘijk 1.0 

γi 100 𝜖Fi3 10-4 ρτsi 10.0 (Nm) 

λi 160 𝜖Fi4 0.01 ρevi 0.01 (rad/s) 

kIi 15.0 𝜖m´  10-3 ρeai 0.01 (rad/s2) 

For simulations, the variable parametric uncertainty parameters were eliminated as no data 

was available to perform simulations with the variable terms in the friction and joint rotation terms. 

In addition to this, the friction model for simulations was simplified to reduce heavy computations 

by eliminating the last term in equation (4.8), resulting in the following expression: 

 𝑓 𝑞`, 𝑞` = 𝑓i` + 𝑓M`	𝑒𝑥𝑝(−𝑓k`𝑞l@) 𝑠𝑔𝑛 𝑞l + 𝑏`𝑞l (5.1) 

The friction parameters obtained from experimental data are listed below: 

Table 5.2: Friction model parameters 

𝑓i` = 4.95	𝑁 ∙ 𝑚, 𝑓M` = 5.403	𝑁 ∙ 𝑚, 
𝑓k` = 1.567	 𝑠/𝑑𝑒𝑔 @, 𝑏` = 0.177	𝑁 ∙ 𝑚 ∙ 𝑠/𝑑𝑒𝑔 

The nominal values of the friction model parameters and uncertainty bounds for the SA-MRR 

modules were estimated based on the experimental data obtained from the MRR3 modules in the 

lab, using a procedure similar to that in [33]. The estimated parameters are as follows: 

Table 5.3: Nominal friction parameters 
𝑓i` = 3.96	𝑁 ∙ 𝑚, 𝑓M` = 4.322	𝑁 ∙ 𝑚, 
𝑓k` = 1.254	 𝑠/𝑑𝑒𝑔 @, 𝑏` = 0.142	𝑁 ∙ 𝑚 ∙ 𝑠/𝑑𝑒𝑔 
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Table 5.4: Parametric uncertainty bounds for friction 
𝜌�i` = 0.99	𝑁 ∙ 𝑚, 𝜌�M` = 1.081	𝑁 ∙ 𝑚, 
𝜌�k` = 0.313	 𝑠/𝑑𝑒𝑔 @, 𝜌¼` = 0.035	𝑁 ∙ 𝑚 ∙ 𝑠/𝑑𝑒𝑔 

5.2.3 Simulations for trajectory tracking with spring-assisted motion 

The SA-MRRs can be used to enhance trajectory tracking performance of a robot, while 

consuming less power as mentioned in Section 5.1. The SA-MRR’s tracking capability compared 

to that of a conventional MRR is tested for a restricted trajectory based on the working range 

defined by the maximum spring deformation. When the spring is engaged, the additional torque 

generated by the spring is used to balance the robot joints and the distributed controller utilizes the 

motor output torque to contribute to better trajectory tracking. 

To verify the robot’s tracking accuracy, simulation tests were conducted for two cases. In 

Case 1, the first two joints have the spring activated and the MRR’s performance is tested for 

tracking a sinusoidal trajectory with a 2 kg payload attached at the end-effector. For Case 2, the 

spring is activated at all three joints, and a 2 kg payload is attached at the end-effector. The robot 

follows a sinusoidal trajectory for this case as well. For each case, tests were conducted in the 

limited working range with and without the spring activated. The desired and controlled 

trajectories, position errors, and the control torques for the tests are compared in Fig. 5.3-Fig. 5.5. 

The desired and controlled trajectories, position errors and control inputs for Joints 1 and 

3 of the 3-DOF MRR for Case 1 are shown in Fig. 5.3 and Fig. 5.4, respectively. To compare the 

results with and without the brake engaged and to confirm the effectiveness of the SA-MRR, the 

tracking errors and control inputs at each joint are compared for the two configurations and the 

results are shown in Table 5.5. 
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(a) 

 
(b) 

 
(c) 

Fig. 5.3: Case 1: Simulation results for Joint 1. (a) Link-side trajectories, (b) Position errors, (c) Control 
inputs. 

