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Abstract

FINITE ELEMENT ANALYSIS OF A SINGLE CONDUCTOR WITH
A STOCKBRIDGE DAMPER UNDER AEOLIAN VIBRATION
(© Oumar Barry, 2010
Master of Applied Science
in the Program of
Mechanical Engineering

Ryerson University

A finite element model is developed to predict the vibrational response of a sin-
gle conductor with a Stockbridge damper. The mathematical model accounts for
the two-way coupling between the conductor and the damper. A two-part numerical
analysis using MATLAB is presented to simulate the response of the system. The
first part deals with the vibration of the conductor without a damper. The results
indicate that longer span conductors without dampers are susceptible to fatigue fail-
ure. In the second part, a damper is attached to the conductor and the effects of
the excitation frequency, the damper mass, and the damper location are investigated.
This investigation shows that the presence of a properly positioned damper on the

conductor significantly reduces fatigue failure.
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Chapter 1

Introduction

1.1 Background

This thesis focuses on Aeolian vibration of transmission lines, the vibration caused
by a wind force to a single conductor. This type of vibration, also known as wind-
induced vibration, has a high frequency and small-amplitude motion, which arises
from alternating forces caused by vortex shedding. Vortex shedding is associated with
the flow of air across a bluff body. In addition to Aeolian vibration, there are two other
types of conductor motion that are also caused by wind force. The first is galloping
which is characterized by large amplitudes and low frequencies of vibration and the
second is wake-induced oscillation. The latter is restricted to bunddle conductor and
it is distinguished by medium amplitude of vibration and higher natural frequencies,
but its frequencies are usually lower than Aeolian vibration frequencies.

The term Aeolian vibration only refers to cases in which the fluid is air. Trans-
mission lines are not the only structures that experience Aeolian vibration. Other
examples of systems that also experience vortex induced vibration include bridges,
heat exchangers, offshore platforms, and underwater cables. The frequency of Aeolian
vibration ranges from 3 to 50 Hz and the wind speed ranges from 1 to 7 m/s. Usually
the vibration of the conductor is not noticeable to an observer because the diameter
of the conductor ranges from 6 to 50 mm, which in general is greater than the ampli-

tude of vibration [I]. The maximum amplitude of vibration occurs at resonance and

1



this arises when some of the natural frequencies of the conductor coincide with the
forcing frequency also known as Strouhal frequency.

Any type of vibration imperils the life of the structure. Aeolian wvibration of
transmission lines, if left uncontrolled, can result in serious accidents causing injuries
and death, and/or considerable economical loss.

The vibration of the conductor produces alternating bending stresses and tensile
stresses in the vicinity of the clamps. Eventually, this leads to fatigue damage of the
conductor (Figure in the form of broken strands in the outer layer, usually at the

point of contact such as the suspension clamp.

Figure 1.1: Breakage of conductor on Hydro Quebec transmission lines [2].

Past field observations show that Aeolian vibration is most likely to occur in open
fields and bodies of water (such as rivers, lakes, etc.) and usually in late evenings or
early mornings. This is not surprising since light breezes occur during these periods.
Aeolian vibration is sometimes detected when observing the conductor. However, this
is not always the case; most often it is not noticeable until damage occurs. Examples
of damages include breakage of conductor strands, insulator strings, and loosening of
parts (i.e., suspension clamps).

Aeolian vibration can be controlled by dampers. The most popular damping device



used by transmission lines utilities is the Stockbridge damper. This damper is used to
minimize or eliminate the vibration by reducing the induced strains of the conductor
near the clamps to a safe level of 200 yum/m. Past investigations have proven that a
damper is more effective when it is designed to cover a wide range of frequencies and

when it is appropriately positioned on the conductor [1][3][4].

1.2 Motivation

Power plants are generally located in remote areas, far from cities, and high voltage
transmission lines are used to supply power to the cities. Power is transmitted through
151,848 km of overhead transmission and distribution lines across the province of
Ontario [5]. The cost of installing these lines is very high, but it can be reduced
by increasing the tension in the lines. However, increasing the tension increases
the susceptibility of the conductor to vibration which eventually leads to fatigue
failure. For safety reasons, transmission line engineers have imposed limitations on
the maximum magnitude of the tension. This limitation is 20% and 25% of its rated
tensile strength (RTS) in the summer and winter season, respectively [5].

Aeolian vibration is one of the most important of the many factors which limit the
life of conductors of overhead lines by damaging the conductor through wire fatigue
break usually at the suspension clamp where the maximum stress occurs. This failure
could lead to power interruption, hence economic loss and personal discomfort. For
instance, Hydro One residential and industrial customers in Sarnia experienced a
blackout in 2005 due to the breakage of a conductor on the Sarnia-to-Scott transformer
station. Later in 2008 another failure occurred on the transmission lines of the Cowal
junction to Longwood TS in London. The damages to both lines were attributed to
uncontrolled Aeolian vibration. Investigations concluded that the conductor tension
was quite high (27% RTS) and the dampers on the lines were not effective. Some
of the recommendations include adding more dampers to the transmission lines and
positioning them at suitable locations [6]. Figures[l.2]and[l.3[show a broken conductor

strand of the messenger wire of a Stockbridge damper, and a conductor and torsional



damper failure on Cowal junction to Longwood TS in London, respectively.

Figure 1.2: Broken conductor strand and slippage of the messenger wire of the
Stockbridge damper [6].

il B
Figure 1.3: Sample of conductor and torsional damper failure on Cowal junction to
Longwood TS in London [7].

Furthermore, earlier in 1996, Manitoba Hydro Company reported wind damage of
about 10 million USD due to the failure of 19 transmission towers [8]. At the CIGRE

meeting in Toronto in 2009, FElectricité de France reported the collapse of 45 towers

4



in the southern part of France due to Aeolian vibration [9].

In summary, the examples of transmission line and tower failures described in the
previous paragraphs show that the problem with Aeolian vibration is still a challenge
to transmission line engineers. Therefore, it is worthwhile to further study conductor
vibration in order to predict the dynamic of the conductor, which will enable trans-
mission line design engineers to justify increasing the tension in the conductor, and

optimize the selection, number, and location of dampers.

1.3 Objective

As mentioned previously, this thesis is concerned with the Aeolian vibration of trans-
mission lines. The main objective is to provide an alternate mathematical model of
a single conductor vibration with Stockbridge dampers attached to it. Unlike the
mathematical models found in the literature, this new model considers the two-way
coupling between the conductor and the Stockbridge damper. A finite element code
is written in MATLAB programming environment to assess the impact of the location

of the damper and its properties on the system response.

1.4 Thesis Overview

The thesis is arranged in five chapters. The following chapter reviews the literature
on Aeolian vibration of a single conductor. The modeling of the conductor and Stock-
bridge damper with external wind force excitation are presented. Also, the energy
balance method is reviewed.

Chapter three presents the mathematical model of a single conductor with and
without a damper. The equation of motion of a single conductor without a damper
is first derived using Newton’s law and the natural frequency equation was obtained
through the separation of variable method. Furthermore, the kinetic and potential
energies of the conductor and damper are obtained. The finite element method is

employed to obtain the discretized governing equation.



In chapters four and five, a numerical analysis without and with a damper is
presented, respectively. The validation of the mathematical model is established
using the results in Ref. [10] and the results of the commercial finite element analysis
software ANSYS.

Finally, chapter six contains a summary of the contributions of this research and

suggestions for future work.



Chapter 2

Literature Review

2.1 Summary of Findings

A lot of research on Aeolian vibration was done in the 70’s and 80’s. Most authors
agree that the location of the damper is crucial to the damper’s effectiveness. In 1985
Nigol and Houston [11] studied the control of Aeolian vibration of a single conductor.
They described the development of a general method for analyzing the combined
response of various single conductor-damper arrangements, presented a summary of
experimental verifications, and used the models to demonstrate optimum damping
concepts.

Feldmann [12] from FElectricité de France studied the effects of Stockbridge dampers
using theoretical and experimental approach. He found that the Stockbridge dampers
were remarkably efficient and observed that counterweights do not dissipate energy,
but produce a coupling between the damper and the conductor, which makes them
good disturbers of Aeolian vibration .

In 2000, Leblond and Hardy [I3] described a probabilistic model for predicting
Aeolian vibration of single conductors based on the conductor fatigue endurance limit
approach and the linear fatigue damage accumulation. Both models are used to as-
sess safe-design tensions. The endurance limit approach assesses conductor vibration
severity by comparing the maximum bending stress amplitude with the fatigue en-

durance limit of the conductor at the suspension clamp. The cumulative damage



approach, however, assesses the severity of conductor vibration by calculating the
anticipated lifetime of the conductor. Note that this approach requires S-N curves
(cyclical stress, S, against the logarithmic scale of cycles to failure, N) for the differ-
ent classes of conductors and some wind statistics. The authors determined that the
safe-design tension is 11.1% RTS or (H/w) = 811 m and 13.2% RTS or (H/w) = 961
m for endurance limit and cumulative damage approach, respectively.

Another important paper on Aeolian vibration was published by Braga et al. [14].
The authors compared the values of fatigue endurance limits suggested by the IEEE
(Institute of Electrical and Electronic Engineers), EPRI (Electric Power Research
Institute), and CIGRE (International Council on Large Electric Systems). The IEEE
and EPRI recommendations are based on the endurance limit approach, while the
CIGRE recommendation is based on the cumulative damage approach.

An important finding from IEEE based on mechanical simulation is that the bend-
ing amplitude strain is related to the diameter of the last layer of the cable for a range
of the stress loads from 15 to 30%. The IEEE posits that the value of 200 ym/m can
meet the criteria of mechanical reliability.

EPRI provides a more elaborate formula for relating bending amplitude to the
maximum cable strain and maximum bending stress. Due to the effect of the stiffness,

the bending stress was found to be maximum in the region contiguous to the clamp.

2.2 Conductor

Aeolian vibration is characterized by the interaction of the conductor with the damper
and wind force. The following section focuses on the construction and dynamic mod-

eling of the conductor.



Figure 2.1: Structure of a conductor [1].

2.2.1 Materials and Construction

The conductor used in transmission lines are made of several layers of individual
round wires packed tightly together in concentric counter-rotating helices (Figure
and . The most common conductor used in transmitting power is the aluminum
conductor steel reinforced (ACSR) because of its high tensile-strength-to-weight ratio.
Most of the power is transmitted through the aluminum outer layers. The inner layer
of the ACSR is made of steel to increase the strength of the conductor. ACSR
conductor is available for a wide range of steel alloys. The higher strength conductor
is usually used for river crossing (longer span) since this requires more resistance.
Other types of conductors used in transmission lines include all aluminum conduc-
tor (AAC) and all aluminum alloy conductor (AAAC). AAC consists of a minimum
purity of 99.5% of aluminium and is mostly used in urban areas and AAAC is made
of aluminum-magnesium-silicon alloy and has an excellent corrosion resistance and

strength-to-weight ratio.

2.2.2 General Mathematical Model of The Conductor

Claren and Diana [4] are among the first authors to develop a mathematical model of
a single conductor. They showed that the physical model of the conductor is similar

to an Euler-Bernoulli beam under the action of an axial load (design tension). If a



Figure 2.2: Cross section of special conductors [1].
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constant flexural rigidity is assumed and damping is ignored, the equation of motion
in the presence of the tension 7" may be written as:
0*w 0w 0w

BI=— —T— =

ozt 0x? _mﬁ (2.1)

where EI denotes the flexural rigidity, m is the mass per unit length, and w is the
transverse displacement.

Using the mathematical model of Claren and Diana [4], a finite difference method
was used by Dhotard and Ganesan [3] to examine the dynamics of a single conductor
vibration with dampers. A close-form expression of the natural frequency of the
conductor was determined for a simply supported end cable, a fixed end cable, and
simply supported cable with flexural rigidity. The difference in the values of natural
frequencies found in the simply supported end cable with and without flexural rigidity
was less than 3%. The author hypothesized that for low frequency excitation (i.e., low
wind speed), the location of the dampers have negligible effect on the strain. However,
its effect is considerable in high frequencies excitation. Further, higher strains result
with increasing length of the cable which calls for the use of more dampers. The

effect of the number of dampers on the strain is negligible in low frequencies.

2.2.3 Conductor Self-Damping

When the conductor flexes the strands of the conductor slip against each other and
frictional force is induced. This relative motion is the main source of conductor
self-damping; a phenomenon when the conductor dissipates energy internally while
vibrating. Conductor self-damping can be a major source of damping, especially for
shorter span and lower tension system. Sometimes dampers are not needed for a short
span with low tension because the conductor self-damping is able to dissipate most of
the energy from the wind. However, when the tension of the conductor is increased,
the strands tend to lock and slippage is reduced, thereby reducing the conductor
self-damping. This explains why the conductor tension is usually kept low.

Past investigations on this topic have led to identification of empirical formulas
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to predict the power dissipation of the conductor due to self-damping (Ps;). The
relationship is in the exponential form and contains constants that depend on the

conductor parameters [15]:
Psd o stypfu

7 T (2.2)
where L is the span length, Y the amplitude of vibration corresponding to the natural
frequency f, K4 is a constant of proportionality, and T is the tension of the conductor.
The parameters p, v, and u are all exponential factors found experimentally as shown
in Table 211

The table below is a tabulation of the values of the constants obtained by different

authors.

Table 2.1: Experimental conductor self-damping data.

Investigators p u v L(m)
Tompkins et al.(1956) 2.3-2.6 5.0-6.0 1.9 36
Rawlins(1983) 2.2 5.4 - 36
Kraus and Hagedorn (1991)  2.47 5.38 2.8 30
Noiseux (1991) 2.44 563 276 63

Based on these values and the empirical formula, equation it is obvious that
the conductor dissipates less power when the tension is increased. This observation is
in agreement with the remarks mentioned previously. Power dissipation increases in a
scenario where the tension is constant while the frequency and amplitude of vibration

are increasing.

2.3 Damper

The objective of vibration dampers is to eliminate or reduce Aeolian vibration by
absorbing the energy from the wind in order to stabilize the motion of the conductor.
Damping of the conductor is controlled by dampers that reduce the strain level to
the safe strain limit of 200 gm/m [14].

The effectiveness of a damper depends on its response within its frequency band.

12



Based on a rule of thumb, it was thought that dampers’ locations will not coincide
with a node provided the location is less than the loop length corresponding to the
highest expected vibration frequency. This conclusion is realistic since conductor loop

length increases with decreasing frequency.

2.3.1 Types of Dampers

There are various types of dampers, but the commonly used types in North America

are the Stockbridge, torsional, and Hydro Quebec dampers.

2.3.1.1 Stockbridge Dampers:

Stockbridge damper, invented by George H. Stockbridge in 1925, is a dumbbell-shaped
device with a mass at the ends of a short flexible cable or rod called the messenger
cable. The damping mechanism is observed as vibrations of the conductor are trans-
ferred through the clamp to the messenger cable. The flexuring of the messenger
causes slipping between its strands and consequently induces the weights at their
ends to oscillate. By carefully choosing the parameters of the damper (such as the
mass of the blocks, the length and the stiffness of the messenger), the impedance of
the damper would coincide with that of the conductor. Thus, the energy imparted to
the conductor from the wind is then greatly dissipated by the Stockbridge damper.
It is claimed in the Stockbridge damper patent that a shorter (i.e., 30 in or 75
cm) and very flexible messenger increases damping effectiveness. Furthermore, the
use of concrete or similar material for the weights in lieu of metallic weight was
recommended since no charging current is absorbed by concrete material [16]. This
idea was quickly rejected because of the poor mechanical performance of concrete.
There are many types of Stockbridge dampers. The first Stockbridge damper as
patented by George Stockbridge had a concrete block at each end of the messenger

and it is shown in Figure [2.3]
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Figure 2.3: Stockbridge’s original concrete block design [16].

Modern dampers use metal bell-shaped weights as shown in Figure 2.4, The bell
is hollow and the damper cable is fixed internally to the distal end, which permits
relative motion between the cable and damping weights. The modern Stockbridge
damper has two types of dampers, the 2R damper and 4R damper. The former,
2R damper, is also known as the symmetric Stockbridge damper and it has identical
weights and messengers at both ends. Given that this damper consists of two identical
weights, the moment exerted by one is neutralized by the other. The 2R damper
is characterized to possess two natural modes of vibration when the motion of the
clamp is restricted to the vertical plane. The second type, 4R damper, also called the
asymmetric Stockbridge damper, has weights and cable lengths that are different on
both sides. Consequently, a resultant moment is induced by the unbalanced weights
at the ends, which results in a wider range of frequencies that include four resonant
frequencies.