Controlled	
(with	spring)	

Controlled	
(no	spring)	

Desired	
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(a) 

 
(b) 

 
(c) 

Fig. 5.4: Case 1: Simulation results for Joint 3. (a) Link-side trajectories, (b) Position errors, (c) Control 
inputs. 
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Table 5.5: Comparison of results for SA-MRR with restricted motion at Joints 1 & 2, and a 2 kg payload 
 Joint 1 Joint 2 Joint 3 
Brake max 𝑒O  max 𝜏O  max 𝑒@  max	{ 𝜏@ } max 𝑒T  max 𝜏T  
Released 0.046° 125.15 Nm 0.072° 173.56 Nm 0.017° 56.23 Nm 
Engaged 0.023° 105.88 Nm 0.030° 135.33 Nm 0.009° 41.99 Nm 

 
In Table 5.5, the maximum tracking errors and control inputs for each joint with and 

without the brake engaged are listed. Fig. 5.3(a) illustrates a comparison of the trajectory tracking 

for the base joint with and without the brake engaged. When the brake is activated at the base joint, 

with the assistance of the spring, the required motor torque is reduced by 13.0% and the tracking 

error is 50.0% smaller. This is a vast difference in tracking error, even though the control 

parameters remain the same for both tests. For Joint 2, the maximum control input is reduced by 

22.03% and the maximum tracking error is reduced by 58.33%. The third joint did not have a 

spring in the MRR module and its motion was not restricted to a small area. Yet, the maximum 

control input was reduced by 25.32% and the tracking error went down by 47.06%.  

Comparing the trajectory tracking results for the three joints for Case 1, the joint positions 

have higher tracking errors for the first two joints and the third joint has almost perfect trajectory 

when the brake is engaged at the first two joints. From these results, it is clear that the SA-MRR 

improves the manipulator’s trajectory tracking performance significantly while keeping it 

restrained in a limited working range. The trajectories followed by all joints in Case 2 further 

reiterate the improved tracking accuracy provided by the additional torque from the spring when 

the brake is activated. 
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(a) 

 
(b) 

 
(c) 

Fig. 5.5: Case 2: Simulation results for Joint 1. (a) Link-side position, (b) Position errors, (c) Control 
inputs. 
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Fig. 5.5 shows the performance of the base joint of a 3-DOF SA-MRR with spring-brake 

system activated at all joints. In Case 2, the trajectory of each joint was limited to ±1.5° and a 

cosinusoidal trajectory was followed. The control inputs in Fig. 5.5(c) are about a third of the 

required control torques in Case 1. It should be noted that the motion of the third joint in Case 1 

is 20 times higher than the motion of the third joint in Case 2. Since the trajectory in Case 1 is 

different for the third joint, it affects the control inputs required for best performance from the 

robot manipulator. Comparing the outputs of Case 1 & 2, it can be concluded that the SA-MRR 

provides robust performance in terms of trajectory tracking over a wide working envelope. The 

SA-MRR will perform well with spring-assistance as long as the maximum motor output torque 

is not reached. 

When the spring-brake system is activated at a joint, the mechanical lock ensures that the 

joint position does not exceed the limit set by the maximum spring deformation. Since the robot is 

limited to a small working range, it is possible for a human operator to work in its vicinity without 

getting negatively affected by its presence. Thus, the addition of the spring-brake system to a 

conventional MRR module not only improves its trajectory tracking ability and lowers power 

consumption, it also creates a safe working environment for humans to work alongside the robot 

manipulator. 

The joint trajectories in this section have the same joint limits but the joint limits of the 

SA-MRR modules can be modified according to the workspace required for a specific application. 

Since the power spring is simply inserted in the spring case as shown in Fig. 2.1, it can be 

exchanged for another spring with different spring characteristics without making any major 

changes to the joint design. Power springs with different stiffness can be used in an SA-MRR 

module to generate a variety of working envelopes. This property of the SA-MRR modules make 



	 44	

them an excellent choice for a wide range of applications that require movement in a restricted 

range. 

5.2.4 Simulations for handling heavy payload with spring-assisted motion 

  To demonstrate the SA-MRR’s enhanced actuator output and heavy payload handling 

capabilities, two cases are studied with three different payloads attached to the end-effector. A 

sinusoidal trajectory is followed by the SA-MRR modules in all simulation tests. 

In Case 1, the control torques for Joint 3 of the SA-MRR with restricted motion at the first 

two joints is compared for handling heavy payloads. Fig. 5.6 shows the control inputs for the third 

joint while carrying a different payload in each case. From these plots, one can see that the required 

motor torque is significantly reduced for test runs with 2 kg and 3 kg payloads when the brake is 

engaged. For a payload of 5 kg, the control torque does not show a big difference in the control 

inputs with and without the brake engaged. As the payload is increased, the required control input 

increases. A similar pattern is observed in Fig. 5.7 for Case 2, which compared the payload 

handling capacity of the SA-MRR with restricted motion at all three joints. 
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(a) 

 
(b) 

 
(c) 

Fig. 5.6: Case 1: Control inputs required at Joint 3 to handle a payload at the end-effector. (a) 2kg, (b) 3 
kg, (c) 5 kg. 
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(a) 

 
(b) 

 
(c) 

Fig. 5.7: Case 2: Control inputs required as Joint 3 to handle a payload at the end-effector. (a) 2 kg, (b) 3 
kg, (c) 5kg. 
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 For Case 2, the control torques are lower compared to the inputs required in Case 1 to 

handle the same payloads. The required control torque is lower in this case because all joints have 

restricted movement. The change in control inputs follows the same pattern as Case 1 as the joint 

controller is still the same and the control torque is calculated to compensate for the system errors, 

which are much lower for a smaller working envelope and lower velocity. With the assistance of 

the spring-generated moment, the required motor torque is further reduced for the test runs with 3 

kg and 5 kg payloads. Thus, the addition of the spring-brake system relieves the motor of the 

additional stress of handling heavy payloads, allowing the actuator to control the joint trajectories 

with higher tracking accuracy with the distributed robust controller. 

From the simulation studies conducted in this thesis, it is clear that the addition of the 

spring-brake system, along with the distributed robust controller, to a conventional MRR module 

increases the manipulator’s capability to track a trajectory and handle heavy payloads. From the 

tests conducted for trajectory tracking, it can be concluded that the robot performs better when all 

joints operate in a restricted working range compared to when one of the joints has a wider working 

envelope.  
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6. Conclusions and Future Work 

6.1 Conclusions 

This thesis presents a study of the applications of the spring-assisted modular and 

reconfigurable robots, which is equipped with a power spring and magnetic brake at each joint. 

The trajectory tracking and payload handling capabilities of the SA-MRR were studied with the 

safety aspect for human-robot collaboration as the main focus. Simulation tests were conducted 

with different robot working envelopes with and without the spring-brake system activated for the 

MRR modules. It was concluded that the SA-MRR provided excellent tracking accuracy in a 

relatively small working area while balancing the robot using the additional torque provided by 

the spring-brake system. With the distributed control method, it was easy to add SA-MRR modules 

to the simulations without retuning the control parameters for each additional joint. The SA-MRR, 

along with the distributed robust control method [36], provides excellent tracking accuracy and 

payload handling capability in a small working envelope, that can be easily defined based on the 

robot’s applications and the level of interaction with humans. This has been verified by simulations 

and will be demonstrated with experiments in the future. 

6.2 Future work 

Simulation cases studied in this thesis validated the benefits of having the spring-brake 

system added to a conventional MRR module, the next step is to implement this design in an actual 

MRR module. After obtaining required data from the joint sensors, the simulation can be further 

improved by including the variable control parameters and variable parametric uncertainties to the 

Simulink models. 
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The applications discussed in this thesis are only limited to restricting the robot’s working 

range for tasks that require human presence in the robot’s workspace. Once the SA-MRR is 

successfully redesigned and tested, more experiments can be designed where data from joint 

sensors and other visual systems to sense the robot’s environment are integrated for applications 

that require human-robot collaboration at all times in an unstructured work environment. 