The messenger of the Stockbridge damper as shown in Figure [2.5|is generally made
of galvanized steel, but stainless steel is used in more polluted areas. Both materials
result in the same damping capacity; however, stainless steel provides better fatigue
resistance. The clamp is made of aluminum alloy in order to ensure that the weight is

small enough to restrict its motion to the vertical plane for higher conductor vibration
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frequencies. In the past, damper counterweights were made of zinc alloy, but due to
the rise in cost of this material, forged steel weights or extruded steel rods are used

instead.

Figure 2.4: Stockbridge damper [I].

Figure 2.5: Stockbridge damper cable [1].

2.3.1.2 Torsional Dampers:

Based on the patent of Buchanan and Tebo [17], a torsional damper consists of a
sleeve carrying two weights and each weight is located at one end (Figure . The
torsional damper is connected to the conductor through a rubber bushing. Each

weight produces a moment since its center of gravity is eccentric to the axis of the
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conductor and the combination of these two moments result in a torsional force at the
end of the conductor. This torsional force being applied on the conductor converts

the energy of the vibrating conductor into inter-strand frictional losses.

@ .

Figure 2.6: Torsional damper [17].

2.3.1.3 Hydro Quebec Dampers:

This type of damper is similar to the asymmetric Stockbridge damper except that the
Hydro Quebec damper is devoid of a messenger and is not hollow in its counterweights
(Figure . In this damper, the messenger wire is replaced by a dissipating and

flexible element, which consists of an elastomeric cylinder.
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WEIGHTS

Figure 2.7: Hydro Quebec damper [2].

2.3.2 Dynamics of the Stockbridge Damper

Wagner et al. [I8] studied the dynamic response of a Stockbridge damper. The
authors assumed that the Stockbridge damper has a massless messenger and a rigid
mass attached at the tip. Their assumption of a massless messenger is reasonable
since the mass of the damper is much larger than the mass of the messenger. Only
one mass was studied because the two masses of the damper were equal, so symmetry
was used for simplification and the clamp motion was modeled as a base motion.
This paper presented the equation of motion of the Stockbridge damper (equation
and its response. Then, it validated the theoretical analysis through experiment.
Both results were in agreement since their assumption of the Stockbridge damper
being a two degree of freedom was justified experimentally by the existence of two

distinct modes.
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The equation of motion was given as:

Mi+ Ki+Cx=Ky+Cy (2.3)

where M is the mass matrix, K is the damper coefficient matrix, C' is the stiffness
matrix, x is the vertical displacement of the messenger, and y is the displacement
vector at the clamp.

Another investigation on the assessment of the dynamics of Stockbridge damper
was conducted by Markiewicz [19]. In his paper, a method and a computational model
were presented for the evaluation of the optimum dynamic characteristics of Stock-
bridge dampers to be mounted near tension insulator assemblies (dead end span). He
suggested that Stockbridge dampers be designed so that their mechanical impedance
matches as closely as possible to the determined optimum damper impedance for the
cable to be protected. However, the optimum design is evaluated assuming that the
cable is clamped at both ends. Therefore, the Stockbridge damper is only efficient
for suspension span.

Futhermore, Krispin [20] outlined the advantage of a Stockbridge-type vibration
damper with low mass clamp over a conventional Stockbridge vibration damper with
bolted clamp. Using theoretical and experimental analysis, it was shown that the
conventional Stockbridge has a shortcoming in damping high frequency vibrations of
small diameter optical ground wires (OPGW) due to their high clamp mass. There-
fore, low clamp mass dampers, compared to conventional bolted clamp dampers, im-
prove power dissipation (damping performance) in the upper range frequencies.

Vecchiarelli [21] showed experimentally that the energy dissipated by a Stock-
bridge damper varies highly with the vibration frequency and the displacement am-
plitude of the damper clamp. The displacement of the damper clamp depends on
the location of the damper. Therefore, the energy dissipated by the damper can be
significantly affected by the positioning of the damper.
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2.3.3 Damper Location

As mentioned earlier, the efficiency of the damper depends significantly on its posi-
tioning. A rule of thumb is used to determine this location and the most important
point is to avoid positioning the damper at a node where the vibration amplitude is
zero. Hence, the damper would not be efficient. This rule considers the location of
the damper at a distance P (equation between 70 and 80% of the loop length
(equation [2.F]), corresponding to the highest wind speed of 7 m/s [I].

H
P =0.31dy/— (2.4)
w

where H and w are the conductor tension and mass per unit length, respectively.
And d denotes the diameter of the conductor.
2703 |H

dy| — 2.5
Vi w (2.5)

l

where [ = loop length (m), V,,= wind velocity (m/s), d = conductor diameter (m),
w = conductor mass per meter (kg/m)

Nigol and Houston [11] established optimum locations of dampers and made rec-
ommendations to never place dampers at any point of symmetry along the conductor
(i.e, 1/4, 1/3, 1/2, etc.). Otherwise the dampers fail to provide vibration protection
at every 4" 37 and 2"¢ harmonic [I1]. One damper can be placed at a distance x;
(1.2 to 1.8 m) for frequencies of 40-50 Hz and for normal design tensions. For longer
span and/or higher tension, two dampers shall be used at distances z; (2.4 to 3.6 m)
and x2 (1.0 to 2.2 m) from the two terminals. When more than one damper is used
the ratio z5/x shall be 0.4 or 0.6.

Dhotard, and Ganesan [3] showed that the amplitude of vibration does not depend
on the cable length, but only on the location of the damper. An increase in the number
of dampers leads to an increase in the displacement in the major frequency range.
The authors also compared asymmetric and symmetric dampers. They concluded
that unlike symmetric dampers, asymmetric dampers create a resultant moment due

to the inequality or unbalance of its two masses, but this moment has negligible effect
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on vibration of the cable.

2.3.4 Wind Modeling

Strouhal and Von Karman'!

are the first authors to investigate uniform flow of air
across a rigid cylinder. The nature of the flow depends on the Reynolds number,
which is defined as the ratio of inertial forces to viscous forces (equation [2.6). With

respect to Aeolian vibration, Reynolds number varies between 2700 and 14000 [22].

_Vp

(%

Re (2.6)

where V' is the wind velocity, D is the diameter of the conductor and v is the kinematic
viscosity of the fluid.

Aeolian vibration is caused by alternating vortices. As the vortices are shed from
the surface of the conductor normal to the wind, they cause a resultant force that
acts in the transverse direction. This force is periodic with a frequency f,, which is

related to the diameter of the conductor and the wind velocity as follows:

sV

where s is the Strouhal number and it varies from 0.15 to 0.25. In general the average
Strouhal value is taken as 0.2. It is noted that the conductor becomes very excited as
the Strouhal frequency approaches some of its natural frequencies and this phenomena
is called resonance.

While studying the lift force that acts on a rigid cylinder during vibration, Diana
and Falco [23] found that this force behaves similarly to the vibration response since
they are both harmonic at steady state . This conclusion was verified by Bishop and
Hassan [24] and by Bearman and Currie [25]. All the authors agreed that during

resonance the lift force leads the displacement by a phase angle ranging from 0-180

1Strouhal V. Strouhal. 1878. Uber Eine besondere Art der Tomerregung. Ann. Phys. und
Chemie, New Senes, Vol. 5, pp. 216-251.
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degrees. Both the lift force and the cylinder response are represented as follows:

F(t) = Fysin(wt + 0) (2.8)

X(t) = Acsin(wt) (2.9)

where [} is the lift force and w is the forcing frequency in rad/s. 6 is the phase angle
between the response x(t) and wind force F'(t). It should be noted that the forcing
frequency is the Strouhal frequency.

The lift force is defined as follows:
1 2
F = EpC’lDLV (2.10)

where D and L are the diameter and length of the cylinder, respectively. V' and p is
the velocity and density of the fluid, respectively. Cj is the lift coefficient.

Griffin and Koopmann [26] showed experimentally that this lift coefficient de-
pends on the ratio of the maximum amplitude of vibration to the diameter of a rigid
cylinder (A./D¢y). Their conclusion was that a maximum lift of 0.55 experienced
a maximum vibration amplitude of 0.55 diameters, peak-to-peak. And any cylinder
with a maximum amplitude above or below this value experienced lift coefficient C}

of 0.28-0.33.

2.4 Energy Balance Method

The energy balance method is the most popular concept used to predict the vibration
of transmission lines. This method states that the energy transfered by the wind to
the conductor is dissipated by the conductor self-damping and the dampers. The

mathematical interpretation is given below:

P,=P;+P, (2.11)
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where P, is the wind power, P, is power dissipated in the damper, and P, is power
dissipated in the conductor.

Most researches on Aeolian vibration used the power method to solve for the
amplitude of vibration. Kraus and Hagedorn [27] studied the level of vibration using
the energy balance method and compared the results to those obtained from a wind
tunnel experiment. It should be noted that the energy balance method is only valid
when the conductor is vibrating at resonance. Therefore, the amplitude of vibration
is maximum and it is determined when the forcing frequency is equal to the natural
frequency of the conductor. Furthermore, this method ignores the flexural rigidity
of the conductor and determines the wind power input and the power dissiapated by
the damper in terms of the antinodal displacement amplitude.

The power dissipated in the conductor is given as:
A m
P, = K, ftm [5] L (2.12)

where K5, n, m are constants that are determined through experiment. A, D, and
L, are the maximum amplitude of vibration, diameter of the conductor, and the span
length, respectively.

From laboratory measurements on a rigid cylinder, the wind input is given by:

P, = Lf*D'F (%) (2.13)

where F'(A/D) depends on the maximum amplitude of vibration and the diameter of
the conductor.

The power dissipated by the damper is given in Ref. [3] as:

1
Py = éFaUaQsm(qﬁ) (2.14)

where Fj, is the force transmitted to the cable by the damper. U, is the maximum
amplitude, so it is the same as A. in equation 2.9 ¢ denotes the phase angle and 2

represents the driving frequency.
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A well established energy balance method was implemented by Verma and Hage-
dorn [28] to optimize the position of Stockbridge dampers along the span. It was
analytically determined that two successive dampers should be placed apart at a
maximum distance of 1 m. This ensures that both dampers will not be simulta-
neously located on nodes for any natural frequency of the system under 50 Hz. It
was also observed that the maximum strain and the amplitude of vibration are kept
within the permissible limits when dampers are kept in the range of 0.221 to 0.251%
of the loop length.

Agamenon et al. [29] also developed a dynamic model of Aeolian vibration to
predict the amplitude of steady-state motion of the conductor based on the energy
balance principle and a direct method for solving the resulting time-dependent Navier-
Stokes equation. They showed that numerical simulation will be more realistic if a
correlation between the tension and equivalent damping of the conductor can be
obtained.

The energy balance method is a very easy concept to implement with little com-
putation once the combination of the dynamics of the conductor, damper, and wind
is determined. However this method may lead to significant erroneous results because
of its assumptions. One of the weaknesses of the energy method is the assumption
of negligible flexural rigidity . This implies that the conductor is modeled as a string
instead of a tensile beam. Consequently, it can considerably influence the amplitude
of vibration for larger conductors which affects the bending stress at the clamps.
Also, the maximum amplitude of vibration is always overestimated because of the
negligible stiffness.

Another weakness is that the energy balance method can only be implemented at
resonance. While the amplitude of vibration is maximum at resonance, it is desirable
to know how non-resonant frequencies influence the conductor vibration. Further,
modeling the Stockbridge damper as a lump mass imparts a vertical inertia force at
the attachment of the damper. In reality, however, this force is not always vertical,
but remains normal to the messenger cable. As it can be inferred from equation [2.14]

the flexural rigidity of the messenger is neglected even though its inclusion can alter
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the overall natural frequencies and mode shapes of the system. Hence, the scope
for assessing the mechanical behaviour of the damper is beyond the capability of the

energy balance method.
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Chapter 3

Mathematical Formulation

3.1 Modeling of the Conductor Without Damper

3.1.1 Conductor Equation of Motion

The conductor is modeled as a simply supported beam with tension. The wind force

per unit length f(z,t) is assumed to be perpendicular to the conductor (Figure [3.1)).

STTTITTTR

Figure 3.1: Simply supported conductor.

The following assumptions are employed in deriving the equation of motion of the

conductor (equation :

1. Euler-Bernoulli beam theory is applicable since the ratio of the conductor length

to its diameter is very small (L/D is greater than 20).
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2. The mass per unit length, m, is uniform across the conductor span since its

diameter is constant throughout the span.

3. The tension, T, is assumed to be uniform across the span for simplicity. It is
known in practice that the tension varies from a maximum at the clamp ends
to a minimum in the middle of the conductor. However, the variation is usually

negligible for smaller and moderate span lengths.

4. The slope, 6, is very small since the amplitude of vibration is less than the

conductor diameter. Hence the theory of small deformation is applicable.

5. The flexural rigidity, 1, is constant. This assumption is for mathematical sim-
plicity because the flexural rigidity varies with the distance along the conductor.
However, for most conductors the flexural rigidity is very small. Therefore, it
does not have a significant effect on the conductor and hence the assumption

of uniformity of the flexural rigidity is reasonable.

Figure depicts the free-body diagram of a differential element of the conduc-
tor with original length dx, where w(z,t) denote the transverse deflection. V(z,1),
M (z,t), and T(z,t) denote the shear force, bending moment, and the tension at
the left-end of the conductor element, respectively. V(x + dz,t), M(z + dz,t), and
T(x 4 dz,t) are the shear force, bending moment, and tension of the element on the

right-end of the element, respectively.

‘j M (x+dx,t)

V (x+dx,t)

T (x+dx,t)

w (x,t)
T (x,t)

M (x,6) Q_l,(l dx

V (x,6)

Figure 3.2: A cut in the beam.

Since the Euler-Bernoulli beam theory is applicable, the shear force, moment, and
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slope are given by:

Pw *w ow

Applying Newton’s law of motion, Y F' = ma leads to the following:

2
V(z+dz,t)+T(x+dx,t)sin(0+db) — V(z,t) — T(z,t)sinf + f(x,t)de = pAdx%—;U
(3.2)
Recall Taylor Series:
g(a + dz) = g(a) + (dx)g/(x) + (dz)?gn(z)...
dg d*g
where g/ = e and g/l = =
Using the Taylor series expression, equation |3.2f can be written as:
dV(xz,t)  d(T(z,t)sin0) L QPw

Observe that pA = m, the mass per unit length, where A is the cross-sectional
area and p is the density of the conductor.
Since 6 is small = sin 6 = §. Substituting this into equation leads to:

dV(x,t)  d(T(x,t)0)  Pw
T ) =me (34)

For a constant tension in the beam, equation [3.4 becomes:

dV(z,t) df 0w
T — Y
dx * dx + flz,t) =m ot?

(3.5)
Substituting (3.1 into (3.5) and multiplying (3.5)) by (-1) leads to the fourth order
differential equation below:

*w 0*w 0w
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Equation [3.6] is the equation of motion of the conductor without dampers under

Aeolian vibration.

3.1.2 Theoretical Natural Frequency

The natural frequency of the conductor is determined from a free vibration analysis.

Assume that the transverse deformation w(x,t) can be written as:

w(z,t) =y(t)g(x) (3.7)
where
y(t) = Ay sin(wt + ¢) (3.8)
and
g(x) = ge** (3.9)

Substituting (3.8]) and (3.9) into (3.7)) yields:

ST o)y )
L [pdio@) _pdel@)] 1 dy(t)
= mg(x) ET drt T dx2 - _y(t) di2 (3.10)

Since the term on the right and the left side depend on ¢ and z, respectively, both

must equal a constant. Let the constant be w?.

2
Ld y(t) —w?
y(t) de?
dQZJ(t) _ 2

= o —y(t)w
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y(t) = Ay sinwt + By sinwt
y(t) = A;p sin(wt)

Also: ’ ,
1 d'g(x) . d°g(x) 2
ET -T =
mg(x) dzt dx? “

Assuming g(z) = ¢e**: The above equation can be written as:
El¢pz*e® — T¢z%e™ — w mpe™® =0

= Bl -T2 —w’m=0

Hence.

5 T +VT? + 4w*mFEI
127 2F1

The above equation leads to four roots (two real z1 o and two imaginary 23 4)

\/—T + VT2 + 4wimE]
21,2 = +

11

0BT (3:11)
T + VT2 + dw'mE]l

254 = ii\/ v 2;“’ o (3.12)

Alternatively, g(x) can be written as follows:

g(x) = ¢pe** = d; sinh zx + dy sin zx + dj cosh zz + dy cos zx
g/(x) = dyz cosh zx + dyz cos zx + d3z sinh zx — dyz sin zx

gM(x) = d12%sinh zx — dy2? sin zx + d32% cosh 2o — dy 22 cos zx

The pin-pin boundary conditions are that, there are no displacements and no moments

at both ends, hence g(0) =0, g(L) =0, ¢"(0) =0, and ¢"(L) =0
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Applying the boundary conditions yield:

0 0 1 1]
sinh 2L sin zL cosh zL cos zL
0 0 22 22
| 2?sinhzL —z?sinzL 2®coshzL  —2%coszL |

0
0
0
0

Since dy, ds, d3, and d4 are nonzero, hence the matrix must be singular and therefore

its determinant is zero. The determinant of this matrix is called the characteristic

equation and the roots of the equation are the natural frequencies, which correspond

to the eigenvalues. Equating the determinant to zero implies that

= 22%¢inzLsinh 2L = 0

Hence the characteristic equation is sin zL sinh 2L = 0.

For sinzL =0 éz:%

Equating equation to equation yields:

nmw \/Tj: VT? + 4w?mET
L

- OFT

Squaring both sides and rearranging leads to:

L 2F]
:<n_7r>4+ T? +T<n_7r>2£: T? +4w2mEI
L A(ET)? L) ET  2(EI? " 4(EI?
S () 4 (22 2T _w'm
L L EI EI
and
_nm T nm\2 EI
)T
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Equation is the theoretical natural frequency of a conductor without a damper.

3.2 Modeling the Conductor with a Stockbridge
Damper

All the assumptions made in section 3.1 are also applicable in this section. The
cable of the damper (messenger) is assumed to behave as an Euler-Bernoulli beam.
The clamp is assumed to be rigid and fixed to the conductor, which means that the
height, h (length of the clamp plate) is always perpendicular to the conductor at its
point of attachment. Figures and show the positioning of all the points of
interest for the derivation of kinetic energy and potential energy. The positioning of
the counterweight of the damper on the right side is shown in Figure [3.4, That for
the weight on the left-end is omitted for brevity, but both are similar except that the
subscript r which denotes the right-side is replaced by [ to denote the left-side.

L.

7

2

Z Z
Io

Figure 3.3: Conductor with damper diagram.
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conductor

MmMessenger

left end mass )3

right end mass

Figure 3.4: Close-up of damper.

3.2.1 Position Vectors

The position vectors of the conductor, the location of the damper, the mass of the
damper, and the messenger are described below: The position vector of a deformed

differential element of the conductor is written as:
7y (x,t) = zip + w(z, t)jo (3.15)
If the point of attachment of the damper is x = L4, then

7 = Laio +w(La, t)Jo (3.16)

The position vector of the right-end counterweight with respect to the reference frame
Fy is described as:
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where

Tmr(1) = Tgr + T gmar
Fgr = Fh + ﬁr

5 2 N
Ty = Lgrzl + Wy J1

N 4 N
Ty = —Lgt1 + wy i

Note that 7),,(1) represents the position of the right-end counterweight with respect
to frame 1, Fi. Also, from Figure it can be seen that 77, is the distance from frame
1, Fy, to frame 2, Fy, along 4; and that similarly 7; is from frame 1, F}, to frame 2,

F5. The position vector 77,y becomes:
Tonr(0) = Tgr + Tgmr + T (3.18)
Similarly, the position vector of the counterweight on the left-side is as follows:
Toni(0) = Tgi + Tgmr + T (3.19)
The position vectors of the messenger on the right and left sides are:

mer - F: + 77}1 + xmmgl + Wdr (xmma t)jl (320)

Trmi = T + Th + Ty + War (T, t)ji (3.21)

3.2.2 Velocity Vectors

The velocity vectors are found by taking the derivative of the position vectors with

respect to time.

e = wc<l’, t)jo (322)
P = b} (2, 1) jo (3.23)
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Note that 7 is the relative velocity vector of the clamp and it is defined as:
7’._’);1 = 01]23 X h}l = élhgl

where 6, is the rotation angle of frame 1, Fi, with respect to Fy. Hence the velocity

vectors are expressed as:

5 N Lx A -
Ty = Lgreljl + WerJ1 + wdrel
5 SN A £ A
™ = —Lgbij1 +wyj + wybh
Tgmr = Wr X Tgmy

Tgml = Wi X Tgmi

Using the equations above, the velocity vectors of the right and left side of the

counterweights are as follows:
7‘:;7”«(1) = élhgl + Lgréljl + Ib:hjl + w:hél + CJ; X Fng (324)
7%;ml(l) = élhgl - Lgléljl + w;ljl + w;lél + ('J\l X 7:"gml (325)
where . = (61 + 65)k
and LJ} = (91 + 6)3)]%

Note that 6, and 63 are the rotation angles of frames Fy and F3 with respect to Fy,

respectively.

3.2.3 Kinetic Energy

The kinetic energy (KE) of the cable is expressed as follows:

TC:—/% Iy dm (3.26)
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Note that the velocity of the conductor is expressed with respect to the reference

frame, Fy. Therefore, the KE of the conductor becomes:

Le

A
T. = (,;2 )e /w i, dx (3.27)

0

The KE of the right-end mass is defined as:

1

Tmr = 5 /ﬁm(o) -T._')mr(o)dm (3.28)

m

where ?mr(o) . ?W(O).

—

. . . 2 . 92 - . . . . .
Pmr(1) " Tmr(1) = (01h) + (Lgr01) + wdz + (wdr91)2 + (W X Tgme) * (W X Tgmy)
+ 202w} h + 2(61h)11 - (D X Fymy) + 2L g 01050

2Ly b1 - (2 X Fonr) + 2560y - (5 X For)

where w, is the displacement of the conductor at z. = L4, w}, is the vertical displace-
ment of the messenger at =, = L, (L, is the length of the messenger on the right),
and w}, is the vertical displacement of the messenger at x; = Ly (L, is the length of
the messenger on the left).

Expressing unit vectors of frame 1, F7, with respect to those of frame 2, F5, leads to:

le = 00591i0 — sin@ljo

J1 = sinbig + cosby jo

35



Using these equations, f’mr(l) can be expressed with respect to the fixed frame F{ and

Sk

- F’mr(l) = U}Zj'o . [9&(0089150 + sin&ﬁo) - Lgrél(—sm%%g + 0036’130)

+ 40 (—sinbyi, + c05017,) + w01 (cosbyi, + sinbyj,) + (& x Tgmr)]
Hence the coupling between the conductor and the right-end mass becomes:

7o Ty = W, 01hsindy + W, Lg,01co80y + w . wy,cos0; + W wy, 01 sinb,

xS o —
+ W JoW X Tgmyr

Now, substituting the equations above into ?’mr(o) . ?mr(o) and taking the integration
of the resultant equation yields the KE of the right-end mass which may be written
as:

T = = /7?; cdm + /ﬁk Ty dm + % /?mT(l) Frr(ydm (3.29)

Note that [ 7,,dm = 0 since this is the first moment about the centre of mass. Also,
m
J (&G X Fymy) + (&y X Fgmmy)dm = Iw?. Where I is the moment of inertia

m
The next step is to evaluate each term in equation |3.29

/

m

. 1
7o Fdm = (i)’

DO | —

[

/(F* ?mr(l))dm = Mg [él(hsmel + Lgrcosth + wj, sinby) + w),.cost |

1 . 1 .92 .
5 / _’mr(l)dm = §de[01 (h2 + L;r + U)ZTZ + 2h’LUZT> + 291L9T’U.)2T + w:lf]

m

1 . .
+ éldr(t% + 6’2)2
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Hence equation becomes:

Lgr

. : 1 :
T = immr(u‘):? + (01R)? + 20, h) + §(pA)mT /{sz [01 (2 rcos6;
0

+ wgrsinby) + wgr-cosby] + 9-12(me2 + wg? 4 2hwg,) + 22 a1 + W3 Ydx,,
(3.30)

Assuming small deformation and rotation, sinf ~ 6 and cosfl ~ 1 and dropping
higher order terms (>3), equation becomes:
1 . g - .2 x .
Ty = §mdr{w02 + ch (engT + wdr) + 91 (h2 + ngyr) + 2L97“wdr91 + wd?}

1 . .
+ éldr(el + 62)2

(3.31)

Similarly,the KE of the left-end is given as:

1 . . . 2 kg .
T = §mdz{w:§2 + 207 (=01 Ly + 1) + 01 (h* + L) — 2Lgrig0h + g}

1 ) )
+ 5[&(91 -+ 93)2

(3.32)

The KE of the cable on the right-side is given as:

Lgr
1 . 1 .
Tomr = §mmr(wz2 4 (91h)2) + §(pA)mr /{2wzwdr + 22 01 Wy + w?ir}dx
0
1 sk T2 2,2 3
+ 5 (pA)mr (W01 Lg, + 501 Ly, ) (3.33)
Similarly, the KE of the cable on the left-side is:
Ly
1 . 1 .
Tomi = 5mam (@07 + (6010)%) + 5 (pA)m /{%chu — 2abh g + Wy tde
0
1 sk T2 22 3
— i(pA)ml(wcﬁngl + 501 Lgl) (334)
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The total KE is then obtained as:

T = Tc + Tm’r + Tml + Tmmr + Tmml

L.
T = (pz) /wc Hthedr + 5map{uE + 207 (01 Ly + 10G,) + 0y (0 + L2,)
0

v . 1 : - 1 . s S .
+ 2Lgrw§r91 + wdf} + ildT(Gl + 02)2 + émdl{wcz + 2wc(—01Lgl + wdl)

. . 1 . .
+ 6, (h? 4+ L%) — 2L iy + i} + S0+ 65)°
Lgr

. 1 .
+ _mmr(wzg + (01h)2> -+ §(pA)mr /{QU];wdr + 2xmr91wdr + U)Zr}dl‘

DO | —

0

1 - 2 . 1 .
5 (0 A (26, L2, + 591%;) + () + (614)°)
Ly
1 Cx . > . .9 1 cxn T2 2, 2 3
+ 5(,014)7”[ {2wcwdl — 2l’m101wdl + wdl}dx - E(pA)ml(wcengl + 561 Lgl)
0
(3.35)
3.2.4 Potential Energy
The strain energy is defined as follows:
1
U= §/aedV (3.36)
%

where € is strain, o the stress, and dV the differential volume. The strain is given as:

du

== (3.37)

€

From the assumption of using Euler-Bernoulli beam (Tﬁfgﬂ :ss > 20), the displacement
in the x direction is:
dw
U=—z— 3.38
- (3.38)
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where w denotes the transverse displacement and z represents the coordinate in the

transverse direction. Substituting the constitutive relation
o = Fe (3.39)
and equations [3.37H3.38] into [3.30] yields:

L
1 Pw\
A 0

L

1
= U =3Bl / (w")?dx (3.41)

0
where I = [ 2z?dA is the moment of inertia. The tension length of the deformed

A
differential element of the conductor is related to the undeformed length as:

1+1 dw\ 2
2 \ dx

where dw is the displacement along y-axis, see Figure [3.2l Hence the differential

ds = (dz* + dw?)"? = dx

stretch in the conductor is:
1 2
ds — dr = 3 (d_w) dx (3.42)

Therefore, the work done by the tension is:

L

W—lT/ ) (3.43)
2 dz o '
0

Using equations and [3.43] the potential energy (PE) of the conductor can be

expresses as:
C LC

1 9w, 2 1 ow, 2
V.= §(EI)C/ ( 92 ) dx — §T/ ( (9&:) dx (3.44)
0 0
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The PE of the right-end mass is:

Vir = —MarGJo [wé}'o + heosby j, — sinbri, + Lgr(cosglgo + sin@ljo)
+ W, (cos0y 7o + sinbyi,)] (3.45)

where g denotes gravity (¢ = 9.814 m/s?). Using the assumption of small deformation

where sinf; =~ 6, and cost; ~ 1, the PE of the right-end mass becomes:

Vir = —marg(w; + h + Lg01 + wy,) (3.46)
Similarly, the PE of the left-end mass is:

Vi = —mag(w; + h — Ly0; + wy;) (3.47)

Also, the PE of the right and left side of the messenger are expressed as:

Ly,
1 82wm,,«2
=—(FKI 4
mer 2( )mr 81’2 d.CC (3 8)
0
Ly ) 9
1 0 Wml
mml = = (E1) —d A4
V 1 2( ) l 3172 x (3 9)

0

The total PE is: V =V, 4+ V., + Vour + Vi + Viow and after algebraic work, it is

written as:
L. L.
1 82wc2 1 Ow,.? . N
V= 5{(EI)C/ 92 dv — §T/ o dz — mgrg(w: + h+ Lg.01 +w},)
0 0

Ly
(W’ + h — Ly, + *)+1(EI) d +1(EI) /aQMled}
—m w - w P mr T3 m z
dig (W, gl¥1 dl B 02 9 ! 12
0

(3.50)

where FI. the flexural rigidity of the conductor. FEI,,,., El,;, mg., and mg, are
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the flexural rigidity and the mass of the counterweight on the right and left, respec-
tively. Ly, and Ly are the length of the messenger on the right-side and the left-side,

respectively.

3.3 Finite Element Modeling

This section consists of two subsections. The first subsection deals with the finite
element modeling of the conductor without a damper and the second includes the
damper.

The field variable is interpolated along the span of the structure using cubic La-
grange interpolation shape functions [30]. These cubic shape functions, ¢, are also

known as Hermite shape functions and are defined as:

2 3 2 3
&£ & £ &

3.3.1 Finite Element Modeling of the Conductor Without
Damper
The representation of the finite element model of the conductor without damper is

depicted in Figure The element consists of two nodes and each node consists of

two degrees of freedom to match with the hermit shape functions described previously.

® °
G s
qz {4

Figure 3.5: Schematic of finite element of the conductor without damper.

The equation of motion of a conductor without a damper was derived in section
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3.1 and it is reproduced here as:

o0*w 9*w d*w
BIS G =TSS4 mes =0 (3.52)

Using Galerkin method with W; denoting the weight factor leads to:

L
0*w 0w 0*w
/ (E] =T s ) Widz = 0 (3.53)

Discretization of the beam into a number of finite elements and integrating equa-

tion by parts gives:

/E184—wW-d:c— /Tiner m  Widz = 0 (3.54)
oxt ' 02 ’

0
Integrating the first term of equation twice gives:

L L 2w 62
/ & Wi = WV~ WMk / W (3.55)

Or® 022
0 0
where V and M are the shear and the bending moment, respectively and they are
given as follows:
Pw 0w

Integrating the second term of equation [3.54] once yields:

L

/ C o Wida = [ ] /W T— (3.56)

0

Substitute equations (3.55)) and ([3.56)) into equation ([3.54)) yields:

L L
2 2
[VWi—MWi]OLJr/EIa—w&W—[ > } /a_w
0

522 O xda: /m W,dx =0

' (3.57)
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W; can be written as:

o

B dq;

W where @ = [¢]{q} aswell @y = |0, {¢} and w=|¢]{j}

where

¢:L¢1 G2 ¢3 ¢4J>

41
a2
as
[ 4

/
q and ¢ represent the nodal displacement and acceleration, respectively.
Note that

Wi =¢;

Applying boundary conditions:

For x=0; W;(0)=0
x=L; Wi(l)=0

Since there is no deflection at both ends:

VW, — MW;)¥ =0 and {TW%—ZLL =0
Hence equation [3.57] gives:
[(oreno),,)artar+ [ (1002T101,) dota) + [ (1617 mlol) de ) =0
’ ’ ’ (3.58)
Equation [3.58| can be written as:
[M]{q} + ([Kp] + [K7]) {q} =0 (3.59)
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where the mass matrix, M is expressed as:

— [ (1) mle)) do

The above equation yields:

156 221 54 —13L |
pAL| 220 4L* 13L 3L
C 420 | 54 13L 156 —22L
| 131 312 220 412

(3.60)

The stiffness matrix due to bending, Kp is :

Ky =/L LEI6),,) dn

The above equation yields:

12 6L —12L 6L

EI'| 6L 4L —6L 2L?
KBl = — (3.61)
L3 121, —6L 12 —6L

6L 2L* —6L 4L

Also, the stiffness matrix due to tension, Kt can be written as follows:

e o)
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The above equation becomes:

S 05 % 05
T| 05 0667L —05 —&
[Kr]=+1 ) v (3.62)
-3 —05 & —05
| 05 —f —0.5 0.667L |

3.3.2 Finite Element Modeling of the Conductor With the

Damper

In this section, the kinetic and potential energies derived in section 3.2 are used in
conjunction with the Hamilton’s principle to derive the stiffness and mass matrices
of the element of the conductor with a damper. The finite element of the conductor
with the damper is delineated in Figure [3.6] This element consists of fives nodes, two
for the conductor and three for the messenger. Initially, the messenger consisted of
four nodes, two each on the left-side and right-side. However, a node on both sides
coincide at the point of contact of the messenger with the clamp. Hence, these two
nodes were merged, resulting in three nodes for the messenger. Overall, the size of
the element matrices of the conductor with a damper resulted in a 10x10 matrix since

each node consists of two degrees of freedom.