 
  



	 50	

Appendix A – Simulink models for 3-DOF SA-MRR Manipulator 
A1. Simulink Model of the 3-DOF SA-MRR 
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A2. Model for 3-DOF SA-MRR using 2nd Generation SimMechanics Blocks 
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A3. SimMechanics Model for One Joint 
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A4. Controller Subsystem for a Joint Module 
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A5. Input Torque Calculation Subsystem Model  
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Appendix B – Matlab/Simulink Code for Simulations 
B1. Matlab Script to Plot Workspace of a 3-DOF Robot Manipulator 
clear all 
clc 
 
 
%% Declare variables 
syms q1 q2 q3 a1 a2 a3 l1 l2 l3 
% q1,q2,q3 are joint variables,  
% d1 is distance from o0 to b1 measured along z0 
% l1,l2,l3 are the locations of C.M. of each link 
  
a1 = 0.406; % l1 
a2 = 0.4;   % l1 
a3 = 0.4;   % l3 
d1 = 0; 
d2 = 0; 
d3 = 0; 
alpha1 = 0; 
alpha2 = 90; 
alpha3 = 0; 
theta1 = q1; 
theta2 = q2; 
theta3 = q3; 
  
 
%% Compute H-matrices 
H01 = Hmat(a1,alpha1,d1,theta1); 
H12 = Hmat(a2,alpha2,d2,theta2); 
H23 = Hmat(a3,alpha3,d3,theta3); 
  
H02 = H01*H12; 
H03 = H01*H12*H23; 
  
 
%% Extract joint position vectors from H-matrices 
p00 = [0;0;0]; 
p01 = H01([1 2 3],[4]); 
p02 = H02([1 2 3],[4]); 
p03 = H03([1 2 3],[4]); 
  
 
%% Extract rotation matrices from H-matrices 
R00 = eye(3); 
R01 = H01([1 2 3],[1 2 3]); 
R02 = H02([1 2 3],[1 2 3]); 
R03 = H03([1 2 3],[1 2 3]); 
  
 
%% Plot 3D Workspace 
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subs(H03, {theta1, theta2, theta3}, {0, 0, 0}); 
  
%%% Build the robot using the SerialLink function  
L(1) = Link([0 0 0.406 0]); 
L(2) = Link([0 0 0.4 pi/2]); 
L(3) = Link([0 0 0.4 0]); 
  
RobotArm =  SerialLink(L); 
RobotArm.name = '3DOF MRR'; 
RobotArm.plot([0 0 0]); 
  
RobotArm.fkine([q1 q2 q3]); 
  
%%% To obtain the workspace, we can fix a1 and vary a2 and a3 to 
%%% calculate the end-effector’s position and plot it using the 
%%% surf function. 
RobotArm.plot([0 0 0]); 
xlabel('X [m]'); 
ylabel('Y [m]'); 
zlabel('Z [m]'); 
title('Workspace of 3-DOF MRR'); 
hold on; 
  
N = 20; 
  
% First, choose the k or l value for the normal or limited working 
% range option 
% To plot the workspace for each quadrant, use the four TR terms one 
% by one along with the two options for k to get a full 3-D workspace 
% plot 
 
 
%% for normal, unrestricted working range  
for k = 0:0.1:(pi/3) 
% for k = (-pi/3):0.1:0 
 
  
%% for limited working range 
% for l = 0:0.1:(2*pi/3) 
% for l = (-2*pi/3):0.1:0 
 