L o
qcl qCS
ez ® l e Cca
Qadiz  Qan=Qdr dr3
Qad Qaz=drz  (dra

Figure 3.6: Schematic of finite element of the conductor with damper.

The displacement of the conductor, the right-side damper, and the left-side damper
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are written as follows:

We = ¢0ch
War = ¢drTer

Wy = ¢lede (3-63)

where the ¢s represent the elemental mode shape vectors and the g¢s represent the
elemental displacement vectors. The subscripts ¢, dr, and dl denote the conductor,
the damper on the right, and the damper on the left, respectively. Note that the
superscript 1" denotes matrix transpose.

The slopes are defined as

aw * 7
0, = —= = o, q,
1 o b q
awdrr* T!
0y = = r* r
2 o Gar’ qa
(9wdl* T
05 = = ¢a” .64
3 o7 Gar” qai (3.64)

where ¢} represents the elemental mode shapes vector at © = Ly, ¢, and ¢}, repre-

sents the elemental mode shapes vectors at x, = L, and x; = Ly, respectively.
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Substituting equation and into the kinetic energy equation [3.35], yields:

L.

1 .
“ma{ QT b 0 e + 247 dc (X e Lyr

(X pepe" 4o)dw + 5

0
+er¢dr )+ (0 e7 o ch)(h2+L_(2]r) + 2Ly G0 Qe + Qi O Gy dar }

+ QIdT((QC 65 0 4e) + (G565 dar™ T dar) + 24705 b Gay)

1 . T« . «
+ 2mdl{qC (bc (bc ch + 2qc ¢c ( ch<Z5c Lgl + Q£¢dl )

+ (qg¢zl¢c* Tdc)(h2 + Lzl) - 2Lgld£¢;l¢c* ch + Q£¢:ll¢dTl*le}

1 . « T . . ¥ T . . « T .
+ —Idl((qgﬁbc be TC]c) + (Q£¢dz¢dl Tle) + 2ch¢¢ bar Tle)

2
1 . * . «T - . ' T .
+ immr((QZ¢c O ) + (G2 de* o™ 4e)h?) (3.65)
Lgr
1 T s .
§(p‘4) /{QQZ¢C¢drTQdT + zxmrqc ¢c (bdr qdr
0

. . 1 .
+ Q£~¢dr¢drTer}dx + i(pA)mr( (bc (bc QC gr + qc ¢c (,bc TQc )

1 . * ; *T -« . ' «'T .
+ §mmz((ch ¢ o o) + (47 ¢e” b T Ge)h?)

1
= A ml /{2ch¢ ¢dl dai — 2xmlqc ¢ ¢dl qar + qdz¢dl¢dl de}dﬂi

[\3

. o ow 2.0, W, T
- §<pA)ml<ch¢c Ge chﬁl + ng¢c Ge TQchl)
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Now, substituting equations and into the potential energy equation [3.50]
yields:

L. L

1 " " 1 1 T *
V= §EI/(QCT¢C ¢c T(]c)daj - éT/(qCT¢C¢C QC)dx - mdrg(QCT¢c + h
0 0

+ LgchTch* + erT(bjlr) - mdlg(QCT(b: + h — Lngchbc>|< + leT(bdl*) (366>
Lgr Ly

1 1" 1" 1 1 1
+5EDr [0 6if e + SED [ (aa 630 g
0 0

Hamilton’s principle is used to derive the equation of motion:

to
/ (85T = 6V + 6We)dt = 0

t1

where 07" is the variational of the kinetic energy, 0V the variational of the potential
energy, and 0W,,. is the virtual work of the applied forces. And the variational of the
position vector is: or; = 0,1 =1,2,...,¢0: T =1t + t5
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Taking the variation of the kinetic energy:

L

. . 1 T % . T - T v #T
0T = (pA)c /(5QZ¢C¢CTqC)dx + §mdr{25qz¢c ch ch + 259?% ch TQchr
0

+20G7 0" 6 G Loy + 2047 $3 05 dar + 204005 02T de + 20047 0% 7 ) (h* + L2,)
+ 2LQT5er¢2T¢C* Tq'C + 2Lg’r‘5q'c gbz ¢dT*quT + 25qdr¢2r¢dr * er}
+ 1 (6470 0T de) + (045 6 bar™ T dar) + 047 6 dar™ " dar + 665 050" T de)

1 * * *
+ del{quc ¢c ¢c TQC - 25ch¢c ¢c ch gl — 25ch¢c ¢c TQc gl + 25q(;T¢ ¢dl le

+ 205050 Ge + 20647 6 67 4e) (W + LYy) — 2Ldidade " de
— 2Lg0d! ¢ ba™" Guu + 2045070085 * da} + La((66) 6% ¢ T de) + (04adada” " da)
+ 80T 6% b T + 00050 " de) + mane (507 6700 de) (3.67)

Lgr

+ (067" o g )h?) + pA /{2 0GL B bar” Gar + 045 D de” )

+ 2xmr(5qz¢:,¢dr er + 6er¢flr¢c QC) + 25Q£«¢dr¢drT§?dr}d$

1 . * . *'T + . ' «T - *’
+ §<pA)mr((5qZ¢c Pc th: + 5(]?@; Pe TQC) p T 5% b <Z5c ch )
Ly
T ow . wT - T T - 1 T s .
+ mml(((SQZQSc ¢c TQC) + (5qz¢c ¢c ch)hQ) + §(pA)ml /{2<5qz¢c¢lele
0

+ 5@£¢Zz¢chc) 2$mz(5qc o ¢dz dai + 5qdl¢dz¢c de) + 25%[%1%1 qai }dz

1 . * o T - . ! ks . ' T .
- §(pA)ml((6QZ¢c ¢c ch + 6qz¢c ¢c ch)Lﬁl + §5ch¢c qbc TqCL3l>
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The variation in the potential energy is:

L. L.
5‘/ = 5ch(E] / ¢IC,¢CHTQCdx - T / ¢IC¢CITQCd:L‘) - 5QCTg[mdr(¢z + Lgrqbc*)
0 0

— ma(¢F — Lyd.")] — 6a5,margdar” — 6qa” magoa’ (3.68)
Lgr Lgl

+ 5erT((E]>mr / gb;rgbdr”TQdT)dx + 5leT(<El>ml / gb;lgbleTQdZ)dx
0 0
The variation of Wy, W, is defined as:

Wy = —0q." glmar (0 + Lgrde*) — ma(df — Lade)] — 65, margdar”™ — dqa” magda’”
(3.69)
Note that §W, is the work due to gravity. Hence, the variation of the potential energy

becomes:

L. L. Lgr
5‘/ - 5QCT<E] / ¢Z¢CIITQCdx =T / ¢;¢CITQCdx) + 5erT((EI)mr / ngrgbdr”Ter)dI
0 0 0

Ly

+ Squ” (ED) / o b Tqu)dz + 6, (3.70)
0

Observe that the potential energy and the work by the weight involve only the
virtual displacement whereas, the kinetic energy involves both virtual displacement
and virtual velocity. Therefore, in order to derive the equation of motion, the virtual
velocity must be transformed to virtual displacement through integration by parts of
the kinetic energy.

Recall integration by parts: f udv = uv| — f vdu. Whereupon, in this case, the uv
term equals zero because of the auxiliary condition that states t; and ¢, are known.

To this end, carrying out the integration by parts of the variation of the kinetic

energy and rearranging and factorizing by dq., dqq-, and dqg, respectively, leads to
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the equation below:

to

L
/6Tdt = _(/(6QCT[{(pA)C / ¢c¢chfE + mdr[¢c*¢c*T + LgT(¢c*¢c*/T
0

t1

to

t1

+ e 0 + 67 07TV (B2 + L2+ Tnde” 6T + malde ¢ — Lo g™
+ 0 0T+ 07 0TV + L] + Tade” ¢ T + M (076 + ¢ o T h

1 * « %! % 2 e « « * *
+ é(pA)mr[Lgr(¢c ¢c r + ¢c ¢c T) + §L3r¢c ¢c T] + mMml [¢c (bc T

"% 1 Tx 1 * k! * % 2 % .
+ ¢c gbc Th2] + §(pA>ml[_Lg2]l(¢C ¢c g + ch ¢c T) + §L3l¢c ¢c T}dl‘}qc

Ly

+ {mdr<¢c*§bdr*T + Lgr¢c*/¢dr*T> + Idr¢c*l¢dr*/T + (,OA)mr /(¢c*¢drT
0

+ Ly Bar” ATy Yiar + ima(0e ™ — Lade” da™) + Lude” da™ "
Ly

+ (pA)ml /(¢c*¢le - xml(bc*/(ble)dxml}(jdl] - 5erT[{mdr(¢dr*¢c*T
0
Ly
+ Lgrgbdr*gbc*/T) + Idrgbdr*lgbc*/T + (pA)mr /(gbdrgbc*T + mmrgbdrgbc*,T)]dxmr}q.c
0
Lgr
+ {mdr¢dr*¢dr*T + [dr¢dr*l¢dr*/T + (,OA>m7“ / ¢dr¢der$mr}er

0

Ly

- 5leT[{mdl(¢dl*¢c*T - Lgl(bdl*(bc*/T) + Idl(bdl*/(bc*lT + (pA) /(¢dl¢c*T
0

— T dade” N dTm }a. + {maléa” éa™" + Tuda” da™ "

Ly,

"’(PA)ml/¢dz¢dzT]d$ml}de)dt) (3.71)
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Hence, equation can be written in a matrix form as follows:

Mcc Mcr Mcl q.c
10¢."6qa," 6qa™ | | M,e M,. 0 G (3.72)
My, 0 My qai

where

L.
M. = (pA). / 6067 0T + marde 60T + Lon(6 65T + b 67T
0

+ 67 0T (W2 + L2)] + Lovo” 6" + malo o — La(de o "
+ de pT + ¢>:’¢:’T<h2 + L)) + Lade” 6" + mune[pe" ¢

FOS 0TI 4 S (A mr (L, (00" + 6™ 0™ + 3L3T¢c 6]

1 !
~(pA) i~ Ly (0 0" 9T

+ [ 0T+ e *pe ThY) + 2

2 */ */
+§L3l¢c o Tdx

Mcr = mdr<¢c*¢dr*T + Lgr¢c*/¢dr*T) + Idr(bc*/(bdr*/T
Lgr

+ (pA)mT‘ /(¢C*¢drT + mmr¢c*l¢drT)dxmr

0

Mrc = mdr<¢dr*¢c*T + Lgr(bdr*(bc*/T) + Idr(bdr*/(bc*/T
Lgr

+ (pA)mr /(¢dr¢c*T + xmr¢dr¢c*lT)dxmr

0
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My = ma(¢e da™ — Lade” ¢a™) + Lud” da™"

Ly,

+ (PA)mi /(¢c*¢dzT — xml¢c*l¢le)dxml

0

M. = mdl(¢dl*¢c*T - Lgl¢dl*¢c*/T) + [dl¢dl*/¢c*lT

Ly

T (PA)mi /(¢dl¢c*T — Zpibade” )
0
Lor

Mrr = mdr¢dr*¢dr*T + [dr(bdr*l(bdr*lT + (pA)mr / ¢dr¢derxmr
0

Ly
- * «T oy «'T T
My = mada da™ + Luda™ da™" + (pA)m / QarPar” AT

0

Thus, the mass matrix Mp can be expressed as:

Mcc Mcr Mcl
MD = Mrc Mrr 0 (373)
My, 0 My

The stiffness matrix is obtained from subtracting equation from equation [3.69
(0V — 6W,). Note that the resulting equation can be written as:

K. 0
L5QCT5erT5leTJ 0 K., 0 Qar (3.74)
0 0 Ky qai
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Hence, the stiffness matrix can be written as:

K. 0 0
Kp = 0 K, 0
0 0 Ky

where

L. L.
Ko =06q." (EI / ¢ ' qedr — T / Gede " Gedr)
0 0

Lgr

K, = (EI)p, / by ar L qar)da

Ly
Ky = (E[)mz/(/bgz%z”Tle)d%
0
The virtual work of the wind force is defined as:

L.
IWhe = /F(t)(chdx
0

Discretizing equation and taking its variation yields:

Le

SWe = 0q.T / F(t)p.dx

0

where F(t) is the uniform wind force across the conductor.

o4

(3.75)

(3.76)

(3.77)



Equation [3.69| can be written as:

WCC
104c" 0qar" Oqa™ | | W, (3.78)
Wi

where

Wee = g[mar (97 + Lgrde™) — ma(¢; — Laoe")]
Wrr =g mdr(bdr*
Wiu=g mdl¢dl*

Finally, using equation [3.72] [3.74] [3.76] and [3.78] the equation of motion is expressed

as follows:

M, cc M, cr M, cl Q}; K cc 0 0 ge ch L.
Mrc Mrr 0 qdr + 0 Krr 0 qdr = Wrr +/ F(t)QdeQT
My 0 My Gar 0 0 Ky qar Wy 0

(3.79)
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Chapter 4

Dynamic of Single Conductor

Without Damper

4.1 Description of the Matlab Codes

This section describes the MATLAB codes (Appendix [B.1). The overall codes consists
of 5 subroutines, a main function for the free vibration, and a main function for the

simulation. The subroutines and the main functions are described as follows:

1. Matrizx KM is the subroutine where the mass and the stiffness matrices are
computed. It consists of the mass and stiffness matrices of the element damper
(Mp and Kp) and the mass and stiffness matrix of the element without damper

(M, K).

2. Assemble KM this subroutine assembles the element mass and stiffness matrices.
The output is a global mass and stiffness matrices and the size of these matrices

depends on the number of element considered.
3. Apply BC' is the subroutine used for applying boundary conditions.

4. Free vibration calls all the subroutines described above and then computes the

natural frequencies.
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5. Linearize: This subroutine is used as a state space equation to convert the
second order ODE (ordinary differential equation) to the first order ODE so

that the function ode/5 can be used in the subroutine Mainsimulation.

6. Mainsimulation: This subroutine determines the response of the system.

4.1.1 Modal Analysis
4.1.1.1 Description of the Conductor Characteristics

The parameters used for the purpose of the modal analysis are taken from Ref. [10] in
order to allow the comparison of the obtained simulation results to the corresponding

experimental results. The conductor has the following characteristics:
1. Mass per unit length, m = 0.8127 kg/m.
2. Flexural rigidity El,.;, = 11.07 N.m2.
3. Mechanical load (tension) in the cable, 7" = 15860 N and 10700 N.

4. Three span lengths were considered, L = 13.385 m, 32.3 m, and 65.355 m.

It should be noted that the minimum flexural rigidity is used in all computations for
the sake of safety since the worst case scenario of having a failure would result for

Elin.

4.1.1.2 Methodology and Results

With respect to the finite element results, the mass and stiffness matrices derived in
chapter 3 are incorporated in the MATLAB codes. For the purpose of validating the
model, the simply supported boundary condition is employed. The first five natural
frequencies are tabulated in Table[d.I} The exact or theoretical natural frequencies are
obtained using equation [3.14] As it can be seen, the natural frequencies found from
the finite element method are identical to those established from the exact solution.
The percentage of error for the 13.385 m span length is 1% and the remaining two

span lengths resulted in no error.
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Table 4.1: Finite element (FE) and theoretical (exact) natural frequencies.

Natural frequency (Hz)

L = 13.385m L =32.3m L = 65.355m

T = 15860N T = 10700N T = 15860N

FE Exact FE Exact FE Exact
5.21850 5.2185 1.7762 1.7762 1.0688 1.0688
10.4380 10.4376 3.5525 3.5525 2.1375 2.1375
15.6580 15.65679 5.3289 5.3289 3.2063 3.2063
20.0881 20.8801 7.1054 7.10564 4.2751 4.2751
26.1080 26.1046 8.8822 8.8821 5.3439 5.3439

Mode

U W N =

In Ref. [10], a prototype of the overhead transmission lines testing was performed.
The experimental data were obtained using five accelerometers placed along the cable
at L/2,3L/8, L/4, L/8, and L/16 with a system excitation from an impact hammer.
The first five natural frequencies of the three span lengths found experimentally are

tabulated in the table below.