 
% For normal, unrestricted working range  
    for i = 1:N+1 
        for j = 1:N+1 
            TR = RobotArm.fkine([k pi/2*((i-1)/N) pi/2*((j-1)/N)]); 
%            TR = RobotArm.fkine([k -pi/2*((i-1)/N) pi/2*((j-1)/N)]); 
%            TR = RobotArm.fkine([k pi/2*((i-1)/N) -pi/2*((j-1)/N)]); 
%            TR = RobotArm.fkine([k -pi/2*((i-1)/N) -pi/2*((j-1)/N)]); 
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%% For limited working range  
%            TR = RobotArm.fkine([pi/3*((i-1)/N) l/101 l/101]); 
%            TR = RobotArm.fkine([pi/3*((i-1)/N) -l/101 l/101]); 
%            TR = RobotArm.fkine([-pi/3*((i-1)/N) l/101 -l/101]); 
%            TR = RobotArm.fkine([-pi/3*((i-1)/N) -l/101 -l/101]); 
  
            abc(i,j,:) = TR(:,4); 
        end 
    end 
  
surf(abc(:,:,1), abc(:,:,2), abc(:,:,3)); 
  
end  
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B2. Matlab Script to Setup SA-MRR’s Physical Parameters, Control Parameters and 
Uncertainty Bounds 
clear all 
clc 
  
 
%% set SGM = 1 to activate brakes 
SGM1 = 0; 
SGM2 = 0; 
SGM3 = 0; 
 
  
%% Link basic inertial information 
% Link length in [m] 
l1 = 0.406; 
l2 = 0.4; 
l3 = 0.4; 
  
  
% Sim dimensions in [m]  
d1m = 0.164; 
h1m = 0.160; 
  
d1l = 0.084; 
h1l = 0.240; 
  
d2m = 0.160; 
h2m = 0.160; 
  
d2l = 0.084; 
h2l = 0.240; 
  
d3m = 0.160; 
h3m = 0.160; 
  
d3l = 0.084; 
h3l = 0.240; 
  
  
% Link parameters 
m_l1 = 0.64869; % [kg] 
I_l1 = [0.00459583068,0, 0; 0, 0.00464928047, 0; 0, 0, 0.00130317108]; % [kg*m^2] taken at center of 
mass 
  
m_l2 = 0.64869; % [kg] 
I_l2 = [0.00459583068,0, 0; 0, 0.00464928047, 0; 0, 0, 0.00130317108]; % [kg*m^2] taken at center of 
mass 
  
m_l3 = 0.64869; % [kg] 
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I_l3 = [0.00459583068,0, 0; 0, 0.00464928047, 0; 0, 0, 0.00130317108]; % [kg*m^2] taken at center of 
mass 
  
  
% Motor parameters 
m_m1 = 6; % [kg] 
I_m1 = [0,0,0;0,0,0;0,0,0.0192]; % [kg*m^2] taken at center of mass 
  
m_m2 = 6; % [kg] 
I_m2 = [0,0,0;0,0,0;0,0,0.0192]; % [kg*m^2] taken at center of mass 
  
m_m3 = 6; % [kg] 
I_m3 = [0,0,0;0,0,0;0,0,0.0192]; % [kg*m^2] taken at center of mass 
  
gammai = 100;   % gear ratio 
  
  
%% Spring characteristics 
T_kimax = 50.0; 
U_imax = 1.5*pi/180; 
  
ki1 = 2*T_kimax/U_imax; 
ki2 = -T_kimax/(U_imax^2); 
 
 
%% Control parameters 
  
% initial value for integral term 
global integ 
integ = 0; 
  
lambdai = 160; 
  
mu_theta_ij = 0.01; 
mu_Theta_ijk = 0.01; 
mu_ki1 = 1.00; 
mu_ki2 = 1.00; 
mu_Fic = 0.10; 
  
E_F = [1e-6 1e-4 1e-4 1e-2]; 
E_qdot = 0.001; 
E_thetaij = 0.010; 
E_Thetaijk = 0.010; 
Er = 0.010; 
  
% Gains for noSGM and wSGM 
k_I1 = 15.0; 
k_I2 = 15.0; 
k_I3 = 15.0; 
  