Table 4.2: Experimental natural frequencies.

Natural frequency (Hz)
Mode L =13.38m L =323m L = 65.355m
T = 15860N T = 10700N T = 15860N

1 5.2200 1.7760 1.1159
2 10.4603 3.5179 2.1234
3 15.6638 5.2539 3.1829
4 20.9681 7.0183 4.2509
5 26.1545 8.7359 5.3081

The comparison of the experimental and the finite element results is illustrated
in Figure From this figure, it is evident that both results are very close. The
percentage error for 13.385 m, 32.3 m, and 65.335 m span lengths is found to be
1.21%, 1.3%, and 0.32%, respectively. The discrepancies in the results are due to the
fact that the non-linearity effect and the conductor torsion were not accounted in the

mathematical formulation.
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Figure 4.1: Comparison of the analytical and experimental results.

4.2 Forced Vibration Analysis

4.2.1 Conductors Selection and Transmission Lines Condi-
tion

Two common conductors used for transmission lines with very different characteristics
are selected. The conductor 240/40 sq.mm ACSR (26/7) and 1840 Kcmil drake ACSR
(72/7) are choosen from the EPRI handbook [1]. The first conductor would be used in
both parts of the analysis since its diameter falls within the range of the Stockbridge
damper requirements. The second conductor is only used in the first part to verify
the dynamics of the conductor with higher flexural rigidity.

With respect to the applied force, it was indicated in chapter two that the wind
force applied on the conductor can be approximated by equation since past in-
vestigations have shown that the conductor behaves as a rigid cylinder. Hence, the
force by unit span length is calculated for each conductor using this equation and
taking the average value of the lift coefficient to be 0.3 and the density of air to be
approximately 1.2 kg/m? at 20° C. Should this lift coefficient of 0.3 be used, the
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maximum amplitude of vibration cannot exceed the diameter of the conductor. It is
important to note that the expression of the wind force Fj is in terms of the wind
speed and it is the amplitude of the sinusoidal wind force in equation [2.8]

The span length for a typical transmission line can vary from 100-1000 m, and a
span length of 372 m is used in this analysis.

Conductor 240/40 sq.mm ACSR (26/7) consists of 26 strands of aluminum with a
diameter of 3.439 mm/strand and 7 strands of steel with a diameter of 2.675 mm/s-

trand. This conductor has the following characteristics:
1. Mass per unit length, m = 0.987 kg/m.
2. Overall diameter, D = 21.9 mm.

3. Rated tensile strength, RT'S = 86,400 N (20% RTS = 17280 N; 25% RTS =
21600 N).

4. Minimum flexural rigidity, 1, = 16 Nm?2.

5. Maximum safe bending amplitude at 25% RT'S, and 20% RT'S with Yjsfe =

0.310 mm, and 0.3 mm, respectively.

6. Applied lift force per unit length, F; = 0.00378v* (N/m) (where v is the wind
speed in m/s) for v =7 m/s , [} = 0.18522 N/m.

Conductor 1840 Kcmil drake ACSR (72/7) is one of the conductors that possesses
the highest flexural rigidity and mass per unit length. It consists of 72 strands of
aluminum with a diameter of 4.407 mm/strand and 7 strands of steel with a diameter

of 2.068 mm/strand. The remaining characteristics of this conductor are:
1. Mass per unit length, m = 2.91 kg/m.
2. Overall diameter, D = 44.069 mm.

3. Rated tensile strength, RT'S = 200,600 N (20% RT'S = 40120 N; 25% RTS =
50150 N).
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4. Minimum flexural rigidity, El,;, = 97.11 Nm?2.
5. Maximum safe bending amplitude at 25% RT'S, Yjsqr. = 0.170 mm.

6. Applied lift force per unit length, F; = 0.007932v% (N/m), for v = 7 m/s,
F, = 0.3886 N/m.

4.2.2 Simulation Results

Both conductors are only excited for higher modes since the Strouhal frequencies (for
a wind speed varying 1 to 7 m/s) obtained for 240/40 sq.mm ACSR and 1840 Kcmil
conductors varies from 9.52 to 66.666 Hz, and 4.53 to 31.75 Hz, respectively. The first
mode of the 240/40 sq.mm ACSR (26/7) that fell within the range of the Strouhal
frequency is found to be the 52nd mode with a frequency of 9.46 Hz. While the first
excitation mode for the second conductor is the 29th mode with a frequency of 4.609
Hz. The wind velocity responsible for the first resonant frequency is, indeed, 1 m/s
for both conductors.

For the purpose of determining the wind force, the velocity of the wind is taken
to be 7 m/s. The highest uniform wind pressure is the worst case scenario since this
resulted in the highest displacement. Hence the applied wind pressure is fixed for
both conductors and it is determined to be 0.18522 N/m and 0.3886 N/m for the
240/40 sq.mm and 1840 Kemil conductors, respectively.

The 240/40 sq.mm is considered first. Using the 20% rated tensile strength (RTS)
condition, the maximum peak-to-peak amplitude is found to be 8.498 mm, 3.626
mm, and 1.175 mm for a frequency of 9.46 Hz, 21.979 Hz, and 66.66 Hz, respectively.
The 25% RTS condition is also evaluted and it is determined that the first resonant
frequency results in a peak-to-peak amplitude of 7.91 mm and the last resonant
frequency produces a value of 1.056 mm. Figures and show the normalized
amplitude of vibration with respect to the diameter (Y.../D). From Figure
it is apparent that the normalized displacemnt is less than 0.2, implying that the
amplitude of vibration is less than the diameter of the conductor by almost an order

of magnitude, which is in agreement with the conclusion found in the literature.

61



With respect to 1840 Kemil conductor at 20% RTS, the maximum peak-to-peak
displacement across the conductor is determined to be 14.43 mm and 2.01 mm for
the first and last resonant frequencies, respectively. Also, the conductor displays a
peak-to-peak amplitude of 4.92 mm when it is excited at a resonant frequency of
13.017 Hz. Using the 25% RTS condition, the peak-to-peak amplitude is found to be
12.68 mm, 4.411 mm, and 1.80 mm with respect to the three natural frequencies listed
previously. Figure [4.3|shows that the maximum normalized amplitude of vibration is
less than 0.3.

An investigation is done on the 1840 Kcmil conductor to determine how the am-
plitude of vibration changes with respect to the span length. Three lengths are
considered 300 m, 200 m, and 100 m. The peak-to-peak amplitude of vibration, ¥4z,
corresponding to these three span lengths are determined to be 11.718 mm, 8.455
mm, and 4.418 mm, respectively. It is evident from Figure [4.4] that the normalized
displacement decreases with decreasing span length. This fact is intuitive and in
agreement with the literature. Thus, a shorter span is less susceptible to Aeolian
Vibration than a longer span.

Furthermore, the effect of the tension was examined on the 240/40 sq.mm conduc-
tor. This is done by inspecting the amplitude of vibration at the midpoint for 10%,
20%, and 35% RTS while keeping the span length of the conductor and the forcing
frequency fixed. The 10% RTS condition results in the highest amplitude of vibration
and this value is less than one-half of the diameter of the conductor.

As shown in Figures [£.5] and [4.6] the maximum amplitude of vibration increases
with decreasing tension for both high and low forcing frequencies. This is not sur-

prising since the stiffness of the cable increases with increasing tension.
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Figure 4.6: Effect of tension on the amplitude of vibration at higher forcing frequency.

4.2.3 Bending Amplitude

Recall that the bending stress is proportional to the bending amplitude. Hence in
order to predict whether the conductor is safe, it suffices to determine the conductor
bending amplitude and compare it to the specified limit. This bending amplitude is
usually measured at a distance of 89 mm from the suspension clamp and it is given as
Y, = Yiaesin(0.089n7 /L) [21I] where n is the mode number and L is the span (L/n
is the loop length).

For the 240/40 sq.mm conductor, the bending amplitude is determined to be
0.319 mm for 20% RTS. Note that this value corresponds approximately to the 52nd
mode (9.46 Hz) which resulted in the highest maximum amplitude. The bending
amplitude of the 1840 kcmil conductor is found to be 0.496 mm corresponding to the
29th mode for 25% RTS. The safe bending amplitudes are given as Y, e = 0.316
mm at 20% RTS for 240/40 sq.mm conductor, and Y, e = 0.17 mm at 25% RTS
for 1840 Kcmil conductor. Comparing the calculated bending amplitudes to the safe
bending amplitude, it is concluded that neither conductor is safe when dampers are
not attached. Overall, the bending stress (bending amplitude) would exceed the

endurance limit (safe bending) resulting in fatigue damage.
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Chapter 5

Numerical Analysis of a Single

Conductor Plus Dampers

5.1 Free Vibration Analysis

This section examines the validation of the mathematical model by comparing the
natural frequencies obtained from MATLAB to those obtained using the commercial

finite element analysis software, ANSYS.

5.1.1 Validation of the Model

A free vibration analysis is performed in ANSYS to validate the finite element model
of the conductor with a damper. For the purpose of validating the model, the same
parameters for the conductor used in section 4.1.1 are employed both in MATLAB
and ANSYS. The damper has the following characteristics: EI = 3.19 N/m?; mg, =
4 kg and mg = 2.75 kg (mass of damper on right and left) ; pAg- = pAgy = 0.2 kg/m
(messenger mass per unit length on right and left); Ly = Ly = 0.2 m; h = 0.05 m
(height of clamp). The damper was placed at distance of 4.1 m from the left end of

the conductor.
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5.1.1.1 Simulation in ANSYS

Both the conductor and the messenger are modeled using BEAMS3 element, which
is a two dimensional elastic beam element. The two counterweights at the ends are
modeled as mass21 elements, which is a two dimensional mass with rotational inertia.
The clamp is modeled as BEAMS, but it is assumed that its mass per unit length is
negligible compared to that of the conductor and the messenger. The span length is
13.375 m and the damper is placed at a distance of 4.1 m from the first node. The
tension is considered to be zero so that the effect of the damper properties on the
natural frequency can be isolated. Fixed boundary conditions are applied at the first
and last finite element nodes of the conductor span by restricting the displacements
along the z and y axis and the rotation about the z axis .

The first three modes are shown in Figures to the 10th and 15th mode
are illustrated in Figure [5.5] and and the 5th mode with a closer look at the
damper motion is delineated in Figure [5.4L The remaining modes of interest are
shown in Appendix A. Unlike in chapter [4] it is evident from the figures below that
the existence of symmetry has been disturbed by the presence of the damper in the
system. This implies that the maximum amplitude does not occur at mid-span with
respect to the first mode; also the displacement of the mid-span is not zero for the
second mode. Furthermore, Figure [5.2] indicates that the antinode on the right of the
vibration node is greater than the one on the left.

It is observed that the damper response starts occurring in the 5th mode as il-
lustrated in Figure [5.4] Taking the results of Figures [5.5] and into consideration,
it is evident that the damper dissipates all the energy of the conductor on the left
and right side of the damper, respectively. Hence, it can be concluded that the 5th
and the 10th mode of the system are, indeed, two of the resonant frequencies of the

damper.
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Figure 5.2: Second mode of vibration of the conductor plus a damper.
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Figure 5.5: Tenth mode of vibration of the conductor plus a damper.
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Figure 5.6: Fifteenth mode of vibration of the conductor plus a damper.
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5.1.1.2 Numerical Analysis in MATLAB

The same procedure described in subsection 4.1.1 is performed in this section except
that a damper is attached to the conductor. Table [5.1] compares the natural fre-
quencies of the same conductor used in Ref. [10] with and without a damper. The
addition of the damper in the span decreases the natural frequencies of the system.
This is not surprising as it is known that natural frequency is inversely proportional

to the mass.

Table 5.1: Comparison of MATLAB natural frequencies of the conductor with and
without damper for L = 13.375 m and T = 0 N.

Natural frequency (Hz)

Mode Without damper With damper

1 0.07335 0.0531
2 0.202 0.1501
3 0.397 0.365
4 0.657 0.629
5 0.984 0.845
6 1.381 1.247
10 3.98 2.84

Table |5.2| shows the results of the first six natural frequencies and the 10¢h natural
frequency obtained through both simulation methods. The first 20 natural frequencies
versus the mode numbers of both MATLAB and ANSYS are plotted in Figure It
is apparent from this figure that the results are very similar. The average percentage
error is found to be 1.02%. The discrepancy associated with the results is due in
part to the assumption that the clamp has negligible mass and stiffness. Both mass
and stiffness are taken into consideration in ANSYS finite element analysis. However,
since the length of the clamp is very small (0.05 m) compared to the length of the

messenger (0.35 m) and to the conductor (13.375 m), the error is insignificant.
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Table 5.2: Comparison of ANSYS and MATLAB natural frequencies of the conductor
with damper for L = 13.375 m and T = 0 N.

Natural frequency (Hz)

Mode —0evs— MATLAB
1 0.0531 0.0531
2 0.153 0.1501
3 0.373 0.365
4 0.621 0.629
5 0.845 0.845
6 1.247 1.247
10 2.84 2.84
16
e ——— MATLAE |

AMNEYES

Matural Frequency [Hz)
[un]
T

1
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Figure 5.7: ANSYS and MATLAB natural frequencies comparison.

5.1.2 Effect of the Mass and the Location of the Damper on
the Natural Frequency

The conductor 240/40 sq.mm from section 4.2.1 is employed hereafter. The charac-

teristics of the damper are as follows [31]:
1. The minimum flexural rigidity El,;, = 3.19 N/m?

2. Messenger mass per unit length, m = 0.498 kg
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3. Length of the messenger on one side [ = 0.15 — 0.2 m
4. Mass of the counterweight, mgy, or mgy varies from 0.856 to 4 kg

5. Counterweight mass moment of inertia, Iy or Iy varies

from 0.001814 to 0.00741 kgm?

The natural frequencies are determined for four different cases as illustrated in Figure
5.8l It is plausible that the natural frequencies are not considerably affected when
one damper is attached to the conductor because the tension is very large compared
to the damper parameters. However, when two dampers are attached, the natural

frequencies above 50 Hz tend to diminish considerably.

1 damper (m,=1.5 kg,m, =0.858 Ky, and L;=1.1m)
ol e 1 Damper ( mdl=2.?5 kg,mdr=1.5 Ky, and Ld=11.1 ml

Mo damper
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m
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Iode Mumber

Figure 5.8: Effect of damper properties on the natural frequencies.

5.2 Force Vibration Analysis

The force vibration analysis is presented in two subsections. The first subsection deals
with the response of the conductor with one damper attached and the second deals

with the conductor response when two dampers are positioned on the conductor.
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5.2.1 Response of the Conductor With One Damper

As mentioned above, the 240/40 sq.mm was selected for the purpose of the numerical
analysis, so the applied wind force is the same as that calculated in section 4.2.1 (F,
= (0.18522 N/m). In the first part of this subsection, the effect of the damper mass on
the response is established. The second part deals with the impact of the vibration
frequency on the response. Finally, the effect of the damper location is examined in
the last section.

It is important to note that the figures in this section also show the peak-to-peak
displacement normalized with respect to the diameter, Y. The normalized peak-to-

peak amplitudes at the finite element nodes of interest are describes as:

1. Y5 denotes the normalized peak-to-peak amplitude evaluated at the second finite

element node.

2. Y} represents the normalized peak-to-peak amplitude evaluated at the penulti-

mate finite element node.

3. Yi.ae is the finite element node corresponding to the maximum normalized vi-

bration amplitude along the conductor.
4. Y,n.q corresponds to the normalized peak-to-peak amplitude at the mid-span.
5. Yy is the normalized peak-to-peak amplitude of the damper clamp.

6. Yy denotes the normalized peak-to-peak amplitude of the right side counter-
weight.

7. Yy is the normalized peak-to-peak amplitude of the left side counterweight.

5.2.1.1 Effect of the Damper Mass

In this section, the damper is positioned at a distance L; = 1.1 m. The response
along the conductor was determined by varying the mass of the damper from 0.856

to 4 kg.
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The peak-to-peak amplitude at various points along the conductor versus the total
damper mass is shown in Figure|5.9] This figure shows that the conductor maximum
vibration amplitude slightly increases as the damper mass becomes larger, but the
mid-span displacement amplitude, Y,,;4, is almost constant. Further, Y5 increases
linearly with the damper mass, whereas Y} decreases.

Figure [5.10] shows that the peak-to-peak vibration amplitude of both counter-
weights also increases with increasing damper mass and the damper with the lowest
mass results in the largest peak-to-peak amplitude.

The peak-to-peak response along the conductor is illustrated in Figure This
figure shows that the amplitude of vibration peaks to a maximum at a point on
the conductor and then decreases. Note that this point is the finite element node
associated with the resonant mode. Furthermore, when the two counterweight masses
are balanced, the amplitude of vibration is larger. This implies that a symmetric
damper dissipates less energy than an asymmetric damper.

Most importantly, Figure [5.11]shows that having the larger mass to either face the
tower or the mid-span can slightly influence the vibration amplitude. The magnitude
of the maximum displacement slightly increases when the larger counterweight is
placed on the right side facing the mid-span. Thus, it is preferable to face the larger
counterweight to the tower albeit doing so does not significantly reduce the maximum

vibration amplitude.
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Figure 5.11: Normalized peak-to-peak displacement, as function of distance x. along
the conductor, for f = 9.53 Hz and L; = 1.1 m.

5.2.1.2 Effect of the Forcing Frequency on the Response

This section describes the effect of the vibration frequency on the conductor response
when a damper is attached at Ly; = 0.898 and 5 m. The mass of the damper on
the right and left side are taken to be 0.856 and 1.5 kg, respectively. The remaining

properties are the same as those in section 5.1.2.

Figures [5.12] and |5.14] show that the amplitudes of vibration, Y,,.. and Y4,

decrease with increasing vibration frequency. On the other hand, the displacement
amplitudes, Y5 and Y}, can increase, decrease, or remain constant as the vibration

frequency is increased.

The amplitude of vibration of the damper is shown in Figures [5.13 and [5.15|

for Ly = 0.898 and 5 m, respectively. The plots in these figures display the same
trends. The damper vibration amplitude increases with the forcing frequency. This
can be explained by noting that Stockbridge dampers dissipate the most energy at
higher vibration frequencies. Overall, it can be concluded that vibration amplitude

throughout the conductor span length decreases as the excitation frequency increases.
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Figure 5.12: Conductor peak-to-peak displacement, as function vibration frequency
for L; = 0.898 m.
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Figure 5.13: Damper peak-to-peak displacement, as function of vibration frequency
for Ly = 0.898 m.
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Figure 5.14: Conductor peak-to-peak displacement, as function of vibration fre-
quency for Ly = 5 m.
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Figure 5.15: Damper counterweights peak-to-peak displacement, as function of vi-
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5.2.1.3 Effect of the Damper Location on the Response

The vibration response is determined for various damper locations Ly for three fixed
frequencies f = 9.53, 14.0, and 41.45 Hz. The same damper properties from the
previous section are used in this case.

For a constant forcing frequency, f = 9.53 Hz, the results in Figure indicates
that Y,,., is minimum as the location of the damper L, is increased from 0.1 to 7 m,
but it increases as L, is greater than 7 m. The maximum normalized amplitude at
the mid-span Y,,;4 is also a minimum as the damper is moved from 0.1 to 7 m and
increases monotonically when L, is greater than 7 m.

Furthermore, Figure [5.16| shows that the maximum normalized displacement of
the second node and the penultimate node on the conductor are approximately the
same for Ly = 5 to 7 m. Note that this range is within the range corresponding to
the minimum Y,,,, value. When the conductor is excited at 9.53 Hz, it is evident
that positioning the damper between 5 to 7 m reduces the maximum amplitude of
vibration and stabilize the vibration along the conductor. It is important to note that
this damper location range corresponds to 70 to 95% of the loop length with respect
to the 9.53 Hz forcing frequency.

Figure shows that the maximum normalized displacement value is reduced
for a constant vibration frequency of 14.0 Hz compared to Figure [5.16, However,
the optimum damper location range is within the optimum range in Figure [5.16]
Ly = 2.5 to 6.6 m. Figure [5.17| also shows that the mid-span amplitude remains
relatively constant compared to the maximum amplitude. It was also apparent that
the normalized displacements Y5 and Y}, approaches the same value for Ly = 6.6 m
as illustrated in Figure [5.18, The optimum range corresponds to 51 to 133% of the
loop length associated with this forcing frequency.

For a constant forcing frequency of 41.45 Hz, Figure [5.19 shows a considerable
drop in the normalized maximum displacement of the conductor. This figure also
shows that the range of the optimum damper location corresponding to f = 41.45 Hz
is within the optimum range determined in Figure [5.16] (Ly = 2.1 to 4.2 m). This
range corresponds to 125 to 264% of the loop length associated with 41.45 Hz. With
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respect to the mid-span amplitude and the amplitude near the ends, the observations
from Figure 5.16 are in agreement with those from Figures [5.17] [5.18] [5.19] and [5.20]
In Figures and [5.23, the normalized displacement of both counter-

weights for the three aforementioned forcing frequencies are illustrated. The results

indicate that the normalized amplitude of both counterweights is maximal in the
vicinity of the optimum damper location range. This is intuitive as it is evident that
the dissipation energy of the damper increases with the displacement of the damper.
Hence, this confirms that the efficiency of the damper is considerably dependent on
the damper location.

It should be noted that when the damper was positioned beyond 7 m, Y., started
increasing monotonically as illustrated in Figures[5.16}, [5.17, and [5.19] This is because

the damper is approaching the vibration node of the loop length (L5, = 7.15 m)
corresponding to the dominant mode (f = 9.53 Hz); its efficiency diminishes and
the maximum amplitude increases. Irrefutably, the optimum location of the damper
varies with the forcing frequency. However, each vibration frequency considered in
this section shows that the vibration amplitude reduces considerably when the damper
is located within Ly = 2.5 to 4.2 m.

To further improve our understanding of the effect of the damper location on the
conductor motion, Figure [5.24] and Figure depict the conductor and damper
counterweight displacement, respectively, when the location of the damper is varied
over the whole span length. Based on these plots, it is concluded that a damper is
only efficient when it is located in the immediate vicinity of the span ends closer to
the tower.

The largest peak-to-peak vibration amplitude corresponding to the range L; =
2.5 to 4.2 m is Ypmee = 6.338 mm. Hence, the corresponding bending amplitude is
approximately y, = 0.248 mm. Note that this bending amplitude is less than the safe
bending amplitude ysqre = 0.332 mm. Therefore, the conductor would be certainly
safer from fatigue damage by locating the damper within Ly = 2.5 to 4.2m.
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Figure 5.16: Conductor peak-to-peak displacement as function of the damper location
for f = 9.53 Hz.
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Figure 5.17: Conductor peak-to-peak displacement as function of the damper location
for f = 14.0 Hz.
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Figure 5.18: Conductor peak-to-peak displacement near span ends as function of the
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Figure 5.19: Conductor peak-to-peak displacement as function of the damper location
for f = 41.45 Hz.
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Figure 5.20: Conductor peak-to-peak displacement near span ends as function of the
damper location for f = 41.45 Hz.
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Figure 5.21: Damper peak-to-peak displacement as function of the damper location
for f = 9.53 Hz.
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Figure 5.22: Damper peak-to-peak displacement as function of the damper location
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Figure 5.23: Damper peak-to-peak displacement as function of the damper location
for f = 41.45 Hz.
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Figure 5.24: Conductor peak-to-peak displacement vs. damper location throughout
the span length, for f = 10.10 Hz.

22 T T T T T T T

P-P Normalized Displacement
L)
T

08k

0B s

I
i
]
o4F M [N
]
4

0.2 L L
o S0 100 180

Damper Location Throughout Conductor Span {m)

400

Figure 5.25: Damper peak-to-peak displacement vs. damper location throughout
the span length, for f = 10.10 Hz.
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5.3 Response of a Conductor with Two Dampers

The same damper properties from the previous section are also employed in this
section. Further, the vibration frequency f = 9.53 Hz is selected and there is no need
to examine the other two vibration frequencies employed in the previous section. Two
dampers are always positioned symmetrically about the mid-span of the conductor.

As illustrated in Figure [5.26] the normalized maximum displacement on the con-
ductor dropped significantly as a result of attaching two dampers to the conductor.
It is evident that Y., follows a parabolic-like variation with L;. It decreases mono-
tonically as the location of the damper varies from L; = 0 to 2.5 m and remains
relatively constant for Ly = 2.5 to 5.5 m. Finally, it increases as the damper is placed
beyond 5.5 m.

Further, Figure shows that the maximum displacement near both ends are
minimum when the damper is approximately positioned at L; = 5.5 m. Here, the
damper tends to stabilize the vibration throughout the conductor.

In Figure[5.28] the normalized counterweights vibration amplitudes of both dampers
are delineated. It indicates that the normalized amplitudes of the two dampers are
not always the same. Instead, the vibration amplitude of either damper can be greater
or less than that of the other damper, depending on the location of the dampers.

The lowest peak-to-peak conductor vibration amplitude, ¥4z, is 1.657 mm when
the dampers are positioned at Lgy; = 2.6 m and Ly = 369.4 m. Whereas, the lowest
Ymaz for one damper is determined to be 6.31 mm when the damper was positioned
at 1.1 m. Comparing the two, it is evident that the use of two dampers, positioned at
the best possible locations, would notably reduce the maximum vibration amplitude.
Moreover, the conductor bending amplitude with respect to the two damper is found
to be y, = 0.06225 mm, which is overly less than that when only one damper is used
(yp = 0.247 mm). Most importantly, it is substantially less than the safe bending
amplitude, Y5, e = 0.332 mm. Conclusively, the conductor would be much safer from
fatigue failure when two dampers, with the best conductor-damper combination, are

employed.
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Chapter 6

Conclusion and Recommendation

6.1 Summary

This thesis is motivated by the past failures of the transmission lines due to Aeolian
vibration. The elimination of these failures is part of the challenges line engineers
encounter in controlling Aeolian vibration. Currently, the best method to control
wind induced vibration is to attach Stockbridge dampers to the conductor. However,
the effectiveness of the damper depends on both the damping properties and its
location on the conductor. As such, this thesis dealt with the Aeolian vibration of a
single conductor with dampers, specifically, the effect of the damper location and the
damping properties.

Aeolian vibration of a single conductor has been studied using the energy balance
method, which states that the energy imparted by wind on the conductor is dissi-
pated by the conductor self-damping and the damper. This method provides a good
approximation of the maximum amplitude of vibration. However, it does not account
for the two-way coupling between the conductor and the damper, the flexural rigidity
of the conductor and damper, and the mass per unit length of the messenger. The
proposed model takes these into consideration.

The mathematical model was presented in chapter |3| where the potential and
kinetic energy equations of the system were derived. These equations were then

discretized using the finite element method to determine the equations of motion. In
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the process of the formulation the following assumptions were made:
1. The conductor behaves as an Euler-Bernoulli beam with an axial force.

2. The displacement of the conductor is very small (less than the conductor diam-

eter).
3. The tension, flexural rigidity, and mass per unit length are constant.
4. The system is linear.
5. Torsion in the conductor is negligible.
6. The messenger is modeled as an Euler-Bernoulli beam.
7. The damper counterweights are represented as lumped masses.

These assumptions were justified in the mathematical formulation chapter. The
overall formulation for the conductor with and without a damper was validated using
the commercial finite element software ANSYS and the results in Ref. [10], respec-
tively. Overall, both models were found to be valid with approximately 1% error.

Once the mathematical formulation was validated, the response of the conductor
was predicted and the effect of the damper on the conductor was studied. In the first
part of the numerical analysis, the natural frequencies of two conductors, 240/40 sq.
mm and 1840 kcmil, without damper were examined for different span lengths and
tensions. Also, the effect of the forcing frequency, tension, and span length on the

conductor response were studied. The important observations are:

1. The conductor flexural rigidity and mass per unit length can significantly alter
the mode shapes. The natural frequency of the conductor increases with its

flexural rigidity and decreases with its mass per unit length.

2. The natural frequency increases with tension and decreases as the span length
increases. Consequently, higher span lengths can be excited with very low

Strouhal frequency.
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3. The maximum amplitude of a conductor without damper decreases monotoni-
cally as the span length decreases. Hence, longer spans are more susceptible to

vibration.

4. The conductor becomes stiffer with increasing tension; as a result, the maximum
amplitude decreases. But, this does not mean the conductor is safer from fatigue
damage. Note that higher tension results in lower safe bending amplitude. So,
by increasing the tension, the conductor bending amplitude can be much greater
than the safe bending amplitude. Consequently, the conductor would be more

vulnerable to fatigue failure.

5. The maximum relative vibration amplitude of a conductor with higher flexural

rigidity is less than that with a lower flexural rigidity.

6. The location of the maximum displacement varies with the excitation frequency.
When the conductor is excited with the first mode, the maximum displacement
occurs in the mid-span. However, with respect to the second mode of excitation,
the midpoint results in a minimal displacement. Also, symmetrical displacement
about the mid-span is observed for the conductor without a damper. Hence,

multiple maximum amplitudes of vibration can be obtained in this case.

7. With respect to the line conditions established in chapter [5, the bending ampli-
tude of a conductor without a damper is less than the safe bending amplitude.

Thus, a conductor without a damper would not be safer from fatigue failure.

The second part of the simulation dealt with the response of the combination of
the conductor with dampers. The effect of the damper mass, the forcing frequency,
and the location of the damper were examined. The following observations were

made:

1. Attaching a damper to the conductor, reduces the natural frequency. This
reduction is insignificant when only one damper is used. However, the addition

of another damper, considerably diminishes the higher natural frequencies.
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. Facing the larger counterweight mass toward the suspension clamp and the

smaller mass toward the mid-span slightly reduces the amplitude of vibration.

. A damper with two unbalanced counterweight masses resulted in smaller vibra-
tion amplitude. This is in agreement with the observation in the literature that

asymmetric dampers are more efficient than the symmetric dampers.

. The maximum vibration displacement of a conductor with dampers decreases
with increasing vibration frequency. Whereas, the amplitude of the damper
increases as the system is excited with higher frequency. Irrefutably, the damper

is most efficient at higher vibration frequencies.

. The presence of a damper does not necessarily reduce the vibration amplitude.
When a damper is placed at a vibration node, it would be ineffective. As the

damper is moved away from the vibration node, its efficiency increases.

. The optimum damper positioning depends on the forcing frequency. This range

tends to increase or decrease with increasing forcing frequency.

. For lower vibration frequencies, the optimum range is approximately 70 to 95%
of the loop length corresponding to the subject forcing frequency. Higher vi-
bration frequencies can pertain to a percentage of loop length much higher
than 100%. The vibration amplitude of the conductor notably reduces whereas
the amplitude of the damper increases as the system is excited with higher fre-

quency. Irrefutably, the damper is most efficient at higher vibration frequencies.

. The maximum vibration amplitude of the conductor reduces as the damper is
positioned within the optimum range, whereas the displacement of the damper
increases. Hence, dampers are also very efficient within their optimum location

range.

. Attaching two dampers within their optimum damper location range reduces

the amplitude of vibration by approximately ten times.
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The presence of a damper on the conductor can be advantageous or disadvan-

tageous. When the combination of the mass and the location of the damper are

astutely chosen, the vibration amplitude would significantly reduce and the conduc-

tor vibration would stabilize. This would reduce the chance of the conductor from

fatigue failure since the conductor bending amplitude would be much lower than the

safe bending amplitude. On the other hand, when the location of the damper or

the properties of the damper are not carefully chosen, the conductor may be more

susceptible to fatigue failure.

6.1.1 Conclusion

The following conclusions are inferred:

It is important to include the flexural rigidity of the conductor, as well as
the mass and flexural rigidity of the damper in the mathematical formulation.
Note that these properties can significantly affect the maximum amplitude of

vibration.

The mass of the counterweight should be carefully determined so that the
damper is capable of dissipating the most energy imparted by the wind to

the conductor.

Placing two dampers symmetrically at each end is better than attaching only

one damper.

Always face the counterweight with the larger mass toward the insulator clamp

and the lower counterweight mass toward the mid-span.

With respect to the optimum location of the damper, the rule of thumb men-
tioned from the literature review should not be used as it is not effective because
it only pertains to a specific frequency. Instead, all the dominant vibration fre-

quencies should be considered in order to examine the optimum location range.