% Constant friction model parameters  
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b_c = 10.16588; 
f_cc = 4.95; 
f_sc = 5.403; 
f_Tc = 5144.1576; 
F_c = [b_c; f_cc; f_sc; f_Tc]; 
  
% Estimated friction parameters  
b_c_hat = b_c*0.8; 
f_cc_hat = f_cc*0.8; 
f_sc_hat = f_sc*0.8; 
f_Tc_hat = f_Tc*0.8; 
F_c_hat = [b_c_hat; f_cc_hat; f_sc_hat; f_Tc_hat]; 
  
F_c_tilde = F_c - F_c_hat; 
  
% Constant uncertainty bounds for friction 
rho_bi = 0.2*b_c; 
rho_fci = 0.2*f_cc; 
rho_fsi = 0.2*f_sc;  
rho_fTi = 0.2*f_Tc; 
 
rho_F = [rho_bi rho_fci rho_fsi rho_fTi]; 
  
% Other system uncertainty bounds 
rho_fqi = 0.5;  
rho_thetaij = 1.0; 
rho_Thetaijk = 1.0; 
rho_Tsi = 10.0; 
rho_eai = 0.01; 
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B3. Matlab Function to Calculate Friction 
function [friction1, f_1_c_hat, f_1_invhat, Y1] = fcn(q1_dot, fric_par, fric_par_hat) 
  
b_1_c = fric_par(1); 
f_c1_c = fric_par(2); 
f_s1_c = fric_par(3); 
f_T1_c = fric_par(4);  
  
b_1_c_hat  = fric_par_hat(1); 
f_c1_c_hat = fric_par_hat(2); 
f_s1_c_hat = fric_par_hat(3); 
f_T1_c_hat = fric_par_hat(4); 
E_q1dot = fric_par_hat(5); 
  
% Sign function 
if q1_dot > 0 
    sgn_q1dot = 1; 
elseif q1_dot < 0 
    sgn_q1dot = -1; 
else 
    sgn_q1dot = 0; 
end 
  
% Saturation function for q1_dot and E_q1dot 
if (abs(q1_dot) > E_q1dot) 
    sat_q1dot_Eq1dot = q1_dot/abs(q1_dot); 
elseif (abs(q1_dot) <= E_q1dot) 
    sat_q1dot_Eq1dot = q1_dot/E_q1dot; 
else 
    sat_q1dot_Eq1dot = 1; 
end 
  
% Friction calculations 
F_1_c = [b_1_c; f_c1_c; f_s1_c; f_T1_c]; 
F_1_c_hat = [b_1_c_hat; f_c1_c_hat; f_s1_c_hat; f_T1_c_hat]; 
  
F_1_c_tilde = F_1_c - F_1_c_hat; 
  
f_1_c_hat = (f_c1_c_hat + (f_s1_c_hat*exp(-f_T1_c_hat*q1_dot^2)))*sat_q1dot_Eq1dot + 
b_1_c_hat*q1_dot; 
  
f_1_invhat = (f_c1_c + (f_s1_c*exp(-f_T1_c*q1_dot^2))) * (sgn_q1dot - sat_q1dot_Eq1dot); 
  
Y1 = [0 1 exp(-f_T1_c_hat*q1_dot^2) -f_s1_c_hat*q1_dot^2*exp(-
f_T1_c_hat*q1_dot^2)]*sat_q1dot_Eq1dot + [q1_dot 0 0 0]; 
  
friction1 = f_1_c_hat + Y1 * F_1_c_tilde + f_1_invhat; 
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B4. Matlab Function to Calculate SGM 
function T_ki = fcn(qi,q_li,SGM_par, SGM) 
%#codegen 
% q_l can determined by using a logic that detects the brake engage/release 
% switch signal and record the link position when the brake is engaged 
  
% max spring deformation is 150 degrees for the simulations 
% max SGM is considered to be the same as the maximum actuator moment 
  