The best optimum range to be predicted should correspond to the dominant

frequency that resulted in the highest vibration amplitude.
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6.2 Proposed Future Work

Further research in the subject topic could be listed as follows:

e Investigate the mechanical behaviour of the messenger.

Conduct an experiment to validate the model of a single conductor with a

damper.

e Examine the variation of the flexural rigidity and the tension for longer span

length.

e Extend the developed model by including the non-linear terms, conductor self-

damping, and torsion.
e Examine the coupling between the insulator and the conductor.

e Develop a Finite Element model for bundle conductor by modeling the conduc-

tor and the spacer dampers as one system.
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Appendix A

Appendix

A.1 ANSYS Vibration Modes

As discussed in section [5.1.1.1] the remaining vibration modes of interest of the single

conductor with a Stockbridge damper are shown in the figures below:

* ANSYS
DISPLACEMENT

STED=1 FEE 1z 2010
SUE =4 00:05: 52
FREQ=_&61E3262

DM =_534043

T
b S—

Figure A.1: Fourth mode of vibration of the conductor plus a damper.
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P — ANSYS

STED=1 FEE 1z z0Olo0

SUB =5 oo:ll:zl
FREQ=_543375

DID{ =.457077

e

Figure A.2: Fifth mode of vibration of the conductor plus a damper.

* ANSYS
DISPLACEMENT

STED=1 FEE 11 2010
SUB =1

FREQ=_053056

DM =_32267827

.

Figure A.3: First mode of vibration with a closer look at the damper.
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FREQ=_15334Z

DID{ =_50357

Figure A.4: Second mode of vibration with a closer look at the damper.

prapLACEMENT ANSYS

FEE 11 zola
EZ-E4: 59

Figure A.5: Third mode of vibration with a closer look at the damper.
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Figure A.6: Fourth mode of vibration with a closer look at the damper.

* ANSYS
DISPLACEMENT

STED=1 FEE 12 2010
SUB =10

oO:-0l:z4
FREQ=Z_846

DM =_E5222z2

Figure A.7: Tenth mode of vibration with a closer look at the damper.
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Figure A.8: Fifteenth mode of vibration with a closer look at the damper.

* ANSYS
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FREQ=73_387

DM =_ 637366
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Figure A.9: Fifth mode of vibration of the conductor plus a damper.
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Appendix B

Appendix

B.1 MATLAB Codes

The following MATLAB codes were used to determine the natural frequencies and the

response of a single conductor with a Stockbridge damper under Aeolian vibration.

Input

0;% Gravity
=0.0219; % conductor diameter in meters

O Q o° o° oo
Il

P=0.18522; %wind Force for v=7m/s in N/m

© 0 N O U W N

EIc=16; %fluxural rigidity of the conductor in N/m"2;
rhoAc=.987; % kg/m; %mass per unit length of the conductor;
Lc=372; $span: Total length of the conductor

e =
w N = O

T=17280;% tension

-
SIS

edofc=4; % dof of an element of the conductor

edofd=10; % dof of an element of the damper

nel=50; % nber of element of the conductor

dofn=2; % dof per none (can use it for both messenger & conductor
because the same element was used)

neldl=1; % number of element for damperl

neldl=neldl;

neldr=neldl;

neld2=neldl; % number of element for damper2

N
QR W R R O oo,
o\°

nnodesysd=2+neldl+1l; % nber of nodes in the messenger
nnodesys=(nel+1+2x (2xneldl+1l)); $number of node in the global
$system since neldl=neld?2

NN N
0 N O
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29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84

gdof=dofn*nnodesys; S%total dof of the whole syst %

% (i.e conductor and damper combined)
gdofd=dofn*nnodesysd; %Total dof of the messenger only
dofsystc=2x (nel+l); % global dof of the conductor only

msys=zeros (gdof) ;
ksys=zeros (gdof) ;
fsys= zeros(gdof,1l);
fgsys=zeros (gdof,1);

rhoAr=0.498; %mass per unit length of the messenger on the right
rhoAl=rhoAr; %mass per unit length of the messenger on the left
h=0.05; %$Height of the damper

lc=Lc/nel; %length of each element

Lr=0.15; %0.15,0.15,0.15 length of the messenger from the bottom
%$of clamp to the weight on the right

L1=0.2;%.2,0.15,0.175,. %$length of the messenger from

%the bottom of clamp to the weight on the left

lr=Lr/neldr; % element length of the messenger on

% the right and it's only valid when neldl is even
11=L1/neldl; % similarly on te left

Ir=0.001814;% Inertia of the right—side damper in Nm"2
I1=0.00741;% Inertia of the left—side damper in Nm"2
EI1=3.19; %fluxural rigidity of the messenger in the left
EIr=EIl;%fluxural rigidity of the messenger in the right

mdr=0.856; $mass of the damper on the right in Kg
mdl=1.5;% mass of the damper on the left
mmr=rhoAr*Lr; % mass of the messenger on the left
mml=rhoAl«Ll; %massof the messenger on the right

bcdof=zeros (8,1);

bcdof (1) =1; % applying bc at nodel (i1,e wcl=0)

bcdof (2)=2;

bcdof (4) =2 (nel+l);

bcdof (3)=2%nel+l; %applying bc at the last node of the
$conductor (i, e wcn=0)

bcdof (5)=2% (nel+l)+2+xneldl+1l; % applying bc at the node of the

%$damper which is clamped ( i,e wd=0)

bcdof (6)=2* (nel+neldl+2);% i.e (wd'=0)

bcdof (7)=gdof—2;% boundary condition on the rotation of mid node
% of damper2

bcdof (8)=gdof—3;%boundary condition on the displacement
%$of mid node of damper2

Ld1=10;% 5.5,10,10;15;
Ld2=360;%366.5, 366.5,360; 366% damper location

oo

% This function determine the location of the damper in the element
function 1d2=findld2 (Ld2, 1lc,nel)
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for n=1:nel

if (Ld2/1lc>n && Ld2/1lc<(n+l)) %get element matrice with
%$damper

1d2=Ld2-—n=*1c; %1ld is the location of damper in element

end
end

[
)

%$Find location of the damperl and damper2 in the element

if (Ldl/1c<1)
1d1=1Ld1;
elseif (Ld2/1lc>1)
1d2=findld2 (Ld2, 1lc,nel);%Call the subroutine findld2 to
%$determine the location
%0f the damper in the element
end

oo

o\

Matrix KM is the subroutine that ccomputes the mass and stiffness
matrices

o\

function [K,M,Kd,Mdl,Md2 F,Fgl Fg2]l=matrixKM(Ir,Il,h, rhoAr,rhoAl, ...
lc,1d1,1d42,1r,11,EIc,T,rhoAc,EIl,EIr, mdr, mdl, mmr, mml, P, q)

%$Note that the subcrip 1 and 2 denote the damper on the left and
$right of the mid—span.
syms xc xr xl1l

)

% shapes function defined from 0O to 1 ( Cubic polynomial)

Ne=[1-3* (xc/1lc) "2+2* (xc/1lc) "3;xc—2x1c* (xc/lc) "2+1lcx (xc/1lc) " 3; ...
3% (xc/lc) "2—2x(xc/lc) " 3;—1lcx (xc/lc) "2+1lcx (xc/lc) "3];

Nr=[1—-3%(xr/lr) "2+2* (xr/1lr) "3;xr—2*1lr* (xr/lr) "2+1lrx (xr/1lr) " 3;

3x (xr/1lr) "2—2*x(xr/1lr) "3;—1lr* (xr/lr) "2+1rx (xr/1lr) "371;

N1=[3x(x1/11) "2—2%(x1/11)"3;—-11x(x1/11) "2+11%(x1/11)"3;...
1-3%(x1/11) "2+42% (x1/11) "3;x1—2%11%(x1/11) "2411x(x1/11) "31;

% First derivation of the shapes function

dlNc=diff (Nc, xc) ;

dlNr=diff (Nr, xr) ;

d1N1l=diff (N1,x1);

% Second derivation of the shapes function

d2Nc=diff (dlNc, xc) ;

d2Nr=diff (d1Nr, xr) ;

d2N1l=diff (d1N1, x1);

o)

% Shape function evaluated at damper mass

Nri=subs (Nr, xr,1lr); % Right—side damper mass
dlNri=subs (dlNr, xr, 1r) ;
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Nli=subs (N1, x1,11);%Left—side damper mass
dINli=subs (d1N1l,x1,11);

)

$ M is the Mass matrice of the conductor w/o damper

Mc= rhoAcx*int (Nc*xtranspose (Nc),xc,0,1c);
M=Mc;

)

% Mass matrice of the conductor with damper

Ncil=subs (Nc, xc, 1d1) ;
Nci2=subs (Nc, xc, 1d2) ;
dlNcil=subs (dlNc, xc, 1dl);
d1Nci2=subs (d1lNc, xc, 1d2) ;

o\

Mass matrice (top left 4x4) of the conductor element with damper

Damperl

Mccl=Mc+mdr* (Ncil+transpose (Ncil)+lr* (Ncil*transpose (dlNcil) ...
+d1Ncilstranspose (Ncil))+dlNcilxtranspose (d1Ncil)* (h"2+1r~2)) ...
+IrxdlNcil+xtranspose (dlNcil)+mdlx (Ncilxtranspose (Ncil) ...

—11% (Ncilxtranspose (dlNcil)+dlNcilxtranspose (Ncil)) ...

+d1Ncil*transpose (d1Ncil) * (h"2+1172))+I1+dINcil*transpose (d1Ncil) ...

+mmr+ (Ncilxtranspose (Ncil) +d1lNcil+transpose (d1Ncil) «h"2) ...

+1/2xrhoAr* (1lr" 2% (Ncil+transpose (d1Ncil) +d1Ncil+transpose (Ncil)) ...

+2/3x1r"3+d1lNcil*transpose (d1Ncil))+mml* (Ncilstranspose (Ncil) ...

+d1Ncil*transpose (d1Ncil) *h"2)+1/2xrhoAl*(—11"2* (Ncil...

*transpose (d1Ncil)+d1lNcil+transpose (Ncil))+2/3+x11"3+dINcil...

stranspose (d1Ncil));

%Damper?2

Mcc2=Mc+mdr* (Nci2+transpose (Nci2)+1lr* (Nci2+transpose (d1Nci?2) ...
+d1Nci2+*transpose (Nci2))+dlNci2+transpose (d1Nci2) x (h"2+1r~2)) ...
+Ir«dlNci2+transpose (d1Nci2)+mdlx (Nci2+«transpose (Nci2) ...

—11% (Nci2+transpose (d1Nci2)+dIlNci2+transpose (Nci2)) ...
+d1Nci2*transpose (d1Nci2) * (h"2+1172))+I1+dIlNci2«*transpose (d1Nci2) ...
+mmr* (Nci2+transpose (Nci2) +d1lNci2«transpose (d1Nci2) «h"2) ...
+1/2*rhoAr* (1lr" 2% (Nci2+transpose (d1Nci2) +d1Nci2+transpose (Nci2)) ...
+2/3x1r"3+d1lNci2+transpose (d1Nci2) ) +mml* (Nci2+transpose (Nci2) ...

+d1Nci2*transpose (d1Nci2) *h"2)+1/2xrhoAl* (—11"2* (Nci2. ..

*transpose (d1Nci2)+d1lNci2+transpose (Nci2))+2/3x11"3+d1Nci2. ..

stranspose (d1Nci2));

o\

o)

% Mass of the coupling between damper on the right and the conductor
eMrcl=rhoAr*int ( (Nrxtranspose (Ncil) +xr*Nrxtranspose (dlNcil)),xr,0,1r);
eMrc2=rhoAr+int ( (Nrxtranspose (Nci2) +xr*Nrxtranspose (dlNci2)),xr,0,1lr);

Mrcl=eMrcl+mdr* (Nrixtranspose (Ncil)+lrxNrixtranspose (dlNcil)) ...
+IrxdlNrixtranspose (dlNcil);

Mrc2=eMrc2+mdr+* (Nrixtranspose (Nci2) +1lr*Nrixtranspose (d1Nci2)) ...
+IrxdlNrixtranspose (dlNci2) ;

$Mass of the coupling between damper on the left and the conductor

eMlcl=rhoAl*int ((Nlxtranspose (Ncil)—x1xNlxtranspose (dlNcil)),x1,0,11);
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eMlc2=rhoAlxint ((Nlxtranspose (Nci2)—x1*«Nlxtranspose (dlNci2)),x1,0,11);

Mlcl=mdlx (Nlixtranspose (Ncil)+1llxNlixtranspose (dlNcil)) ...
+I1xdINlixtranspose (d1Ncil) +eMlcl;

Mlc2=mdl«* (Nlixtranspose (Nci2)+1l1l«Nlixtranspose (dlNci2)) ...
+I1xd1lNlixtranspose (d1lNci2) +eMlc2;

Mcll=transpose (Mlcl);
Mcrl=transpose (Mrcl);

Mcl2=transpose (Mlc2);
Mcr2=transpose (Mrc2) ;

%$Mass of the damper on the left
eMll=rhoAlxint ((Nlxtranspose (N1l)),x1,0,11);
Mll=mdl*Nlixtranspose (N1li)+IlxdlNlixtranspose (d1N1li)+eMll;

$Mass of the damper on the right
eMrr=rhoArxint ( (Nr«transpose (Nr)),xr,0,1r);

Mrr= mdr*Nrixtranspose (N1i)+Ir*dIlNrixtranspose (dlNri)+ eMrr;
Mlr=zeros (4);

Mrl=transpose (Mlr) ;

% Element mass matrice with damper

% Mass element from 1d(1l)Note that this is 12x12 matrice
ml=[Mccl Mcrl Mcll;Mrcl Mrr Mrl;Mlcl Mlr M11l];

m2=[Mcc2 Mcr2 Mcl2;Mrc2 Mrr Mrl;Mlc2 Mlr M11l];

% Reducing this 12x12 matrice to 10x10 leads to Md

% conductor element with damperl

Mdl=[ml(1:6,1:6) ml(l:6,7)+ml1(1:6,9) ml1(1:6,8)+ml(1:6,10)...
ml(1:6,11:12);ml(7,1:6)+m1(9,1:6) ml(7,7)+ml(7,9)+m1(9,7) ...
+ml (9,9) ml(7,8)+ml(7,10)+ml1(9,8)+ml1(9,10) ml(7,11:12)...
+ml1(9,11:12);ml1(8,1:6)+ml1(10,1:6) ml(8,7)+ml (8,9)+ml (10,7)...
+ml (10,9) ml1(8,8)+ml1(8,10)+ml (10,8)+ml1(10,10) ml(8,11:12)...
+ml (10,11:12);ml1(11:12,1:6) ml(11:12,7)+ml(11:12,9)...
ml(11:12,8)+m1(11:12,10) ml(11:12,11:12)1;

%conductor element with damperl

Md2=[m2(1:6,1:6) m2(1:6,7)+m2(1:6,9) m2(1:6,8)+m2(1:6,10)
m2(1:6,11:12);m2(7,1:6)+m2(9,1:6) m2(7,7)+m2(7,9)+m2(9,7) ...
+m2(9,9) m2(7,8)+m2(7,10)+m2(9,8)+m2(9,10) m2(7,11:12) ...
+m2 (9,11:12);m2(8,1:6)+m2(10,1:6) m2(8,7)+m2(8,9)+m2 (10,7) ...
+m2 (10, 9) m2(8,8)+m2(8,10)+m2(10,8)+m2(10,10) m2(8,11:12) ...
+m2 (10,11:12);,m2(11:12,1:6) m2(11:12,7)+m2(11:12,9) ...
m2(11:12,8)+m2(11:12,10) m2(11:12,11:12)1;

[o)

% Element stiffness matrices

Kc=int (EIc* (d2Ncxtranspose (d2Nc) ) +T+* (d1Ncxtranspose (d1Nc) ) ,xc, 0, 1c) ;
K=Kc;

Krr=int (EIr* (d2Nrxtranspose (d2Nr)) ,xr, 0, 1r);

Kll=int (EIl* (d2Nlxtranspose (d2Nl)),x1,0,11);
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Krc=zeros (4) ; Kcr=zeros (4) ;Klr=zeros (4)
Klc=zeros (4) ;Kcl=zeros (4) ;Krl=zeros (4)

’

’

% stiffness matrice of the element with damper is K

k=[Kc Kcr Kcl; Krc Krr Krl; Klc Klr K11];