% for now, we use a constant value for q_l 
%q_l = 0; 
  
ki1 = SGM_par(1); 
ki2 = SGM_par(2); 
gammai = SGM_par(3); 
U_imax = SGM_par(4); 
T_kimax = SGM_par(5); 
  
if SGM == 1 
  
     if -U_imax < (q_li-qi) <= U_imax 
       T_ki = T_kimax * (1-(((q_li-qi)/U_imax)-1)^2); 
     else 
         msg = 'cannot go over the maximum spring deformation! STOP.' 
         error(msg) 
     end 
 
else 
    T_ki = 0; 
end 
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B5. Matlab Function to Calculate Estimated Parameters using Adaptation Law 
• Code to calculate spring constants 
ki1_hat_dot = mu_ki1*(qi_l-qi)*ri; 
ki2_hat_dot = mu_ki2 * (qi_l-qi)^2 *ri; 
 
 

• Code to calculate estimated SGM 
function Ti_k_hat = fcn(gammai, qi, qi_l, ki1_hat, ki2_hat, SGM) 
  
if SGM ==1 
    Ti_k_hat = ki1_hat*(qi_l-qi) + ki2_hat*((qi_l-qi)^2); 
else 
    Ti_k_hat = 0; 
end 
 
end 
 
 

• Code to calculate theta_cij 
function theta_cij_hat_dot = fcn(syserri, trajj_d, mu_thetaij) 
ri = syserri(2); 
qj_d_ddot = trajj_d(3); 
  
theta_cij_hat_dot = -mu_thetaij*qj_d_ddot*r3; 

 
 
• Code to calculate Theta_cijk 
function Theta_cijk_hat_dot = fcn(syserri,motionk,motionj,mu_Thetaijk) 
qk_dot = motionk(2); 
qj_dot = motionj(2); 
ri = syserri(2); 
  
Theta_cijk_hat_dot = -mu_Thetaijk*qk_dot*qj_dot*r3; 
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B6. Matlab Function to Calculate Control Torque 
function [tau3,tau_r3,r3] = fcn(motion1, motion2, motion3, tau_s3_hat, err3, tau_k3_hat, theta_c31_hat, 
theta_c32_hat, Theta_c321_hat, traj1_d, traj2_d, sys_par, fric_par, f_3_c_hat, Y3) 
  
q1_dot = motion1(2); 
q2_dot = motion2(2); 
  
q3 = motion3(1); 
q3_dot = motion3(2); 
q3_ddot = motion3(3); 
  
% System errors  
e3 = err3(1); 
r3 = err3(2); 
a3 = err3(3); 
  
% Desired Trajectory 
q1_d_ddot = traj1_d(3); 
q2_d_ddot = traj2_d(3); 
  
% Control parameters and bounds 
I_m3 = sys_par(1); 
gamma3 = sys_par(2); 
kI3 = sys_par(3); 
Er3 = sys_par(4); 
E_q3dot = sys_par(5); 
rho_Ts3 = sys_par(6); 
E_theta31 = sys_par(7); 
E_theta32 = sys_par(8); 
rho_theta31 = sys_par(9); 
rho_theta32 = sys_par(10); 
E_Theta321 = sys_par(11); 
rho_Theta321 = sys_par(12); 
rho_ea1 = sys_par(13); 
rho_ea2 = sys_par(14); 
  
b_3_c_hat = fric_par(1); 
f_c3_c_hat = fric_par(2); 
f_s3_c_hat = fric_par(3); 
f_T3_c_hat = fric_par(4); 
rho_fq3 = fric_par(5); 
rho_F3 = zeros(1,4); 
rho_F3(1) = fric_par(6); 
rho_F3(2) = fric_par(7); 
rho_F3(3) = fric_par(8); 
rho_F3(4) = fric_par(9); 
E_F3 = zeros(1,4); 
E_F3(1) = fric_par(10); 
E_F3(2) = fric_par(11); 
E_F3(3) = fric_par(12); 
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E_F3(4) = fric_par(13); 
  
r_prev3 = r3; 
   
% Saturation function for r3 and Er3 
if all(abs(r3) > Er3) 
    sat_rEr3 = r3/abs(r3); 
elseif all(abs(r3) <= Er3) 
    sat_rEr3 = r3/Er3; 
else 
    sat_rEr3 = 1; 
end 
  
sat_r3Y_EF3 = zeros(1,4); 
rho_F3Y = zeros(1,4); 
  
for j = 1:4 
    % Saturation function for r3*Y(q3_dot) and E_F3 
    if abs(r3*Y3(j)) > E_F3(j) 
        sat_r3Y_EF3(j) = (r3*Y3(j))/(abs(r3*Y3(j))); 
    elseif abs(r3*(Y3(j))) <= E_F3(j) 
        sat_r3Y_EF3(j) = (r3*Y3(j))/E_F3(j); 
    else 
        sat_r3Y_EF3(j) = 1; 
    end 
     
    % rhoF3Y calculation 
    rho_F3Y(j) = rho_F3(j) *Y3(j)*sat_r3Y_EF3(j); 
end 
  
% Saturation function for r3*q1_d_ddot and E_theta31 
if abs(r3*q1_d_ddot) > E_theta31 
    sat_r3q1ddd_ET31 = (r3*q1_d_ddot)/(abs(r3*q1_d_ddot)); 
elseif abs(r3*q1_d_ddot) <= E_theta31 
    sat_r3q1ddd_ET31 = (r3*q1_d_ddot)/E_theta31; 
else 
    sat_r3q1ddd_ET31 = 1; 
end 
  
% Saturation function for r3*q2_d_ddot and E_theta32 
if abs(r3*q2_d_ddot) > E_theta32 
    sat_r3q2ddd_ET32 = (r3*q2_d_ddot)/(abs(r3*q2_d_ddot)); 
elseif abs(r3*q2_d_ddot) <= E_theta32 
    sat_r3q2ddd_ET32 = (r3*q2_d_ddot)/E_theta32; 
else 
    sat_r3q2ddd_ET32 = 1; 
end 
  
% Saturation function for r3*q1_dot*q2_dot and E_Theta321 
if abs(r3*q1_dot*q2_dot) > E_Theta321 
    sat_r3q1dq2d_ET321 = (r3*q1_dot*q2_dot)/(abs(r3*q1_dot*q2_dot)); 
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elseif abs(r3*q1_dot*q2_dot) <= E_Theta321 
    sat_r3q1dq2d_ET321 = (r3*q1_dot*q2_dot)/E_Theta321; 
else 
    sat_r3q1dq2d_ET321 = 1; 
end 
  
rho_b3  = rho_F3(1); 
rho_fc3 = rho_F3(2); 
rho_fs3 = rho_F3(3); 
rho_fT3 = rho_F3(4); 
  
rho_f3 = rho_fc3 + rho_fs3*exp(rho_fT3*E_q3dot^2); 
  
% decomposition-based robust control term 
tau_r3 = -(rho_f3+(rho_Ts3/gamma3)+I_m3*(rho_ea1+rho_ea2)) * sat_rEr3 - sum(rho_F3Y) - 
I_m3*(rho_theta31*q1_d_ddot*sat_r3q1ddd_ET31 + rho_theta32*q2_d_ddot*sat_r3q2ddd_ET32) - 
I_m3*rho_Theta321*q1_dot*q2_dot*sat_r3q1dq2d_ET321; 
  
% Note that the integral term of the controller is computed as a simple sum by adding the error in each 
iteration 
integ = r3 + r_prev3; 
  
tau3 = I_m3*gamma3*a3 - tau_s3_hat/gamma3 - tau_k3_hat - kI3*integ + f_3_c_hat + 
I_m3*theta_c31_hat*q1_d_ddot + I_m3*theta_c32_hat*q2_d_ddot + 
I_m3*Theta_c321_hat*q1_dot*q2_dot + tau_r3; 
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