%$The 10x10 stiffness matrice is Kd

Kd= [k(1:6,1:6) k(l:6,7)+k(1:6,9) k(l:6,8)+k(1:6,10) k(1:6,11:12); ...
k(7,1:6)+k(9,1:6) k(7,7)+k(7,9)+k(9,7)+k(9,9) k(7,8)+k(7,10) ...
+k (9,8)+k (9,10) k(7,11:12)+k(9,11:12);k(8,1:6)+k(10,1:6)
k(8,7)+k(8,9)+k (10,7)+k(10,9) k(8,8)+k(8,10)+k(10,8)+k (10,10) ...
k(8,11:12)+k(10,11:12);k(11:12,1:6) k(11:12,7)+k(11:12,9) ...
k(11:12,8)+k(11:12,10) k(11:12,11:12)];

% The non conservative force F (wind force)

F=P*int (Nc, xc, 0, 1c);

% The conservative force obtained from the potential energy

Gl=g* [mdrx (Ncil—1r+d1lNcil)+mdl* (Ncil+11+d1Ncil),;mdr*Nri;mdl+N1i];

$is 12x1

G2=gx* [mdr* (Nci2—1r*d1lNci2) +mdl* (Nci2+11%d1Nci2) ,;mdr*Nri,;mdl«N1i];
$is 12x1

% Reduce the above into a 10x10
Fgl=[Gl(l:6,1);G1(7,1)+G1(9,1);G1(8,1)+G1(10,1);G1(11:12,1)1;
Fg2=[G2(1:6,1);G2(7,1)+G2(9,1);G2(8,1)+G2(10,1);G2(11:12,1)1;

return

o

o\

Assemble KM subroutine assembles the element mass and stiffness
matrices. This program assembles the mass and stiffness matrices.
First This subroutine looks for the element that contains the
damper. Once this element is found, the element mass and stiffness
corresponding to the element with the damper is called and the
assembly is done in four groups. The first group, the 4x4 matrix on
the top left corner of the 10x10, is assembled. Next, this
subroutine assembles the second group, which is the 4x6 on the top
right corner. Then, the inverse of the 4x6, which is the 6x4 at
the bottom left, is called for assemblage and finally the 6x6 on
the left is assembled. The AssemleKM.m calls the element without
the damper at every other time.

o® o° o° o° o© o° o° o° o o

o\°

o)
)

function [ksys,msys, fsys, fgsys]l=fassforsim(fsys, fgsys, ksys,msys,F, ...
Fgl,Fg2,M,Md1l,Md2,K,Kd,Ldl,Ld2,n,1lc,edofc,edofd, neldl, ...
sdofl, sdof2,neld2)
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)

% Intialize count (ctl, ct2...)
ctl=0;
ct2=0;
ct3=0;
ct4=0;

$Starting program for damperl

if (Ldl/lc>(n—1) && Ldl/lc<n) % get element matrice with damper
% Get the top—right 4x4 matrix

for kl=1l:edofc
for jl=l:edofc

msys (sdofl+kl—1,sdofl+jl—1)=msys (sdofl+kl—-1, ...
sdofl+jl—1)+Md1 (k1, 31);
ksys (sdofl+kl—1,sdofl+jl—1)=ksys (sdofl+kl—1,...
sdofl+jl—1)+Kd(k1l, j1);
end
% Wind force on the damper element
fsys(sdofl+kl—1,1)=fsys(sdofl+kl—-1,1)+F(k1l,1);
% Force due to gravity
fgsys(sdofl+kl—1,1)=fgsys(sdofl+kl—1,1)+Fgl(kl,1);
end

for ml=1:neldl
sdof3=4+ml—3;
for k=1:edofd
ct2=ct2+1;
for j=l:edofd
ctl=ctl+1l;

[)

% Assemble top—left 6x4 matrix

if (ctl>4&&ct2<4)

msys (sdofl+k—1,sdofl+sdof2+sdof3+j—2)=msys. ..

(sdofl+k—1,sdofl+sdof2+sdof3+3—-2) ...
+Mdl (k, J);

ksys (sdofl+k—1,sdofl+sdof2+sdof3+j—2)=ksys...

(sdofl+k—1,sdofl+sdof2+sdof3+3-2) ...
+Kd (k, 3);
% Assemble bottom—left 4x6 matrix
elseif (ctl<d && ct2>4)

msys (sdofl+sdof2+sdof3+k—2,sdofl+j—1)=msys. ..

(sdofl+sdof2+sdof3+k—2,sdofl+j—1)+Mdl (k, j);

ksys (sdofl+sdof2+sdof3+k—2,sdofl+j—1)=ksys...

(sdofl+sdof2+sdof3+k—2,sdofl+j—1)+Kd (k, j);
% Assemble bottom—left 6x6 matrix
elseif (ctl>4 && ct2>4) % all greater

msys (sdofl+sdof2+sdof3—2+k, sdofl+sdof2+sdof3...

—2+7j)=msys (sdofl+sdof2+sdof3—-2+k, sdofl+sdof2. ..
+sdof3—2+7) +Md1l (k, J) ;

107




365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381

383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420

ksys (sdofl+sdof2+sdof3—2+k, sdofl+sdof2+sdof3. ..
—2+7j)=ksys (sdofl+sdof2+sdof3—2+k, sdofl+sdof2...
+sdof3—2+7) +Kd (k, J) ;

end
end

fgsys (sdofl+sdof2+sdof3—2+k, 1)=fgsys (sdofl+sdof2+. ..
sdof3—2+k,1)+Fgl (k,1);
$Force of damperl due to gravity

ctl=0;

end
ct2=0;
end

[

% Repeat the same procedure descibed for damperl

Q

% starting program for damper 2
elseif (Ld2/lc>n && Ld2/lc<(n+l)) % get 2nd element with damper

for kll=1l:edofc
for jll=1l:edofc

msys (sdofl+kll—1,sdofl+jll—1)=msys (sdofl+kl11-1,...
sdofl+jl11—1)+Md2 (k11, 311);

ksys (sdofl+k1l1—1,sdofl+311—-1)=ksys(sdofl+kll—-1, ...
sdofl+jl11—-1)+Kd(k11, j11);

end
end

for m2=1:neld2
sdofd=4+m2—3; sdofb5=2x* (2+xneld2+1);
for k2=1:edofd
ctd=ctid+1;
for j2=1:edofd
ct3=ct3+1;

if (ct3>4&&ctd<4)

msys (sdofl+k2—1,sdofl+sdof5+sdofd+sdof2+j2...

—2)=msys (sdofl+k2—1,sdofl+sdof5+sdof4. ..
+sdof2+32—-2)+Md2 (k2, j2) ; ksys (sdofl+k2—-1, ...
sdofl+sdof5+sdofd+sdof2+j2—2)=ksys (sdofl...
+k2—1,sdofl+sdof5+sdofd+sdof2+32—-2) ...

+Kd (k2, 32);

elseif (ct3<4 && cti>4)

msys (sdofl+sdof2+sdof5+sdofd+k2—2,sdofl+j2. ..

—1)=msys (sdofl+sdof2+sdof5+sdofd+k2—2, ...
sdofl+j2—1)+Md2 (k2, j2);

ksys (sdofl+sdof2+sdof5+sdofd+k2—2,sdofl+32. ..

—1)=ksys (sdofl+sdof2+sdof5+sdofd+k2—2, ...
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sdofl+j2—1)+Kd (k2,j2);
elseif (ct3>4 && ctd>4)

msys (sdofl+sdof2+sdof5+sdofd—2+k2, sdofl+. ..
sdof5+sdof2+sdofd—2+72)= msys(sdofl+sdof2+...
sdof5+sdofd—2+k2, sdofl+sdof5+sdof2+sdofd. ..
—2+732)+Md2 (k2, j2);

ksys (sdofl+sdof2+sdof5+sdof4d—2+k2, sdofl. ..
+sdof5+sdof2+sdofd—2+j2)=ksys (sdofl+sdof2+...
sdof5+sdofd—2+k2, sdofl+sdof5+sdof2+sdofd. ..
—2+32)+Kd (k2, j2);

end

end
% Force from damper2 due to gravity

fgsys (sdofl+sdof2+sdof5+sdof4d—2+k2,1)=£fgsys (sdofl+. ..

sdof2+sdof5+sdof4d—2+k2,1)+Fg2(k2,1);

ct3=0;
end
ct4=0;

end

o)

else

end

end

o

% Assemble all the elements without dampers

% get element matrice w/o damper
for k=l:edofc
for j=l:edofc
msys (sdofl+k—1,sdofl+j—1)=msys (sdofl+k—1,sdofl+7...
—1)+M(k, ) ;
ksys (sdofl+k—1,sdofl+j—1)=ksys (sdofl+k—1,sdofl+j...
—1)+K(k, 3);

end
fsys(sdofl+k—1,1)=fsys(sdofl+k—1,1)+F(k,1);
end

% Apply BC subroutine is used for applying boundary condition

function

o

[ksys,msys, fsys, fgsys]=feaplycsf (ksys,msys, £sys, fgsys,bcdof)

o° o° o° o o

o\

Purpose:
Apply constraints to eigenvalue matrix equation
[kk]{x}=lamda [mm] {x}

Synopsis:
[kk,mm]=feaplycs (kk, mm, bcdof)
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o

Variable Description:

% kk — system stiffness matrix before applying constraints
% mm — system mass matrix before applying constraints
% bcdof — a vector containging constrained d.o.f

oo

n=length (bcdof) ;
dofsys=size (ksys);
$fprintf (1, 'Print length of bcdof %d\n',n);
for i=1:n
c=bcdof (1) ;
for j=1l:dofsys
ksys (c, 3)=0;
ksys

o\

fsys(c,1)=0;
fgsys(c,1)=0
ksys(c,c)=1;
msys (c,c)=1
end

o

o\°

Free Vibration analysis

for n=1l:nel %$loop for the total number of elements
sdofl=2+«n—1; sdof2=(nel-n)*2; %adding sdof2 in the global
$matrice would skip all dofs after 2nd node of damper element
[K,M,Kd,Mdl,Md2 F,Fgl Fg2l=fematriKM( Ir,Il,h,rhoAr,...
rhoAl,1lc,1d1,1d2,1r,11,EIc, T, rhoAc,EIl,EIr, mdr, mdl, ...
mmr, mml,P,q);

[ksys,msys, fsys, fgsys]=AssembleKM (fsys, fgsys, ksys,msys,F, ...
Fgl,Fg2,M,Md1,Md2,K,Kd,Ldl,Ld2,n,1lc,edofc,edofd, neldl, ...
sdofl, sdof2,neld2);

end

[ksys,msys]=applyBC (ksys,msys,bcdof); %apply the boundary conditions
fsol=eig(ksys,msys); % Solve for the natural frequency ("2)
fsol=sqgrt (fsol) ; $Determine natural frequencies in rad/s
herz=fsol/2/pi; %Determine natural frequencies in Hz

[m,n]=size (fsol);

break

fporintf (1, natual frequencies\n');

fprintf (1, 'mode (Hz) rad\n');

for i=3:m % ignore the 1st 2 natural fregquencies

fprintf (1, '%2d %$6.4e %$6.4e \n',(i—2),herz(i),fsol(i));
end

return

[o)
o

)

% Force vibration analysis
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oo

o\

The Linearize subroutine converts second order ODE into the first
% This program converts the problem to a system of first oder ODE
function Xdot=linearize (t,q)

global mu fg f gdof

w=2xpix41.45; % 9.53 is the excitation frequency
Mxrdotdot (gq) +tKxg=F+Fg; dotdot (q) tmuxg=£f+fg;

x1l=qg; x2=dotqg; and dotx2=dot (dotq)

Note that g is the displacement and dotg is the velocity and
dot (dotqg) is the acceleration. In this case g(l) is the
displacement and g(2) is the wvelocity

o° o° o o

o\

Xldot=g(gdof+l:2xgdof,1); % the velocity g(2); alg(l);q(2)]
X2dot=fxsin (w*t)+fg—muxqg(l:gdof,1);

Xdot=[X1ldot;X2dot];

return

o

% MainSimulation determine the response

oe

for n=1l:nel $loop for the total number of elements
sdofl=2+«n—1; sdof2=(nel—n)*2; %adding sdof2 in the global
$matrice would skip all dofs after 2nd node of damper element
[K,M,Kd,Mdl,Md2 F,Fgl Fg2]=fematriKM(Ir,Il,h, rhoAr, ...
rhoAl, 1lc,1d1,1d2,1r,11,EIc, T, rhoAc,EIl,EIr, mdr, mdl, ...
mmr, mml,P,qg);

[ksys,msys, fsys, fgsys]=AssembleKM (fsys, fgsys, ksys,msys,F, ...
Fgl,¥Fg2,M,Md1l,Md2,K,Kd,Ldl,Ld2,n,lc,edofc,edofd, neldl, ...
sdofl, sdof2,neld2);

end

[ksys,msys]=applyBC (ksys,msys,bcdof); %apply the boundary conditions

[)

% Divide all the terms in the eom by the mass matrix
mu=msys\ksys; % inv(msys)+ksys
f=msys\fsys*P; % x Lc because of the force per unit length P
fg=msys\fgsys;
$c=alphaxmsys+betaxksys; % Conductor selfDamping ratio

$from ref.[10] ( Dyanmical analysis of t.1
endtime=10; % Time for the simulation
tspan=[0 endtime];
% Intial Condition
g0l=zeros(gdof,1l); % initial displacement vector
g02=zeros(gdof,1l); % initial velocity vector
q0=[g01;902];
[t,g]l=0ded5('linearize',tspan,ql);

x=length(t); % number of iteration i.e number of aTs
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590
591
592
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594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644

gl=g(l:x,1:2%nel); is the displacement vector

dof vertical displacement and rotation)

y-max=max (max (abs (gl))); %$find the maximum displacement of the
%$conductor (this will always be the max
$vertical displ since the rotation is
gmuch smaller than this) maximum relative
$displacement of the conductor peak to peak
$max. amplitude

% find dof corresponding to maximum displ.

for tmax=1l:x $ i.e only gl (displacement)
for nmax=1:2xnel

o° o
Q
N =

if (gl (tmax,nmax)==y._max ||gl (tmax, nmax)==—y_max)
locate=nmax; % locate the dof corresponding to the
% maximum displacement
end
end
end
locate

yc_pp=2xy_max
xmid=2+max (abs ( (g
maxval_Ymdrl=2+max

1(l:x,nel+l))))

(abs ((g(l:x,gdof=7))))
maxval_Ymdll=2+max (abs ((g(l:x,gdof—11))))
maxval_Ymdr2=2+max (abs ((g(l:x,gdof—1))))
maxval_Ymdl2= Z*max(abs(( (l:x,gdof—=5))))

1(1:x,3))))

1(l:x,2*nel—1))))

m_y2=2xmax (abs ( (q
m_yf=2+xmax (abs ( (g

o)

% Initialize the relative displacement vectors

o\

xmid=zeros (x,1); Mid—span displacement
Ymax= zeros( , 1) ; Maximum displacement

Y_2=zeros (x,1); % Displacement of the second node
Y_f=zeros(x,l) % Displacement of the penultimate node
Y_mdr=zeros(x,1); % Displacement of right—side damper

Y mdl=zeros(x,1l); % Displacement of left—side damper

o\

Q

for is=1l:x % loop for all deta T

xmid(is)=1/D*gl (is,nel+l); % the displacement in the midspan
$(This is only correct provided nel

o)

%$is even)

Y_2 (is)=1/Dxqgl (is, 3); $relative displacement of the second
$node for all dT
Y_f(is)=1/D*xql(is,2+*nel—1); Srelative displacement of the
%penultimate node

Y mdrl=1/Dxqgl (is, gdof—-1);

o\

relative displ. of

%$the damper on the right
Y_mdl1l=1/Dxqgl (is,gdof—5); % relative displacement of the left
Ymax (is)=1/D*gl (is, locate); %$relative max displ for each AT

end
hold on

)

% Plot displacement vectors vs time
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650
651
652
653
654
655
656
657
658
659
660

plot (t,xmid, '—")

hold on

plot (t, Ymax, '—")

hold on

plot(t,Y.2,'—")

hold on

plot (t,Y_-£,'—")

hold on

plot (t, Y_mdr)

hold on

plot (t,Y_mdl)

legend('Response of midpoint (for Ld=1.1) m_{dr}=0.856 & m_{dl}=1.5");
ylabel ('Relative maximum displacement (Ymax/D)');
xlabel ('time in second')

plot (t,q(:,1));plot(t,g(:,2),":")

legend('x1l"', 'x2");ylabel ('Amplitude') ;xlabel ('time")
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